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§2.1 4�

p¥�ÆSSN¥vk4�,�´3ÆS�ê�NyL4��g�.Ïd, ·�±�

ó£ã�/ª±9{ü�~fm©.

§2.1.1 ê�4�

§2.1.1.1 Ä�½Â

p¥ÆL: Uì�½^Sü�X���ê¡�ê�, ��/ª��

a1, a2, · · · , an, · · ·

{P�{an}. ¯¢þ, XJrz�ê¥�eInw�gCþ, ù�ê���w�¼ê

�, Kê�B�±w�´½Â��lÑ:8�¼ê.

½Â 2.1.1 ·�ò¼êu : N→ R ¡�¢ê�(suite réelle), ¿òu(n) P�un, òT

¢ê�P�u ½(un)n∈N. ¤k¢ê��8ÜP�RN.

½Â 2.1.2 �u ∈ RN,

1) ¡u �~ê�(constante), XJ∀n ∈ N, un = un+1.

2) ¡u kþ.(majorée), XJ�3¢êM , ¦�∀n ∈ N, un ≤M .

3) ¡u ke.(minorée), XJ�3¢êm, ¦�∀n ∈ N, un ≥ m.

4) ¡u k.(bornée), XJ§Qkþ.qke..

5) ¡uüN4O(croissante),XJ∀n ∈ N, un+1 ≥ un;¡uî�üN4O(strictement

croissante), XJ∀n ∈ N, un+1 > un.

6) ¡uüN4~(décroissante),XJ∀n ∈ N, un+1 ≤ un;¡uî�üN4~(strictement

décroissante), XJ∀n ∈ N, un+1 < un.

7) ¡u üN(monotone), XJ§üN4O½üN4~; ¡u î�üN(strictement

monotone), XJ§î�üN4O½î�üN4~.
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~f 2.1.1 ∀n ∈ N, un = 2, un = 1
n+ 1, un = n, un = an, a ∈ R+, un = (−1)n,

un = sin θ
2n

, θ ∈]0, π2 [.

§2.1.1.2 k�4�(ê�Âñsuite convergente)

½Â 2.1.3 �u ∈ RN. e∃l ∈ R,¦��nÃ�O��, un Ã�ªCul,=|un− l|Ã
�ªCu0, K¡ê�u ±l �4�(limite), ½ö¡ê�u Âñ�l, P� lim

n→+∞
un = l

½limu = l, Ù¥∞ Ö�“Ã¡�” (infini).

ØÂñ�ê�¡�uÑê�(suite divergente).

∗ ε−N �ó. (ïÆØù, k��þO�)

~f 2.1.2

1) 1
n → 0; an → 0 (0 < a < 1).

2) ∀n ∈ N, un = (−1)n, un = 2n, un = an (a > 1) uÑ.

½n 2.1.1 (��5) e¢ê�u Âñ, K§�4���.

½n 2.1.2 (k.5) �u ∈ RN Âñ, Ku k., =�3�¢êM , ¦�∀n ∈ N,

|un| ≤M .

½n 2.1.3 �u, v ∈ RN Âñ.

1) �Ò5: elimu > 0 (< 0), K�3n0 ∈ N, �n ≥ n0 �, un > 0 (< 0).

2) �S5: elimu > (<) lim v, K�3n0 ∈ N, �n ≥ n0 �, un > (<)vn.

íØ 2.1.1 �u, v ∈ RN Âñ.

1) e�3n0 ∈ N, ¦�∀n ≥ n0 , un ≥ 0 (≤ 0), Klimu ≥ 0 (≤ 0);

2) e�3n0 ∈ N, ¦�∀n ≥ n0 , un ≥ vn (≤ 0), Klimu ≥ lim v (≤).

5 2.1.1 þ¡íØ¥�(Jéî�Ø�ÒØ¤á, X: un = 2
n , vn = 1

n .

íØ 2.1.2 �u ∈ RN Âñ�¢êl, K|u| = (|un|)n∈N �Âñ�Âñ�|l|. ��Ø�
½¤á.
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íØ 2.1.3 �u ∈ RN, l ∈ R �limu = l 6= 0, K�3n0 ∈ N, ¦�ê�(1/un)n≥n0 Â

ñ�1/l.

·K 2.1.1 (oK$�) �u, v ∈ RN ´ü�Âñê�, Ku+ v Úu · v ÑÂñ�

1) lim(u+ v) = limu+ lim v;

2) limu · v = limu · lim v;

3) elim v 6= 0, K�3n0 ∈ N, ¦�ê�
(
un
vn

)
n≥n0

Âñ, �

lim
n→+∞

un
vn

=
lim

n→+∞
un

lim
n→+∞

vn

5 2.1.2

1) Âñê��uÑê��Ú´uÑê�; È�ñÑ5ØU(½, Xun = 1/n, vn =

n Úvn = n2;

2) uÑê��uÑê��Ú�È�ñÑ5ØU(½, Xun = 1 + (−1)n, vn = 1 −
(−1)n Úvn = (−1)n; 2Xun = (n+ 1

n
)2 − n2.

