
§2.4 È©

k{ü¯K\Ã: ¢¼êf 34«m[a, b] þëY��K, ¦d­�y = f(x), �

�x = a, x = b Úx ¶�¤�ã/�¡È, ��“©�–Cq�O–¦Ú–�4�” �

g�.

§2.4.1 iùÚ

½Â 2.4.1 (4«m�©�) �n ∈ N∗, 4«m[a, b] Skn− 1 �:, �g�

a = x0 < x1 < · · · < xn = b.

§�r[a, b] ©¤n ��«m[xi−1, xi], i ∈ [|1, n|]. ·�ru = (xi)i∈[|0,n|] ¡�«

m[a, b] ���©�, ¡δ(u) = max
i∈[|1,n|]

(xi − xi−1) �©�u �Ú�½�.

~f 2.4.1 ò«m[a, b] n �©, =

u =
(
a+

b− a
n

i
)
i∈[|0,n|]

.

d�, δ(u) = 1
n . n ��δ(u) ��, =�Xn �O�, ©��5�[.

5 2.4.1 δ(u) �A
©��[�§Ý. �Ñ��©�u, δ(u) Ò��(½; �L5,

äkÓ�[Ý�©�%kÃ�õ�.

½Â 2.4.2 �f ´½Â3[a, b] þ�¼ê, u = (xi)i∈[|0,n|] ´[a, b] ���©�, ?�

:ξi ∈ [xi−1, xi], i ∈ [|1, n|], ¡Úª
n∑
i=1

f(ξi)(xi − xi−1) (2.4.1)

�f 3[a, b] þ���È©Ú½iùÚ.

~f 2.4.2 �f : x 7−→ 1
1 + x2

, K

1)
n∑
i=1

n

n2 + i2
´f 3[0, 1] þ���iùÚ.

2)
n−1∑
i=0

n

n2 + i2
�´f 3[0, 1] þ���iùÚ.
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3)
n−1∑
i=0

4n

4n2 + (2i+ 1)2
�´f 3[0, 1] þ���iùÚ.

5 2.4.2 w,, iùÚ(2.4.1) Q�©�u k', ��ξi �À�k'. �Xδ(u) �Ã

�C�, ·�'%iùÚ(2.4.1) ��ªª³.

½Â 2.4.3 �f ´½Â3[a, b]þ�¼ê, J ´��(½�¢ê. éu[a, b]�?¿©

�u93þ¡?¿À��:8{ξi}i∈[|1,n|],�δ(u)→ 0�,Úª
n∑
i=1

f(ξi)(xi−xi−1)→

J , K¡f 3[a, b] þ�È, J ¡�f 3[a, b] þ�È©, P�

J =

∫ b

a

f(x)dx ½

∫
[a,b]

f.

e�δ(u)→ 0 �vk4�, K¡f 3[a, b] þØ�È.

5 2.4.3 5½:
∫ a
a
f(x)dx = 0,

∫ b
a
f(x)dx = −

∫ a
b
f(x)dx.

§2.4.2 È©�5�

·K 2.4.1 �f ´[a, b]þ�~�¼ê: ∀x ∈ [a, b], f(x) = c, Kf 3[a, b]þ�È,�∫ b

a

f(x)dx =

∫ b

a

cdx = c(b− a).

·K 2.4.2 �f , g 3[a, b] þ�È, λ ∈ R, Kf + g, λf Ú|f | 3[a, b] þ�È, �

1)
∫ b
a
(f + g)(x)dx =

∫ b
a
f(x)dx+

∫ b
a
g(x)dx;

2)
∫ b
a
(λf)(x)dx = λ

∫ b
a
f(x)dx;

3) |
∫ b
a
f(x)dx| =

∫ b
a
|f |(x)dx

·K 2.4.3 (È©«m�\5) �c ∈]a, b[, e¼êf 3[a, c] Ú[c, b] þÑ�È, Kf

3[a, b] þ�È, � ∫ b

a

f(x)dx =

∫ c

a

f|[a,c](x)dx+

∫ b

c

f|[c,b](x)dx.

