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§1.1 Eê�¥�Ä�Vg

§1.1.1 Eê�

ò¢ê�R þ�$�P�+ Ú×.

�R2 = {(x, y)|x, y ∈ R}, �(x, y) = (x′, y′) ⇐⇒ x = x′, y = y′, KR2 ����²¡

���IX¥�:��éA. D�R2 ü«$�⊕ Ú⊗ Xe: ∀a, b, c, d ∈ R,

(a, b)⊕ (c, d) = (a+ c, b+ d),

(a, b)⊗ (c, d) = (ac− bd, ad+ bc).

�±�yùü�$�÷v��Æ, (ÜÆÚ©�Æ, ¿�kü �(1, 0), "�(0, 0).

∀x, y ∈ R, k

(x, 0)⊕ (y, 0) = (x+ y, 0), (x, 0)⊗ (y, 0) = (xy, 0).

�î¶þ�:3ùü�$�e�¢ê�Ó, �òî¶¡�¢¶, ü P�1. éu,

��¶,

(0, x)⊕ (0, y) = (0, x+ y), (0, x)⊗ (0, y) = (−xy, 0),

�ù�¶�¢¶ØÓ, ·�òÙ¡�J¶, ü P�i. @od��±òEê^�ê

/ªL«Ñ5, =∀x, y ∈ R, k

(x, y) = (x, 0)⊕ (0, y) = x(1, 0)⊕ y(0, 1) = x⊕ iy.

AO/,

i2 = (0, 1)2 = (−1, 0) = −1.

½Â 1.1.1 òR2 ëÓ§þ¡�ü«$�⊕ Ú⊗ ¡�Eê�, P�C, Ù¥⊕ Ú⊗ ½
ÂXe: ∀z = (x, y), z′ = (x′, y′) ∈ C,

z ⊕ z′ = (x+ x′, y + y′), z ⊗ z′ = (x× x′ − y × y′, x× y′ + x′ × y).

�Bå�, Eò⊕ P�+, ⊗ P�×.
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·K 1.1.1 -i L«Jêü , =i = (0, 1) ∈ C, Ki2 = −1.

½Â 1.1.2 ∀z = (x, y) ∈ C, K

(x, y) = (x, 0) + (0, y) = x(1, 0) + y(0, 1) = x+ iy.

¡z = x+iy, x, y ∈ R�Eêz��ê/ª,Ù¥xÚy©O¡�Eêz�¢Ü(partie

réelle) ÚJÜ(partie imaginaire), P�

x = Re(z), y = Im(z).

AO/, ex = 0, K¡z �XJê(imaginaire pur). ¤kXJê|¤�8ÜP�iR.

3±þ½Âe, ·��Ñ��Eê��ê: �z = x + iy ∈ C, 1
z = x′ + iy′, Ù

¥x, y, x′, y′ ∈ R �(x, y) 6= (0, 0). �â1
z × z = 1 �

xx′ − yy′ = 1, xy′ + x′y = 0.

)�

x′ =
x

x2 + y2
, y′ = − y

x2 + y2
,

=
1

z
=

x

x2 + y2
− i y

x2 + y2
.

§1.1.2 �Ý

½Â 1.1.3 �z = x+ iy ∈ C, Ù¥x, y ∈ R. ¡x− iy �z ��Ý(conjugué), P�z̄,

=

z̄ = x− iy.

·K 1.1.2 �z ∈ C, K

1) Re(z) = z + z̄
2 , Im(z) = z − z̄

2i ;

2) (z̄) = z;

3) z ∈ R ��=�z = z̄;

4) z ´XJê��=�z = −z̄.
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·K 1.1.3 (�ÝEê�oK$�) �z1, z2 ∈ C, K

1) z1 + z2 = z1 + z2;

2) z1 × z2 = z1 × z2;

3) ez2 6= 0, K
(
z1
z2

)
= z1
z2

.