íØ 2.1.4 (ê�Âñ��55�) �u, v ∈ RN Âñ, λ, µ ∈ R. Kλu+ µv Âñ�

lim(λu+ µv) = λ limu+ µ lim v.

AO/, �ÄÂñ�0 �ê�:

½Â 2.1.4 �u ∈ RN, elimu = 0, K¡u �Ã¡�ê�.

·K 2.1.2 �u, v ∈ RN, elimu = 0, v k., Klimuv = 0, =Ã¡�ê��k.ê

��¦ÈE�Ã¡�ê�.

~f 2.1.3

1) un =
3n − (−2)n

3n + (−2)n
;

2) un = n3 + 5n

5n3 + cosn+
1

n2

.
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§2.1.1.3 Ã¡4�(ê�ØÂñ)

½Â 2.1.5 �u ∈ RN.

1) e�n Ã�O��, un > 0 �Ã�O�, K¡u �4�´+∞, P� lim
n→+∞

un =

+∞ ½limu = +∞;

2) e�nÃ�O��, un < 0�|un|Ã�O�,K¡u�4�´−∞,P� lim
n→+∞

un =

−∞ ½limu = −∞.

5 2.1.3 u Âñ��=�limu �3�k�. �elimu = +∞ ½−∞, Ku �4��

3, �ØÂñ.

½n 2.1.4 (g,�Ò5) �u ∈ RN,

1) elimu = +∞, K∀M > 0, o�3n0 ∈ N, ¦��n ≥ n0 �, un > M ;

2) elimu = −∞, K∀m < 0, o�3n0 ∈ N, ¦��n ≤ n0 �, un < m.

·K 2.1.3 (oK$�) �u, v ∈ RN, limu = +∞, K

1) ev ke., Klim(u+ v) = +∞;

2) e�3n0 ∈ N Úm > 0 ¦�∀n ≥ n0, vn ≥ m, =ê�(vn)n≥n0 k��e.,

Klimuv = +∞.

~f 2.1.4 un =
√
n, vn = 1

n . �,u → +∞, v ke., �uv 6→ +∞, Ï�éØ�

ù��n0, ¦�gd���v k��e..

§2.1.1.4 0 �∞ ��ê'X

·K 2.1.4 �u ∈ RN Âñ, elimu = 0, K

1) e�3n0 ∈ N ¦�∀n ≥ n0, un > 0, Kê�(1/un)n≥n0 ªu+∞;

2) e�3n0 ∈ N ¦�∀n ≥ n0, un < 0, Kê�(1/un)n≥n0 ªu−∞.

~f 2.1.5
(−1)n

n , �Ä.
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·K 2.1.5 �u ∈ RN �limu = +∞ (−∞), K�3n0 ∈ N ¦�∀n ≥ n0, un > (<)0

�ê�(1/un)n≥n0 Âñ�0.

5 2.1.4 �u, v ∈ RN ©O±l,m �4�, Ù¥l,m ∈ R ∪ {±∞}. ��l + m Úlm

U(½,Kklim(u+v) = l+m, limuv = lm. Xl = +∞, m 6= −∞,Kl+m = +∞,

U(½; 2Xl = +∞, m = 0, Klm ØU(½. e¡�ÑoK$��L�....

��ÎÒ: R = R ∪ {+∞,−∞}.
A�~^4�:

1) lim c = c, c �?¿~ê;

2) lim
n→+∞

1

n
= 0;

3) lim
n→+∞

qn = 0, |q| < 1, lim
n→+∞

qn = +∞, q > 1;

4) lim
n→+∞

(1 +
1

n
)n = e;

5) lim
n→+∞

sin
1

n
/

1

n
= 1;

6) lim
n→+∞

lnα n

nβ
= 0, α, β > 0;

7) lim
n→+∞

nα

eβn
= 0, α, β > 0;

8) lim
n→+∞

n!

nn
= 0.

§2.1.1.5 ê�Âñ��½

½n 2.1.5 (Y@½n(encadrement)) �u, v ∈ RN Âñ, �limu = lim v = l. e

ê�w ÷v

∃n0 ∈ N,∀n ≥ n0, un ≤ wn ≤ vn,

Kw Âñ, �limw = l.

~f 2.1.6 un =
n∑
k=1

1

n2 + k2
.
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íØ 2.1.5 �u, v ∈ RN, �∃n0 ∈ N, ¦�∀n ≥ n0, un ≤ vn, K

1) elimu = +∞, Klim v = +∞;

2) elim v = −∞, Klimu = −∞.

~f 2.1.7 un =
n∑
k=1

√
k.

e¡ïÄüNê��4�, �d, k0��e(.�n��'SN.

·K 2.1.6 �u ∈ RN.

1) eu kþ., K§kÃ¡õ�þ..

2) eu ke., K§kÃ¡õ�e..

½Â 2.1.6 (þ, e(.) �u ∈ RN.