½n 2.4.1

1) �Ò5: �f 3[a, b] þ�È, e∀x ∈ [a, b], f(x) ≥ 0, K
∫ b
a
f(x)dx ≥ 0;
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2) �S5: �f Úg 3[a, b] þ�È, �∀x ∈ [a, b], f(x) ≥ g(x), K
∫ b
a
f(x)dx ≥∫ b

a
g(x)dx.

½n 2.4.2 (k.5) e¼êf 3[a, b] þ�È, Kf 3[a, b] þk..

5 2.4.4 �Ò´`, �È¼ê7k., �k.¼êØ�½�È, ~XDirichlet ¼ê:

D(x) =

 1, x ∈ [0, 1] ∩ Q

0, x ∈ [0, 1] ∩ Qc

íØ 2.4.1 e¼êf 3[a, b] þ�È, K�3M > 0, ¦�∫ b

a

f(x)dx ≤M(b− a).

5 2.4.5 ¿Ø´¤k�¼êÑ�È, ù�9¼ê��È5^�, 3ùpØÐm?Ø.

e¡·��?ØëY¼ê.

§2.4.3 ëY¼ê�È©

½n 2.4.3 �f ´½Â3[a, b] þ�ëY¼ê, Kf 3[a, b] þ�È.

~f 2.4.3

1) ¦
∫ 1

0
x2dx;

2)
∫ 2

−1 x|x|dx.

íØ 2.4.2 ef ´[a, b] þ�ëY¼ê, ØCÒ, �
∫
[a,b]

f = 0, Kf = 0.

½n 2.4.4 (È©¥�½n) �f 34«m[a, b] þëY, K���3�:c ∈ [a, b],

¦� ∫ b

a

f(x)dx = f(c)(b− a).

È©¥�½n�AÛ¿Â: ef 3[a, b] þ�KëY, Ky = f(x) 3[a, b] þ�­>F

/�¡È�u± 1
b− a

∫ b
a
f(x)dx�p, [a, b]�.�Ý/�¡È.Ù¥ 1

b− a
∫ b
a
f(x)dx

�n)�f 3[a, b] þ¤k¼ê��²þ�.

~f 2.4.4 ¦sin 3[0, π] þ�²þ�.
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§2.4.4 ©ãëY¼ê�È©

½Â 2.4.4 (©ãëY¼ê) �n ∈ N, ∀i ∈ [|0, n|], xi ∈ [a, b]. ef ��3]xi−1, xi[,

i ∈ [|1, n|] þëY, �f|]xi−1,xi[ 3xi−1 Úxi :kk�4�, K¡f 3[a, b] þ©ãë

Y.

d½Â?? ��, f ��3]xi−1, xi[ þ�ëYòÿ�4«m[xi−1, xi] þ��f̃ , =f̃ ´

4«m[xi−1, xi] þ�ëY¼ê, l
�È. dÈ©«m��\5B��

½n 2.4.5 �f ´[a, b] þ�©ãëY¼ê, =�3n ∈ N, ∀i ∈ [|1, n|], f ��
3]xi−1, xi[ þëY, Kf 3[a, b] þ�È, �∫ b

a

f(x)dx =
n∑
i=1

∫ xi

xi−1

f̃(x)dx,

Ù¥f̃ ´f|]xi−1,xi[ 3xi−1 Úxi þ�ëYòÿ.

~f 2.4.5

1.
∫ n
m
[x]dx, m,n ∈ Z, n ≥ m.

2. f : x 7−→

 2x− 1, −1 ≤ x < 0,

e−x, 0 ≤ x ≤ 1
, ¦

∫ 1

−1 f(x)dx.

éu©ãëY¼êÈ©��'5�þ��âþ�!²1í�.

8c·�®²��: ëY¼êÚ©ãëY¼ê´�È�. éuÙ§¼ê, ��2Æ

S.

§2.4.5 È©�O�

½Â 2.4.5 �f 3[a, b] þ�È, ½Â

F : [a, b] −→ R

x 7−→
∫ x
a
f(t)dt

,

òF ¡�Cþ�È©¼ê.

·K 2.4.4 �f 3[a, b] þ�È, K
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1) Cþ�È©¼ê

F : [a, b] −→ R

x 7−→
∫ x
a
f(t)dt

,

3[a, b] þëY.