UY£�E²¡þ5. �z = (x, y) ∈ C, KTEêéA:M(x, y). ë�OM ���

þ
−−→
OM . e¡^�þ

−−→
OM ��ÝÚ¢¶�§��Ý5�x�eEêz �Ù¦ü�þ:

�ÚÌ�.

§1.1.3 �

�z ∈ C, {üO���zz̄ ��K¢ê, P�zz̄ ∈ R+.

½Â 1.1.4 �z ∈ C, ¡
√
zz̄ �z ��(module), P�|z|, =

|z| =
√
zz̄.

¯¢þ, �z = x+ iy, K|z| =
√
x2 + y2.

·K 1.1.4 ∀z ∈ C, k

1) |z| = 0⇔ z = 0;

2) |z| = |z̄|;

3) Re(z) ≤ |Re(z)| ≤ |z|;

4) Im(z) ≤ |Im(z)| ≤ |z|.

·K 1.1.5 ∀z ∈ C\{0}, k

1) 1
z = z̄

|z|2 ;

2) |z| = 1⇔ 1
z = z̄.

·K 1.1.6 ∀z1, z2 ∈ C, k

1) |z1z2| = |z1||z2|;
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2) ez2 6= 0, K
∣∣∣z1z2 ∣∣∣ =

|z1|
|z2|

;

3) |z1 + z2| ≤ |z1|+ |z2|;

4) ||z1| − |z2|| ≤ |z1 − z2|,

Ù¥3), 4) ¡�Eê�n�Ø�ª.

y² 3) ez2 = 0, KØ�ªw,¤á, e�z2 6= 0. -u = u1
u2

, K

(1 + |u|)2 − |1 + u|2 = 1 + |u|2 + 2|u| − (1 + u)(1 + ū)

= 1 + |u|2 + 2|u| − 1− u− ū− |u|2

= 2(|u| − Re(u))

≥ 0,

¤±, (1 + |u|)2 − |1 + u|2 ≥ 0, =|z1 + z2| ≤ |z1|+ |z2|.
4) z1 = z1 + z2 − z2, K

|z1| ≤ |z2|+ |z1 − z2|,

�

|z1| − |z2| ≤ |z1 − z2|.

Ón��

|z2| − |z1| ≤ |z2 − z1|.

¤±

−|z1 − z2| ≤ |z1| − |z2| ≤ |z1 − z2|.

�

§1.1.4 ��1 �Eê

PU = {z ∈ C||z| = 1}. ¯¢þ, U ´E²¡þ���±�:O ��%, 1 ��»�

�. �θ ∈ R, Peiθ = cos θ + i sin θ, K

·K 1.1.7 �θ ∈ R, Keiθ ∈ C �

1) |eiθ| = 1;
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2) eiθ = e−iθ;

3) ei(θ+2kπ) = eiθ, k ∈ Z.

·K 1.1.8 z ∈ U ⇔ �3θ ∈ R, ¦�z = eiθ.

d±þ´�e�·K:

½n 1.1.1 (î.(Euler) úª) �θ ∈ R, K

cos θ =
eiθ + e−iθ

2
, sin θ =

eiθ − e−iθ

2i
.

~f 1.1.1 òsin6 θ �5z.

y² |^î.úª��

sin6 θ =
(eiθ − e−iθ

2i

)6
,

K

sin6 θ = − 1

64
(e6iθ − 6e4iθ + 15e2iθ − 20 + 15e−2iθ − 6e−4iθ + e−6iθ).

,�òeikθ Úe−ikθ |Ü��

sin6 θ = − 1

64
(e6iθ + e−6iθ − 6(e4iθ − e−4iθ) + 15(e2iθ + e−2iθ)− 20)

= − 1

32
(cos 6θ − 6 cos 4θ + 15 cos 2θ − 10).

�

~f 1.1.2 �θ ∈]0, 2π[, z{S =
n∑
k=0

cos kθ.

�¦: ¬|^î.úªòcosm θ, sinn θ, cosm θ sinn θ ��5z.