1) eu kþ., Kò���þ.¡�u �þ(.(borne supérieure), P�sup
n∈N

un

½supu.

2) euke.,Kò���e.¡�u�e(.(borne inférieure),P�inf
n∈N

un½inf u.

5 2.1.5 þe(.�½´k�¢ê.

~f 2.1.8 ∀n ∈ N∗, un = sin πn .

½n 2.1.6 ((.�n)

1) kþ.�ê��½kþ(.;

2) ke.�ê��½ke(.;

3) k.ê�Qkþ(.qke(..

ddB�éüNê���Xe(Ø:

·K 2.1.7 �u ∈ RN.

1) �u üN4O, K
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• eu kþ., K�n ¿©��, u Ã�ªCusupu;

• eu Ãþ., K�n ¿©��, u Ã�ªCu+∞.

2) �u üN4~, K

• eu ke., K�n ¿©��, u Ã�ªCuinf u;

• eu Ãe., K�n ¿©��, u Ã�ªCu−∞.

½n 2.1.7 (üN4�½n)

1) üNê��½k4�;

2) üNk.ê��½Âñ.

~f 2.1.9 Hn =
n∑
k=1

1

k
.

½Â 2.1.7 (5�ê�) �u, v ∈ RN, ¡u Úv ´5�ê�(suites adjacentes), XJ

÷v±e^�:

1) ∀n ∈ N, un ≤ vn;

2) u üN4O, v üN4~;

3) v − u Âñ�0.

½n 2.1.8 (5�ê�Âñ½n) �u, v ´5�ê�, K§�Âñ�Ó��. eòT

4��P�l, K∀n ∈ N, un ≤ l ≤ vn.

�a ∈ R, ^[a] L«�u�ua ����ê, =a− 1 < [a] ≤ a. dd�Ä�e~f.

~f 2.1.10 �x ∈ R, ∀n ∈ N, un =
[10nx]

10n
, vn =

1 + [10nx]
10n

, K(un)n∈N Ú(vn)n∈N

´5�ê�� lim
n→+∞

un = lim
n→+∞

vn = x.

y² �x ∈ R, du[10nx] ≤ 10nx, �

10[10nx] ≤ 10n+1x.
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qÏ�10[10nx] ´�ê, �

10[10nx] ≤ [10n+1x],

l


un+1 − un =
[10n+1x]

10n+1 −
[10nx]

10n
≥ 0.

�

~f 2.1.11 ∀n ∈ N, un =
n∑
p=0

(−1)p

p+ 1
. y²: (u2n+1)n∈N Ú(u2n)n∈N ´5�ê�.

e¡0�f�½n.

½Â 2.1.8 ¡¼êφ : N→ N î�üN4O, XJ∀n1, n2 ∈ N,

n1 > n2 =⇒ φ(n1) > φ(n2).

½Â 2.1.9 �u ∈ RN, ¼êφ : N → N î�üN4O, Kê�(uφ(n))n∈N ¡�ê

�(un)n∈N �fê�, {¡f�(suite extraite).

5 2.1.6 ¼êφ �½÷v: ∀n ∈ N, φ(n) ≥ n.

~f 2.1.12

1) (un+3)n∈N ´(un)n∈N �f�;

2) (u2n+1)n∈N Ú(u2n)n∈N ´(un)n∈N �f�, ©O¡�Ûê�Úóê�;

3) k�ê�1, 3, 9, 13 Ø´ê�(n)n∈N �f�.

½n 2.1.9 (Bolzano-Weierstrass ½n) k.ê���k��Âñf�. �(�

/`,�u ∈ RNk.,K�3l ∈ RÚî�üN4O¼êφ : N→ N,¦� lim
n→+∞

uφ(n) =

l.

½n 2.1.10 (f�½n) �u ∈ RN, Klimu = l ��=�?�u �f�v, Klim v =

l.

íØ 2.1.6 �u ∈ RN, l ∈ R.

1) e(u2n+1)n∈N Ú(u2n)n∈N ÑÂñ�l, Ku Âñ�l;
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2) e�3ØÂñ�f�, Ku ØÂñ;

3) e�3ü�Âñ�f�, �ØÂñ�Ó��, Ku ØÂñ.

5 2.1.7 f�½n��^5�½ê�uÑ,AOéuäk±Ï5�ê�,Xcos(nπ5 )n∈N.

~f 2.1.13 ∀n ∈ N, un =
n∑
p=0

(−1)p

p+ 1
. y²: u Âñ.

§2.1.1.6 48ê��4�

½Â 2.1.10 (48ê�) �I ⊂ R, ¼êf ÷vf(I) ⊂ I. -

u0 ∈ I, ∀n ∈ N, un+1 = f(un),

K¡u �d¼êf ½Â�48ê�.

~f 2.1.14 �a ∈ [−1,+∞[.

u0 = a, ∀n ∈ N, un+1 =
√

1 + un,

Ku ´d¼êf : x 7−→
√

1 + x ½Â�48ê�.

d?k|^�ã{ù)XÛ¦48ê��4�, �¡ÆS
¼ê�ëY5��2�

nØy².

