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Path-sum approach
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e2πiφ(x) |xo〉 〈xi|
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⊗

• Terms can algebraically simplify −→ verification

• drawback: nearly impossible to get a circuit back

1Matthew Amy, QPL 2018

1



Path-sum1 definition

Definition
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Path-sum1 definition

Definition

The associated operator of a path-sum is:

λ
∑
x

e2πiφ(x) |xo〉 〈xi|

ZZ ::
∑
x∈B

e2πix |x〉 〈x | =
∑
x∈B
|x〉 〈x | = Id

HH ::
1

2

∑
x,y ,z∈B

eπi(xy+yz) |z〉 〈x |
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[HH] rule

H H
...

...
...

...
...

...f g

h1

h2

=
...

...
...

...
...

...f g

h1

h2

Resulting rule

λ
∑

y0,y1,x

e2πi(
1
2 y0(y1+Q(x))+R(y1,x)) |xo〉 〈xi|

−→ 2λ
∑
x

e2πi(R[y1←Q])(x) |xo〉 〈xi|
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Example with [HH]

⊕
::

1

2

∑
x∈B4

eπi(x0x2+x1x2+x2x3) |x0x3〉 〈x0x1|

1

4

∑
x∈B6

eπi(x0x2+x1x2+x2x3+x0x4+x3x4+x4x5) |x0x5〉 〈x0x1|

−→ 1

2

∑
x0,x1,x4,x5

eπi(x0x4+x0x4+x1x4+x4x5) |x0x5〉 〈x0x1|

=
1

2

∑
x0,x1,x4,x5

eπi(x1x4+x4x5) |x0x5〉 〈x0x1| −→ Id
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The other rules

S H S H S H '

[ω] rule

λ
∑
y0,x

e2πi(
1
4 y0+

1
2 y0Q(x)+R(x)) |xo〉 〈xi|

−→
√

2λ
∑
x

e2πi(
1
8−

1
4Q(x)+R(x)) |xo〉 〈xi|

[Case] rule

λ
∑

y0,y1,x

e2πi(αy0X (x)+ 1
2 y0Q(x)+ 1

2 y0y1+
1
2 y1Q

′(x)+βy1(1−X (x))+R(x)) |xo〉 〈xi|

−→ 2λ
∑
x

e2πi(
1
2Q(x)Q′(x)+αX (x)Q′(x)+β(1−X (x))Q(x)+R(x)) |xo〉 〈xi|
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X

T H T H T † T H T † H T †

X

⊕ ⊕

2

=
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ZH-calculus



Introduction to ZH-calculus2

Z-spider

. . .

. . .

n

m

:= |0 . . . 0〉 〈0 . . . 0|+ |1 . . . 1〉 〈1 . . . 1|

H-spider

. . .
a
. . .

n

m

:=
∑

ai1...imj1...jn |j1 . . . jn〉 〈i1 . . . im| , a ∈ C

. . .

. . .

:=

. . .

−1
. . .

. . .

α

. . .

:=

. . .

e iα

. . .

2Miriam Backens, Aleks Kissinger, QPL 2018
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Set of rules

6



Translating



Why ZH-calculus?

The phase in a path-sum term is:

e2πiφ(x) =

e2πi
∑
αjmj (x) =

∏
e2πiαjmj (x) =

∏(
e2πiαj

)mj (x)

And remember that:

. . .
α
. . .

n

m

:=
∑(

e iα
)i1...imj1...jn |j1 . . . jn〉 〈i1 . . . im|
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ZH into path-sum: How is it done?

α β

¬

= α β = α β

= α β =

x5

x4x3

x2x1

x0

α β

Corresponding path-sum term:

1√
32

∑
x

eπi(x3x5+x4x5+x5)e iαx0x1x3e iβx0x2x4 |x0〉 〈x1x2|

8
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ZH into path-sum: How is it done?
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¬
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Hypergraph-like!
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Bijection

• Each hypergraph-like diagram has a corresponding path-sum term

• Also the other way around

• Corresponding diagram and path-sum represent the same matrix

operator

9
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The power of [HH]

=
x0 x1 x2

::
1

2

∑
x

eπi(x0x1+x1x2) |x2〉 〈x0| −→ Id

=

x0

x1

x2

α α
x3 x4

x5

x6

Corresponding path-sum term:

1√
8

∑
x

eπi(x3x4+x4x5x6)e iαx0x1x2x3 |x5x6〉 〈x0x1x2|

−→ 1√
2

∑
x

e iαx0x1x2x3x5x6 |x5x6〉 〈x0x1x2| :: α

10
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eπi(x3x4+x4x5x6)e iαx0x1x2x3 |x5x6〉 〈x0x1x2|

−→ 1√
2

∑
x

e iαx0x1x2x3x5x6 |x5x6〉 〈x0x1x2| :: α

10



The power of [HH]

= x0

x1

x2 x3 x4

x6 x5

x8 x7

1

16

∑
x

eπi(x0(x1+x5+x6)+x1(x2+x3+x4)+x5x7+x6x8) |x7x8〉 〈x2x3x4|

−→ 1

8

∑
x

eπi(x5(x2+x3+x4+x7)+x6(x2+x3+x4+x8)) |x7x8〉 〈x2x3x4|

=

x2 x3 x4

x6 x5

x8 x7
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The power of [HH] summarised

• H-spider cancellation

• H-spider fusion

• ZX bialgebra −→ pivot

• ZH bialgebra −→ hyper-pivot?
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Path-sum rules into ZH



!-boxes

Definition

←→
{

, , , , . . .

}

Annotated and overlapped

b ∈ B2

ab

:=
a00 a01 a10 a11

2

3

:=

13
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Picturing the [HH] rule: Hyper pivot

λ
∑

y0,y1,x

eπi(y0(y1+Q(x))+y1R(x)) |xo〉 〈xi| −→ 2λ
∑
x

eπiQ(x)R(x) |xo〉 〈xi|

With R(x) = ⊕m
i=1mi (x) and Q(x) = ⊕n

j=1m
′
j(x)

Theorem

=

j ∈ [n] i ∈ [m] j ∈ [n] i ∈ [m]

2

y0 y1m′j mi m′j mi

Example

=

14
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Some useful tools

Graphical Fourier transform3:

=

α (−2)|b|−1α

bi

b ∈ Bn
∗

i ∈ [n] i ∈ [n]

2 with the notations: 1 0= = 1
2

Featuring:

=
n m n m

2

3Stach Kuijpers, John van de Wetering, Aleks Kissinger, arXiv:1904.07551
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Fourier Hyper pivot
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Picturing the [HH] rule: Fourier hyper pivot

λ
∑

y0,y1,x

eπi(y0(y1+Q(x))+S(x)y1+T (x)) |xo〉 〈xi|

−→ 2λ
∑
x

e2πi(S(x)Q(x)+T (x)) |xo〉 〈xi|

αk

n j ∈ [m]

y0 y1m′i mj

= (−2)|b|−1αjbi

i ∈ [n]
b ∈ Bn

∗ j ∈ [m]

mjm′i

2

17
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Picturing the [ω] rule: Hyper local complementation

λ
∑
y0,x

e2πi(
1
4 y0+

1
2 y0Q(x)+R(x)) |xo〉 〈xi| −→

√
2λ
∑
x

e2πi(
1
8−

1
4Q(x)+R(x)) |xo〉 〈xi|
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Case hyper pivot

λ
∑

y0,y1,x

e2πi(αy0X (x)+ 1
2 y0Q(x)+ 1

2 y0y1+
1
2 y1Q

′(x)+βy1(1−X (x))+R(x)) |xo〉 〈xi|

−→ 2λ
∑
x

e2πi(
1
2Q(x)Q′(x)+αX (x)Q′(x)+β(1−X (x))Q(x)+R(x)) |xo〉 〈xi|

n

n′

αk

k ∈ [m]

βk′

k ′ ∈ [m′]

=

i ∈ [n′]

k ∈ [m]

(−2)|b
′|−1αkb′i

b′ ∈ Bn′
∗

j ∈ [n]
k ′ ∈ [m′]

(−2)|b|−1βk′bj

b ∈ Bn
∗

¬
2

¬
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Conclusion and future work



In search of new rules

Critical pairs (such as [Case])

A

B C

∗ ∗ and if |B| < |C |,

A

B C

∗ ∗

new rule

Ortho rule

=¬2 ¬

λ
∑

y0,y1,x

e2πi(y0X (x)R(x)+y1(1−X (x))R′(x)+R”(x)) |xo〉 〈xi|

−→ 2λ
∑
y0,x

e2πi(y0X (x)R(x)+y0(1−X (x))R′(x)+R”(x)) |xo〉 〈xi|
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