·K 1.1.9 �θ, φ ∈ R, K

1) eiθeiφ = ei(θ+φ), eiθ/eiφ = ei(θ−φ);

2) eiθ = eiφ ⇔ θ ≡ φ[2π].
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y² 1)

ei(θ+φ) = cos(θ + φ) + i sin(θ + φ)

= cos θ cosφ− sin θ sinφ+ i sin θ cosφ+ i cos θ sinφ

= cos θ(cosφ+ i sinφ) + i sin θ(cosφ+ i sinφ)

= (cos θ + i sin θ)(cosφ+ i sinφ)

= eiθeiφ.

2) eiθ = eiφ ⇔ (cos θ, sin θ) = (cosφ, sinφ), =

cos θ = cosφ, sin θ = sinφ.

¤±θ Úφ ��2π ��ê�.

5¿: 1) `²��ê´XJê�, “Ó.ê��¦, .êØC, �ê�\”. �

5 1.1.1 θ ≡ φ[2π] ¡�“θ �uφ �2π”. ¯¢þ, θ ≡ φ[2π] ⇐⇒ θ = φ + 2kπ,

k ∈ Z, =θ �φ ��2π ��ê�. ù´k'�da�¯K, ò3e�c¥ÆS, Æ

)I��aqθ ≡ φ[2π] �ù«�{Ú�{.

íØ 1.1.1 �θ ∈ R, n ∈ N, K(eiθ)n = einθ.

½n 1.1.2 (�#Ã(Moivre) úª) �θ ∈ R, n ∈ Z, K

(eiθ)n = einθ,

½��

(cos θ + i sin θ)n = cosnθ + i sinnθ.

~f 1.1.3 �θ ∈]0, 2π[, z{S =
n∑
k=0

cos kθ.

~f 1.1.4 òsin 5θ Úcos 5θ L«¤cos θ Úsin θ �¼ê.

y² |^Moivre úª

(cos θ + i sin θ)5 = cos 5θ + i sin 5θ,
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ò�>|^��ªÐm¿ò¢JÜ©l, K

cos 5θ = cos5 θ − 10 cos3 θ sin2 θ + 5 cos θ sin4 θ, (1.1.1)

sin 5θ = 5 cos4 θ sin θ − 10 cos2 θ sin3 θ + sin5 θ.

�

5 1.1.2 3(1.1.1) ¥^1− cos2 θ �Osin2 θ ��cos 5θ 'ucos θ �õ�ª

cos 5θ = 16 cos5 θ − 20 cos3 θ + 5 cos θ.

��/, �n ∈ N, |^Moivre úª��

einθ = (cos θ + i sin θ)n =
n∑
k=0

 n

k

 cosn−k θ(i sin θ)k.

|^k �Ûó5ò¢JÜ©l�

cosnθ =

[n
2
]∑

p=0

 n

2p

 (−1)p cosn−2p θ sin2p θ, (1.1.2)

sinnθ =

[n−1
2

]∑
p=0

 n

2p+ 1

 (−1)p cosn−(2p+1) θ sin2p+1 θ. (1.1.3)

3(1.1.2)¥, ^1− cos2 θ �Osin2 θ ��cosnθ 'ucos θ �õ�ª. 3(1.1.3)¥,

^1− cos2 θ �Osin2 θ K�òsinnθ �¤cos θ �õ�ª�sin θ �¦È.

~f 1.1.5 òtan 5θ L«¤tan θ �¼ê.

y² dþ~�:

tan 5θ =
5 cos4 θ sin θ − 10 cos2 θ sin3 θ + sin5 θ

cos5 θ − 10 cos3 θ sin2 θ + 5 cos θ sin4 θ

=
5 tan θ − 10 tan3 θ + tan5 θ

1− 10 tan2 θ + 5 tan4 θ
.

�

�¦: ¬|^�#Ãúªòcosmθ, sinnθ L«¤cos θ Úsin θ �¼ê, òtannθ L

«¤tan θ �¼ê.
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§1.1.5 Ì�

d·K1.1.8 ��, ez ∈ C\{0}, K
∣∣∣ z|z| ∣∣∣ = 1. ��3θ ∈ R ¦� z

|z| = eiθ, l

z = |z|eiθ.