¦48ê�4��Ú½:

1 . (½«mI, ¦�u0 ∈ I �f(I) ⊂ I;

2 . �ã:

• 3���IXxoy exÑ«mI þ�­�y = f(x);

• xÑ�n����²©�y = x;

• IÑ±(u0, 0) ��I�:, P�M0;

• LM0 �x ¶�R�, �­�y = f(x) �u:(u0, u1), P�M
′
0;

• LM ′
0 �y ¶�R�, ���y = x �u:(u1, u1), P�M

′′
0 ;

• LM ′′
0 �x ¶�R�, �x ¶�u:(u1, 0), P�M1;
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• 3l:M1 ­Eþ¡�L§.

3 . ¦Ñ­�y = f(x) ���y = x ��:, P�(x0, x0);

4 . ÏL­�r��äê��üN5, dd�ä4�´Ä�3;

5 . e4��3, 3±∞ Úx0 ¥Ïéê��4�.

§2.1.1.7 Eê�

½Â 2.1.11 ¡E�¼êu : N → C �Eê�, ¿òu(n) P�un, òTê�P�u

½(un)n∈N. ¤kEê�|¤�8ÜP�CN.

∀u ∈ CN, ½ÂXeA����'�ê�:

Reu = {Re(un)}n∈N, Imu = {Im(un)}n∈N

|u| = {|un|}n∈N ū = {|un|}n∈N

��!Ñy�| · | �Eê��, Ø´ýé�.

�uEê�mÃ{'���, �ØU½ÂÙþe.ÚüN5, ��|^�½ÂÙk

.5.

½Â 2.1.12 ¡u �k.ê�, XJ�3M ∈ R+, ¦�∀n ∈ N, |un| ≤M .

½Â 2.1.13 �u ∈ CN, l ∈ C. e�n Ã�O��, |un − l| Ã�ªCu0, K¡u Â

ñ�l, P� lim
n→+∞

un = l ½limu = l.

5 2.1.8 l ∈ C, Ø�3±∞ ��¹.

éEê�
ó, �|z| < 1 �, zn → 0 �¤á.

½n 2.1.11 �u ∈ CN, l ∈ C, Ke¡(Ø�d

1) u Âñ�l;

2) Reu ÚImu ©OÂñ�Rel ÚIml.

~f 2.1.15
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1) un = (1 + 1
2n

) + (2 + 1
2n

)i, Âñ�1 + 2i.

2) un = 1 + ni, ØÂñ.

3) un = rne
iθn , Ù¥{rn}n∈N, {θn}n∈N ∈ RN ©OÂñ�r Úθ, K

lim
n→+∞

un = reiθ.

4) �∀n ∈ N, zn+1 = 1
3(zn + 2zn), y²: (zn)n∈N Âñ�¦Ù4�.

5) �zn = xn + iyn, Ù¥∀n ∈ N, xn+1 =
xn − yn

2 , yn+1 =
xn + yn

2 . y²(xn)n∈N

Ú(yn)n∈ Âñ�¦Ù4�.

§2.1.2 ¼ê4�

�!¥f ´½Â3R �f8þ�¢¼ê, D(f) L«Ù½Â�. �
ïÄf 3:a ∈ R

Ú±∞ ?�4�, Äk�¦f 3“a Ú±∞ �NC” k½Â. �d, k0�«mÚ�

�.

§2.1.2.1 «m(intervale) Ú��(voisinage)

½Â 2.1.14 �a, b ∈ R, Ø��a < b.

1) ¡¢ê8{x ∈ R|a < x < b} �m«m, P�]a, b[;

2) ¡¢ê8{x ∈ R|a ≤ x ≤ b} �4«m, P�[a, b];

3) ¡¢ê8{x ∈ R|a ≤ x < b} Ú{x|a < x ≤ b} ��m�4«m, ©OP�[a, b[

Ú]a, b].

ùAa«mÚ¡�k�«m.

½Â 2.1.15 �a ∈ R.

1) ò¢ê8{x|x ≤ a} P�]−∞, a], {x|x < a} P�]−∞, a[;

2) ò¢ê8{x|x ≥ a} P�[a,+∞[, {x|x > a} P�]a,+∞[;

3) ò¢ê8{x| −∞ < x < +∞} P�]−∞,+∞[, =R =]−∞,+∞[.
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ùAa«mÚ¡�Ã�«m.

5 2.1.9 d«m�½Â��, «mvkmä:, ~X[1, 2]∪]− 3, 0] ÒØ´«m.

½Â 2.1.16 �a ∈ R, δ > 0.

1) ¡4«m[a− δ, a+ δ] �a �δ-��, P�U(a, δ);

2) ¡4«m[a− δ, a] �a �δ-���, P�U−(a, δ);

3) ¡4«m[a, a+ δ] �a �δ-m��, P�U+(a, δ).

