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Introduction and problem statement



Context

Erdos-Rényi graph G(N, q):
« N vertices
« each pair connected independently with probability ¢

Community:
- subset of the vertices
e higher connectivity



Erdos-Rényi with Planted Dense Subgraph (PDS)




Erdos-Rényi with Planted Dense Subgraph (PDS)

G(N, K,p,q) defined as
« N vertices
« of which a subset S is distinguished
n € [N] belongs to S independently with probability %
« n,n’ € [IN| are connected independently of other pairs
 with probability p > q if both are in S
 with probability q otherwise



Remarks and hypotheses

N, K, p, q are known

p = cq for some known fixed ¢ > 1
E(S)=K
E(V]) = (5)a+ (5)p—a)



Community detection

Test v s.t.

Input: a random graph G ~ G(N,q) (Hy) or G ~ G(N, K ,p,q) (H;)
Output: 0 or 1

Goal: minimize the error

P )(p(G) =1) + Py, (0(G) =0)



Statistical tests



Linear test

Count the total number of edges
Ty = Z Ai,j
i<j
Which is expected to be

. (];[)q under (H,)

+ (5)a+ (5 )(p—q) under (H,)



Linear test

Count the total number of edges

Ty = Z Ai,j

1<J

Answer 1 iff



Scan test

Count the edges in the densest K-subgraph

Tscan = S’:I\%’E’L\X:K | § :/ A’i,j
1<jes

Which is expected to be
. (I;)q under (H)

. (I;)p under (H,)



Scan test

Count the edges in the densest K-subgraph

Tscan = S’:ﬁ%’z’i\X:K | § :/ A’i,j
1<jes

Answer 1 iff



Success conditions

It is possible to...
» upper bound Py )(Thn > Tlm) + Py (T < Tipy) by a term that
4

» upper bound P (T, > Tscan) + Py >(T Lean < Teeay ) DY @ term

sCan

that decreases exponentially with K log — K?%q

» lower bound min, P ,((G) = 1) + IP’( )(go(G) = 0) close to 1
when g = O(min(% log % %))



Success condition under asymptotic regime

1
g=-p=N"*, K =0(N*), N = 4+

K4 * 3 .
qu — +00 gives as a condition 5 > % + %

« while K log % — K?q — —oo requires 8 > «
o the impossibility lower bound is thus tight in this regime

» plugging the above in



Landscape (asymptotic regime)
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A hardness lower bound through a reduction



Planted Clique (PC)

G(n, k,v)

 Erdos-Rényi graph G(n, )

« of which a subgraph S of size exactly £ is randomly chosen
« § is turned into a clique



PC vs PDS

Remark: G(n, k,~) is almost G(n, k, 1,~)




PC Hypothesis

(parameterized by 0 < v < )

Conjecture:
There is no polynomial test that can distinguish between

- (Hy): G(n,7), and
* (H1>: .9(7%, k, fy)

when k = o(1/n)



The reduction

Known: n, k,v, N =iln, K =1k, q,p = cq
Input: adjacency matrix A of a graph that is either G(n, ) or G(n, k, v)
Output: A close in distribution to G(N, q) or G(N, K, p, q) resp.

Remark: impossible to map exactly G(n, k,~) to G(N, K, p, q), but we
can get close enough when averaging over a certain set.



Intuition

@ mmmmcccccsccccc s ==



Main steps

» randomly partition [n| into sets {V,}.
 within V, add Binom((‘ 22‘ ) : q) edges
» between V; and V;; add

+ P, ;edgesits and J are connected
. Qz edges if they are not

for well-chosen distributions P; ; and Q); ;

. (1— )Q” + P, ; is exactly B1nom(|V| ’V’ q)
« P, ; 18 close to Blnom(|V| \V\,p)



Key properties

« under the null hypothesis of PC, the resulting graph is distributed
according to G(N, q)
« under the alternative distribution of PC, the output is

indistinguishable from G(N, K, p, ) when averaging over the
random partition

— a polynomial test for PDS would give a polynomial test for PC.



Conclusion



Conclusion

- Community detection modeled as distinguishing G(N, q) from
G(N,K,p,q)
 easy when community is large or graph is dense
« provably impossible when graph is sparse and community is small
 combinatorial algorithm when community is small and graph is dense
 optimal under a conjectured hardness result of a similar well-
studied problem
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