½Â 1.1.5 �z ∈ C\{0},eθ ∈ R÷vz = |z|eiθ,K¡θ�z ���Ì�(argument).

~f 1.1.6 �z = 1 + i, Kz =
√

2ei
π
4 , =π

4 ´1 + i ���Ì�. ,	, θ = 9π
4 �´

§���Ì�, ���Eê�Ì�Ø��. ¯¢þ, z��EêÑkÃ¡õ�Ì�,

�±e·K.

·K 1.1.10 �z ∈ C\{0}, θ0 ´z ���Ì�. Kz �¤kÌ��

θ0 + 2πZ = {θ0 + 2kπ|k ∈ Z},

P�

arg(z) ≡ θ0[2π],

L«z �?�Ì��θ0 ��2π ��ê�.

~f 1.1.7 �θ ∈ [0, 2π], ¦z = 1 + eiθ �Ì�.

·K 1.1.11 ∀z ∈ C \ {0} þ�L«¤Xen�¼ê�/ª:

z = a(cos θ + i sin θ), a, θ ∈ R, (1.1.4)

TªÒ¡�Eêz �n�/ª(forme trigonométique), Ù¥Ø7�¦a = |z|, �

• ea > 0, K|z| = a, arg(z) ≡ θ[2π];

• ea < 0, K|z| = −a, arg(z) ≡ (θ + π)[2π].

5 1.1.3 �z ∈ C\{0}, d·K1.1.10 �, z �Ì�kÃ¡õ�, �3]− π, π] S�k

��.

½Â 1.1.6 �z ∈ C\{0}, �3���θ ∈]− π, π], ÷vz = |z|eiθ. Tθ ¡�z �Ì�
Ì�(argument principal), P�Arg(z).
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§1.1.6 n�/ª

þ�!¥(1.1.4) �Ñ
Eê�n�/ª, ��!·�w�eü�Eê�n�/ª�

m�'X.

·K 1.1.12 �z1, z2 ∈ C\{0}, �

z1 = r1e
iθ1 , z2 = r2e

iθ2 .

K

z1z2 = r1r2e
i(θ1+θ2),

z1
z2

=
r1
r2
ei(θ1−θ2).

y²

z1z2 = r1(cos θ1 + i sin θ1) · r2(cos θ2 + i sin θ2)

= r1r2

(
(cos θ1 cos θ2 − sin θ1 sin θ2) + i(cos θ1 sin θ2 + sin θ1 cos θ2)

)
= r1r2

(
cos(θ1 + θ2) + i sin(θ1 + θ2)

)
= r1r2e

i(θ1+θ2).

�

5 1.1.4 Ø7�¦r1, r2 �K.

íØ 1.1.2 �z1, z2 ∈ C\{0}, K

arg(z1z2) ≡ arg(z1) + arg(z2) [2π],

arg(
z1
z2

) ≡ arg(z1)− arg(z2) [2π].

y² -z1 = r1e
iθ1 , z2 = r2e

iθ2 .

• er1 > 0, r2 > 0, K

arg(z1) ≡ θ1[2π], arg(z2) ≡ θ2[2π].

z1z2 = r1r2e
i(θ1+θ2), �

arg(z1z2) ≡ (θ1 + θ2)[2π] ≡ θ1[2π] + θ2[2π] ≡ arg(z1) + arg(z2) [2π].
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• er1 > 0, r2 < 0, K

arg(z1) ≡ θ1[2π], arg(z2) ≡ (θ2 + π)[2π].

z1z2 = r1r2e
i(θ1+θ2), �

arg(z1z2) ≡ (θ1 + θ2 + π)[2π] ≡ θ1[2π] + (θ2 + π)[2π] ≡ arg(z1) + arg(z2) [2π].