5 2.1.10 ��/, e�I�a �,���, KØI��²δ. �^U(a) L«a �,

���, U−(a) L«a �,����, U+(a) L«a �,�m��.

½Â 2.1.17 �a ∈ R, δ > 0.

1) ¡¢ê8[a− δ, a+ δ] \ {a} �a ��%δ-��, P�U◦(a, δ);

2) ¡�4mm«m[a− δ, a[ �a ��%δ-���, P�U◦−(a, δ);

3) ¡�mm4«m]a, a+ δ] �a ��%δ-m��, P�U◦+(a, δ).

5 2.1.11

1) aq/,^U◦(a)L«a�,��%��, U◦−(a)L«a�,��%���, U◦+(a)

L«a �,��%m��.

2) U(a) �U◦(a) �«O3u´Ä�¹a.

3) éu±∞, �!��, ØJ�m½´Ä�%.

½Â 2.1.18

1) [A,+∞[ ¡�+∞ ���, P�U(+∞), Ù¥A > 0 ¿©�;

2) ]−∞, B] ¡�−∞ ���, P�U(−∞), Ù¥B < 0, |B| ¿©�.

~f 2.1.16
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1)
f : [−1, 1] −→ R

x 7−→
√

1− x2
30 ���k½Â;

2)
f : R∗ −→ R

x 7−→ sinx
x

30 ��%��k½Â;

3)
f : R∗ −→ R

x 7−→ 1√
x

30 ��%m��k½Â.

e¡Ì�ïÄ¼êf 3a ��%��S�5�, =a Ø�½áuD(f).

§2.1.2.2 k�:?�k�4�

½Â 2.1.19 �a ∈ R, f 3a �,��%��Sk½Â. XJ�x Ã�ªCua �Ø

�ua �, f(x) Ã�ªCu,�¢êl, K¡f 3a ?±l �4�, P�lim
x→a

f(x) = l

½lim
a
f = l.

∗ ε− η �ó: �a, l ∈ R, Klim
a
f = l �^êÆ�ó£ã�:

∀ε > 0, ∃η > 0 : ∀x ∈ D(f), 0 < |x− a| ≤ η =⇒ |f(x)− l| ≤ ε.

~f 2.1.17

1) �l ∈ R, e∀x ∈ R, f(x) = l, K∀a ∈ R, lim
a
f = l.

2) �∀x ∈ R, f(x) = x, K∀a ∈ R, lim
a
f = a. f ¡�R þ�ðÓN�, P�IdR.

3) lim
x→2

x2 − 4

x− 2
, lim
x→1

x2 − 1

2x2 − x− 1
, lim
x→a

√
1− x2, |a| < 1.

½n 2.1.12 (��5) e¼êf 3a ?k4�, K4���.

½n 2.1.13 (ÛÜk.5) �a ∈ R, l ∈ R, elim
a
f = l, K�3a �,��%�

�U◦(a), ¦�f 3U◦(a) þk..

½n 2.1.14 �a ∈ R, f, g 3a �,���Sk½Â.

1) ÛÜ�Ò5: elim
a
f > (<)0, K�3a �,��%��U◦(a), ¦�3U◦(a)

Sf > 0 (< 0).
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2) ÛÜ�S5: elim
a
f > (<) lim

a
g, K�3a �,��%��U◦(a), ¦�3U◦(a)

Sf > (<)g.

5 2.1.12 ±þ½né≤ Ú≥ Ø�½¤á. Xf : x 7−→ x cosx, Klim
0
f = 0, �30

�?Û�%��Sf ÑCÒ.

íØ 2.1.7 �a ∈ R, f, g 3a �,���Sk½Â.

1) e�3a �,��%��U◦(a), ¦�3U◦(a) Sf ≥ (≤)0, Klim
a
f ≥ (≤)0;

2) e�3a �,��%��U◦(a), ¦�3U◦(a) Sf ≥ (≤)g, Klim
a
f ≥ (≤) lim

a
g.

5 2.1.13 ±þíØéî�Ø�ÒØ�½¤á, =e3a �,��%��Sf < g,

Ø�½klim f < lim g. Xf : x 7−→ x sinx, g : x 7−→ x tanx. �é{`, XJ

kf > g, @o�4���U��lim
a
≥ lim

a
g.

íØ 2.1.8 �a, l ∈ R, lim
a
f = l, Klim

a
|f | = |l|.

íØ 2.1.9 �a ∈ R, elim
a
f = l 6= 0, Klim

a

1

f
=

1

l
.

·K 2.1.8 (oK$�(R þ)) �a ∈ R, ¼êf Úg 3a �,��%��Sk½Â,

3a ?�4��3�k�, Kf ± g Úf × g 3a ?�4���3k��

1) lim
a

(f ± g) = lim
a
f ± lim

a
g;

2) lim
a

(f × g) = lim
a
f × lim

a
g;

3) elim
a
g 6= 0, Klim

a
(
f

g
) =

lim
a
f

lim
a
g

.

íØ 2.1.10 (¼ê4���55�) �a ∈ R, λ, µ ∈ R. ¼êf Úg 3a �,��%

��Sk½Â�4��3, Kλf + µg 3a ?�4���3�

lim
a

(λf + µg) = λ lim
a
f + µ lim

a
g.

~f 2.1.18 lim
x→−1

(
1

x+ 1
− 3

x3 + 1
).
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½Â 2.1.20 �a ∈ R, ¼êf 3a �,��%��Sk½Â. elim
a
f = 0, K¡f �

�x→ a ��Ã¡�þ.

·K 2.1.9 �a ∈ R, lim
a
f = 0, g 3a �,��%��Sk., Klim

a
(f × g) = 0, =

Ã¡�þ�k.þ�¦ÈE�Ã¡�þ.

~f 2.1.19 lim
x→0

x2 sin
1

x
.

·K 2.1.10 (¼ê4��ê�4��'X(R þ)) �a, l ∈ R, lim
a
f = l, u ´��

uD(f) �¢ê�. elimu = a, Klim f(u) = l.

~f 2.1.20

1) 1
n

n∑
k=1

cos
1

n+ k
;

2) e®�lim
x→0

sinx

x
= 1, y²: lim

n→+∞
n sin

1

n
= 1.

­�4�: lim
x→0

sinx

x
= 1.

·K 2.1.11 (EÜ¼ê�4�(R þ)) �a, l ∈ R, lim
a
g = l, f ��uD(g). elim

r
f =

a, K

lim
r
g ◦ f = l.

~f 2.1.21 lim
x→π

sinx

x− π
.

§2.1.2.3 k�:?�Ã¡4�

½Â 2.1.21 �a ∈ R, f 3a �,��%��k½Â.

1) e�x Ã�ªCua �, f(x) > 0 �Ã�O�, K¡¼êf 3a :±+∞ �4�,

P�lim
x→a

f(x) = +∞ ½lim
a
f = +∞;

2) e�x Ã�ªCua �, f(x) < 0 �|f(x)| Ã�O�, K¡¼êf 3a :±−∞
�4�, P�lim

x→a
f(x) = −∞ ½lim

a
f = −∞.
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∗ A− η �ó: �a ∈ R. Klim
a
f = +∞ �^êÆ�ó£ã�:

∀A > 0, ∃η > 0 : ∀x ∈ D(f), 0 < |x− a| ≤ η =⇒ f(x) ≥ A.

~f 2.1.22 lim
x→0

1

x2
.

5 2.1.14 ÛÜÃ., g,�Ò.

½Â 2.1.22 �a ∈ R, ¼êf 3a �,��%��Sk½Â. elim
a
f = +∞ ½−∞,

K¡f �x→ a ��Ã¡�þ.

·K 2.1.12 (oK$�(∞ �)) �a ∈ R, ¼êf Úg 3a �,���Sk½Â

�lim
a
f = +∞, K

1) eg 3a �,���Ske., Klim
a

(f + g) = +∞;

2) eg 3a �,���Sk��e., Klim
a

(f × g) = +∞.

~f 2.1.23 lim
x→+∞

(x+ sinx).

·K 2.1.13 �a ∈ R,¼êf 3a�,��%��Sk½Â�lim
a
f = +∞,Klim

a

1

f
=

0.

§2.1.2.4 ±∞ ?�k�4�

½Â 2.1.23

1) �f 3+∞ �,���k½Â, e�x ����Ã�O��, f(x) Ã�ªCu

,�~êl, K¡f 3+∞ ?±l �4�, P� lim
x→+∞

f(x) = l ½lim
+∞

f = l;

2) �f 3−∞ �,���k½Â. e�x �K��|x| Ã�O��, f(x) Ã�ªC

u,�~êl, K¡f 3−∞ ?±l �4�, P� lim
x→−∞

f(x) = l ½lim
−∞

f = l.

∗ ε−M �ó: �l ∈ R. Klim
+∞

f = l �^êÆ�ó£ã�:

∀ε > 0, ∃M > 0 : ∀x ∈ D(f), x ≥M =⇒ |f(x)− l| ≤ ε.

~f 2.1.24 lim
x→−∞

ex
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Ù¦5�aq: ��5, ÛÜk.5, ÛÜ�Ò5, oK$��.

­�4�: lim
x→+∞

(1 +
1

x
)x = e, lim

x→−∞
(1 +

1

x
)x = e.

|^EÜ¼ê�4�n)e¡ê��4�:

~f 2.1.25 lim
n→+∞

(1 +
1

n
)n = e, lim

n→+∞
(1 +

1

n2 )n
2

= e.

§2.1.2.5 ±∞ ?�Ã¡4�

½Â 2.1.24 �f 3∞ �,���Sk½Â.