• Ù¦�¹aq. �

íØ 1.1.3 �n ∈ Z, z ∈ C\{0}, K

arg(zn) ≡ narg(z) [2π].

y² n ∈ Z+ �, |^êÆ8B{; n ∈ Z− �, −n ∈ Z+, |^arg
(

1
z−n

)
. �

§1.1.7 E�ê¼ê

%@Æ)®ÙG¢�ê¼êx 7→ ex ��'VgÚ5�, e¡|^¢�ê¼ê5½

ÂE�ê¼ê.

½Â 1.1.7 �z = x+ iy ∈ C, x, y ∈ R, ½Âez = exeiy, K¡¼ê

C −→ C

z 7−→ ez

�E�ê¼ê.

w,ù´��2π ±Ï¼ê.

·K 1.1.13 �z ∈ C, K

1) |ez| = eRe(z);

2) arg(z) ≡ Im(z)[2π].

AO/, ∀z ∈ C, ez 6= 0.

½n 1.1.3 (E�ê¼ê�$�5K)

1) ∀z, z′ ∈ C, ez+z
′
= ezez

′
;
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2) ∀z ∈ C, 1
ez

= e−z.

Æ�ü÷N��2ù��!�e�ù¬SN.

·K 1.1.14 �a ∈ C \ {0}, K3E�êN�

C −→ C∗

z 7−→ ez

e, ���3��z0 ∈ C ÷vez0 = a. ¿�a 3TN�e�¤k���z0 + 2ikπ,

k ∈ Z.

y² dua ∈ C \ {0}, �3ρ > 0, θ ∈ R ¦�a = ρeiθ. e¡¦)�§ez = a. �

5 1.1.5 d±þ·K��: E�êN�

C −→ C∗

z 7−→ ez

´÷�.

§1.2 3 C ¥¦)�ê�§

§1.2.1 Eê�²��

½Â 1.2.1 �a ∈ C, eEêz ÷vz2 = a, K¡z �a �²��(racine carrée).

·K 1.2.1 ?Û�"EêÑkü�p���ê�²��.

~f 1.2.1

1) �a > 0, §�ü�²��´
√
a Ú−

√
a.

2) �a < 0, §�ü�²��´i
√
−a Ú−i

√
−a.

3) 0 �²���k§g�.

5 1.2.1 �ka ∈ R+ �, ÎÒ
√
a âk¿Â.

¦Eêz �²��: �Z = X + iY , X, Y ∈ R, ÷vZ2 = z, K

X2 − Y 2 = Re(z), 2XY = Im(z),

,�¦ÑX, Y �A«�U.

~f 1.2.2 ¦1 + i �²��.
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§1.2.2 ¦)�g�§

½n 1.2.1 (EXê�g�§��) �a, b, c ∈ C �a 6= 0, �Ä�§

az2 + bz + c = 0, (1.2.5)

Ù�Oª(discriminant)�∆ = b2 − 4ac.

• e∆ 6= 0, K�§(1.2.6) kü�ØÓ��. eò∆ ���²����δ, Kùü

�ØÓ���

z =
−b± δ

2a
.

• e∆ = 0, K�§(1.2.6) k����z0 = − b
2a .

5 1.2.2 d?: δ ´∆ �²��, ØUP�
√

∆, Ø�∆ ≥ 0.

íØ 1.2.1 (¢Xê�g�§��) �a, b, c ∈ R �a 6= 0, �Ä�§

az2 + bz + c = 0, (1.2.6)

Ù�Oª�∆ = b2 − 4ac.

• e∆ > 0, K�§(1.2.6) kü�ØÓ�¢�.

• e∆ = 0, K�§(1.2.6) k����.

• e∆ < 0, K�§(1.2.6) k�é�ÝE�.

~f 1.2.3

1) �t ∈ R, ¦)'ux ��§

x2 + 4(t− 1)x+ 3t2 − 10t+ 3 = 0.

2) ¦)�§

2x2 − (9i+ 1)x− 7 + 11i = 0.

3) ¦tan π
12.
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½n 1.2.2 (EXê�g�§��Xê�'X) �a, b, c ∈ C �a 6= 0, z1, z2 ∈ C, K

z1 + z2 = − b
a
, z1z2 =

c

a

��=�z1, z2 ´�§az
2 + bz + c = 0 �ü��.