1) e�x ����Ã�O��, f(x) > 0 �Ã�O�, K¡¼êf 3+∞ ?±+∞
�4�, P� lim

x→+∞
f(x) = +∞ ½lim

+∞
f = +∞;

2) e�x ����Ã�O��, f(x) < 0 �|f(x)| Ã�O�, K¡¼êf 3+∞ ?
±−∞ �4�, P� lim

x→+∞
f(x) = −∞ ½lim

+∞
f = −∞;

3) e�x �K��|x| Ã�O��, f(x) > 0 �Ã�O�, K¡¼êf 3−∞ ?
±+∞ �4�, P� lim

x→−∞
f(x) = +∞ ½lim

−∞
f = +∞;

4) e�x �K��|x| Ã�O��, f(x) < 0 �|f(x)| Ã�O�, K¡¼êf 3−∞
?±−∞ �4�, P� lim

x→−∞
f(x) = −∞ ½lim

−∞
f = −∞.

∗ A−M �ó: lim
+∞

f = +∞ �^êÆ�ó£ã�:

∀A > 0, ∃M > 0 : ∀x ∈ D(f), x ≥M =⇒ f(x) ≥ A.

~f 2.1.26 n ∈ N∗, lim
x→+∞

xn.

Ù¦5�aq. e¡é±þo«4��ÑÚ��ü�·K:

·K 2.1.14 (¼ê4��ê�4��'X(R þ)) �a, l ∈ R, lim
a
f = l, u ´��

uD(f) �¢ê�. elimu = a, Klim f(u) = l.

·K 2.1.15 (EÜ¼ê�4�(R þ)) �a, l ∈ R, lim
a
g = l, f ��uD(g). elim

r
f =

a, K

lim
r
g ◦ f = l.

~f 2.1.27 lim
x→+∞

cos
1

x
.
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§2.1.2.6 üý4�

ùp��Äk�:?�üý4�, Ï�±∞ ?�4�Ò´üý4�.

½Â 2.1.25 �a ∈ R, l ∈ R.

1) ¼êf 3a �,��%m��k½Â, XJ�x la �mýÃ�ªCua �,

f(x) Ã�ªCul, K¡f 3a ?km4�(limite à droite) l, P� lim
x→a+

f(x) = l

½lim
a+

f = l;

2) ¼êf 3a�,��%���k½Â,XJ�xla��ýÃ�ªCua�, f(x)

Ã�ªCul, K¡f 3a ?k�4�(limite à gauche) l, P� lim
x→a−

f(x) = l

½lim
a−

f = l.

∗ ε− η �ó: lim
a+

f = l ∈ R �^êÆ�ó£ã�:

∀ε > 0, ∃η > 0 : ∀x ∈ D(f), 0 < x− a ≤ η =⇒ |f(x)− l| ≤ ε.

5 2.1.15 üý4�Ì�^5�Ä,
AÏ:Úà:�4�.

~f 2.1.28

1) f(x) =

 x2, x ≥ 0

x, x < 0
, lim
x→0+

f(x) =?

2) f(x) =
√

1− x2 3x = ±1 ?�4�;

3) f(x) = sgn(x) 3x = 0 ?�4�´.

5 2.1.16 �f, g3a?©O±l,m�4�,Ù¥l,m ∈ R. ��l+mÚlmU(½,K

klim(f + g) = l+m, lim fg = lm. ¯¢þ, éu\{, el = +∞, K��m 6= −∞,

l+mÒU(½;éu¦{,ØU(½��¹�õ,IäN©Û,~X: lim
x→0

lnx = −∞,

lim
x→0

x lnx = 0. K�Ñ±þA«�¹eoK$��L�.....

A�~^4�:

1) ~¼ê3?¿:?�4�Ñ´Ù��.

2) lim
x→+∞

1

x
= 0;
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3) lim
x→+∞

ax = 0; 0 < a < 1, lim
x→−∞

ax = 0, a > 1; lim
x→0

ax = 1, a > 0;

4) lim
x→0

sinx

x
= 1;

5) lim
x→+∞

(1 +
1

x
)x = e, lim

x→−∞
(1 +

1

x
)x = e;

6) lim
x→+∞

xα

eβx
= 0, α, β > 0;

7) lim
x→+∞

lnα x

xβ
= 0, β > 0;

8) lim
x→0+

x lnx = 0; lim
x→0+

xβ lnα x = 0, α, β > 0.

§2.1.2.7 ¼ê4���½

½n 2.1.15 (Y@½n) �a ∈ R, lim
a
f = lim

a
g = l ∈ R. e3a �,��%�

�U◦(a) S, ¼êh ÷vf ≤ h ≤ g, Kh 3a ?�4��3, �lim
a
h = l.

íØ 2.1.11 �f ≤ g,

1) elim
a
f = +∞, Klim

a
g = +∞;

2) elim
a
g = −∞, Klim

a
f = −∞.

~f 2.1.29 lim
x→0

x
[1

x

]
, lim
x→+∞

x cos ex

x2 + 1
.

e¡0��m4�½n, ù�´�ä¼ê3�:´Äk4��­�óä.

½n 2.1.16 (�m4�½n) �a ∈ R, ¼êf 3a �,��%��Sk½Â, Kf

3a ?k4���=�f 3a ?��4�Úm4��3���. �Ò´`,

lim
a
f = l⇐⇒

 lim
a+

f = l,

lim
a−

f = l.

5 2.1.17 kþã·K��, ¼êf 3a :k4�7Lä�ü�^�:

1) f 3a :��m4�Ñ�3;
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2) �m4���.

~f 2.1.30 f : x 7−→ e−
1
x Úg : x 7−→ sgn(x)30?ÑÃ4�; h(x) =

 0, x ≤ 0

e−
1
x , x > 0

30 ?k4�.

5 2.1.18 �m4�½nÌ�^5�ä,
AÏ:?�4�´Ä�3, §�´�ä

,:?4�Ø�3�­��{.

e¡QãüN4�½n, �d, k�ÑüN¼ê�½Â.

½Â 2.1.26 �I ⊂ R, f : I → R.

1) ¡f üN4O, e∀x1, x2 ∈ I,

x1 ≤ x2 =⇒ f(x1) ≤ f(x2);

¡f î�üN4O, e∀x1, x2 ∈ I,

x1 < x2 =⇒ f(x1) < f(x2);

2) ¡f üN4~, e∀x1, x2 ∈ I,

x1 ≤ x2 =⇒ f(x1) ≥ f(x2);

¡f î�üN4~, e∀x1, x2 ∈ I,

x1 < x2 =⇒ f(x1) > f(x2);

3) ¡f üN, XJ§üN4O½üN4~; ¡f î�üN, XJ§î�üN4O½

î�üN4~.

Ù¥I ¡�üN«m.

5 2.1.19 ¼ê�üN5´�é,�«m
ó�.

½Â 2.1.27 �I ⊂ R ´��«m, f : I → R.
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1) ef kþ., KòÙ���þ.¡�þ(., P�sup
I
f ½sup

x∈I
f(x);

2) ef ke., KòÙ���e.¡�e(., P�inf
I
f ½inf

x∈I
f(x).

½n 2.1.17 (üN4�½n: «mà:) �a, b ∈ R �a < b, f 3]a, b[ þüN,

Klim
a+

f Úlim
b−
f �3. ?�Ú,

1) ef üN4Okþ., Klim
b−
f = sup

]a,b[

f ;

2) ef üN4OÃþ., Klim
b−
f = +∞;

3) ef üN4Oke., Klim
a+

f = inf
]a,b[

f ;

4) ef üN4OÃe., Klim
a+

f = −∞.

e¡�Ñ¼ê3üN«mSÜ:þ4���35. �d, �ÑPÒİ, L««mI �

SÜ.

½n 2.1.18 (üN4�½n: «mS:) �I ⊂ R, f : I → R üN, c ∈ İ, Klim
c−
f

Úlim
c+
f Ñ�3�k�. ?�Ú,

1) ef üN4O, Klim
c−
f ≤ f(c) ≤ lim

c+
f .

2) ef üN4~, Klim
c−
f ≥ f(c) ≥ lim

c+
f .

½n 2.1.19 (8(�K) �a, l ∈ R, f 3a�,��%��U◦(a)Sk½Â,Klim
a
f =

l ��=�U◦(a) S¤k±a �4��¢ê�(un)n∈N, lim
n→+∞

f(un) = l.

5 2.1.20

1) (Üê�4��¼ê4��'X5n)T½n;

2) 8(�K��^5�ä4�Ø�3, ~X: sin 1
x 30 :4�Ø�3.
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§2.1.2.8 E¼ê�4�

½Â 2.1.28 ��uEê�C �¼ê¡�E¼ê.

�f : D(f)→ C, ½ÂXeA����'�¼ê:

Ref : D(f) −→ R

x 7−→ Re(f(x))
,

Imf : D(f) −→ R

x 7−→ Im(f(x))
,

|f | : D(f) −→ R

x 7−→ |f(x)|
,

f̄ : D(f) −→ R

x 7−→ f(x)
.

éE¼ê
ó, ·���Äa ∈ R, l ∈ C ��¹, Ø�Äl = ±∞ ��¹.

½Â 2.1.29 �a ∈ R, E¼êf 3a �,��%��k½Â, e�3l ∈ C ¦��x

Ã�ªCua �, |f − l| Ã�ªCu0, K¡f 3a :±l �4�, P�lim
x→a

f(x) = l

½lim
a
f = l.

½n 2.1.20 (E¼ê4��3½n) �E¼êf 3a �,��%��Sk½Â, l ∈
C, Ke¡(Ø�d

1) lim
a
f = l;

2) lim
a

Ref = Rel �lim
a

Imf = Iml.

5 2.1.21 ÛÜk.5,oK$�,¼ê4��ê�4��'X,EÜ¼ê�$�,�

_¼ê�$�, üý4��½ÂÑ¤á. Ù§�9'����, XÛÜ�Ò5, ÛÜ

�S5, Y@½n, üNk4�½n�ÑØ¤á.

íØ 2.1.12 �E¼êf 3a :k4�, K|f | Úf̄ Ñ3a :k4�.
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