~f 1.2.4

1) ¦)�§z2 − (1 + a+ a2)z + a(1 + a2) = 0.

3) �z1, z2 ´�§(7− 6i)z2 − 2(7− 6i)z − 85 = 0 �ü��, ØäN¦)z1 Úz2,

��O�z21 + z22 − z1z2.

§1.2.3 1 �n g�

�n ∈ N∗.

½Â 1.2.2 ez ∈ C ÷vzn = 1, K¡z �1 �n g�(racine nème), {¡�n gü

 �.

·K 1.2.2 n gü �TÐkn �, §�´

ωk = ei
2kπ
n = ωk1 , k ∈ [|0, n− 1|].

y² �z ∈ C, zn = 1,K|zn| = |z|n = 1, l|z| = 1. dEê�n�/ª��, �

3θ ∈ R ¦�

z = eiθ.

¤±

einθ = 1.

kc¡�ÆS�: nθ ≡ 0[2π], =

θ =
2kπ

n
, k ∈ Z.

duei
2kπ
n = ei

2(k+n)π
n , ��I�k ∈ [|0, n− 1|]=���¤k�ü �.,	, dω1 =

ei
2π
n ´�, ∀k ∈ [|0, n− 1|], ωk = ωk1 . �

PUn = {ei 2kπn |k ∈ [|0, n− 1|]}, K
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·K 1.2.3 Un �éu¦{ÚØ{´µ4�, =∀z1, z2 ∈ Un, k

z1z2 ∈ Un,
z1
z2
∈ Un.

½n 1.2.3 �n ∈ N \ {0, 1}.

1) eω ´n gü ��ω 6= 1, K

1 + ω + ω2 + · · ·+ ωn−1 = 0.

2) ¤kn gü ��Ú�0.

y² 1) |^�'ê�cn �Ú. 2) ��¦Ú. �

~f 1.2.5 ¦1 �3 g�.

y² dúª��: z0 = 1, z1 = e
2π
3
i, z2 = e

4π
3
i. AO/, Pj = e

2π
3
i. K1 �3 g�

B�P�1, j, j2. �

§1.2.4 z �n g�

½Â 1.2.3 �z ∈ C, eZ ∈ C ÷vZn = z, K¡Z ´z �n g�.

·K 1.2.4 �z ∈ C \ {0}. eu ´z ���n g�, Kz �n g��8Ü�

{uω|ω ∈ Un}.

íØ 1.2.2 �n ∈ N∗, z ∈ C \ {0} ��r, Ì��θ, Kz kn �n g�, §�´

Zk = r
1
n ei(

θ
n
+ 2kπ

n
), k ∈ [|0, n− 1|].

~f 1.2.6 ¦i �5 g�.
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§1.2.5 ¦)n g�§

~f 1.2.7

1) z3 − (5 + 3i)z2 + (7 + 16i)z + 3− 21i = 0.

2) z6 − (3 + 2i)z3 + 2 + 2i = 0.

½n 1.2.4 (üg{¦)pg�§) �n ∈ N \ {0, 1, 2}, (a0, a1, · · · , an−1) ∈ Cn. �

Än gEXê�§

(En) zn + an−1z
n−1 + · · ·+ a1z + a0 = 0.

1) e�§k��w´���, Ø�P�α, K�ò�§��

(z − α)(zn−1 + bn−2z
n−2 + · · ·+ b1z + b0) = 0,

,��âXêéA��¦�(b0, b1, · · · , bn−2), l��n− 1 g�§

(En−1) zn−1 + bn−2z
n−2 + · · ·+ b1z + b0 = 0.

ù�, �§(En−1) ��Úα Ò´�§(En) ��. ,�é�§(En−1) ^þ¡��

{UYüg��±¦)��.

2) ��b��§k��¢�½öXJ�, Ø���z = x ½z = ix, x ∈ R. ,�ò

Ù�\, ©l¢JÜ��ü��§. ÏLùü��§)Ñx, ,��1) aq.
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