2) ?�Ú, ef 3[a, b] þëY, KF 3[a, b] þ��, �F ′ = f .

½Â 2.4.6 �¼êf ÚF Ñ3«mI þk½Â. eF ′ = f , K¡F �f ����¼

ê.

~f 2.4.6 ∀x ∈ R, sin′ x = cosx,�sin´cos����¼ê. x 7→ sinx+3�´cos

����¼ê.

·K 2.4.5

1) �f 3I þ�È, a ∈ I, KCþ�È©¼êF : x 7→
∫ x
a
f(t)dt ´f 3I þ���

�¼ê, �´÷vF (a) = 0 ����¼ê;

2) �G ´f 3«mI þ����¼ê, K∀C ∈ R, G+ C Ñ´f ��¼ê.

½n 2.4.6 �f ´I þ�ëY¼ê, F ´f ����¼ê, K∫ b

a

f(x)dx = F (b)− F (a).

~f 2.4.7

∫ b

a

e2xdx,

∫ π

0

sinxdx,

∫ b

a

(αx+ β)dx,

∫ 1

0

1

1 + x2
dx,

∫ 2

1

1

x
dx.

½n 2.4.7 (©ÜÈ©) �u, v ∈ C1([a, b]), K∫ b

a

u(t)v′(t)dt = u(b)v(b)− u(a)v(a)−
∫ b

a

u′(t)v(t)dt.

5 2.4.6 ��/, �
�BwÑu Úv, |^e¡�/ª∫ b

a

u(t)dv(t) = u(b)v(b)− u(a)v(a)−
∫ b

a

u′(t)v(t)dt.

~f 2.4.8

∫ 2

1

lnxdx;

∫ π
2

0

sinn xdx, n ∈ N;
∫ 1

0

x2exdx.
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5 2.4.7

1) ��/, e�¼ê'�·Ü^©ÜÈ©{:

x 7→ xk sin bx, x 7→ xk cos bx, x 7→ xkeax, x 7→ xk lnx, x 7→ xk arcsinx, x 7→
xk arctanx, x 7→ eax sin bx, x 7→ eax cos bx �.

2) ��È¼ê´x 7→ xk sin bx, x 7→ xk cos bx, x 7→ xkeax �, ��òx 7→ xk w�u;

3) ��È¼ê´x 7→ xk lnx, x 7→ xk arcsinx, x 7→ xk arctanx �, ��òx 7→ xk

w�v;

3) ��È¼ê´x 7→ eax sin bx, x 7→ eax cos bx �, ��òx 7→ eax w�u.

,	, k
È©3|^©ÜÈ©�¬Ñy�5�È©, ù�B�ÏL£�)Ñ, ~

X:
∫ 1

0
ex sinxdx.

½n 2.4.8 (��{) �f : I → R ëY, φ : J → I ´C1 ¼ê, eα, β ∈ J , K∫ φ(β)

φ(α)

f(t)dt =

∫ β

α

f(φ(x))φ′(x)dx.

5 2.4.8

1) ¯¢þ, ��{Ò´�L5|^EÜ¼ê¦�úª;

2) 3�CþO��, -t = φ(x), ,�^t �O�φ(x), ^dt �O�φ′(x)dx;

3) Ø�#PCþO���UCÈ©þe�.

~f 2.4.9

∫ π
2

0

sin2 x cosxdx,

∫ a

0

1

a2 + x2
dx.

±þü�~f´lm �|^��{, =uy�È¼ê´f(φ)φ′ �/ª. ,�«�

¹´, XJ�È¼ê'�E,, wØÑ´Ääkf(φ)φ′ �/ª, KIòÙz{, ù�

B�l� m|^��{.

~f 2.4.10

∫ 2

−1

√
4− x2dx,

∫ 1

0

1√
x2 + 1

dx.

5 2.4.9 �a > 0.
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1) e¹k
√
a2 − x2 /ª�, K-x = a sin t ½a cos t;

2) e¹k
√
a2 + x2 /ª�, K-x = a tan t;

3) e¹k
√
x2 − a2 /ª�, K-x = a sec t.

�,, k��I�(¹?n, ~X:

∫ a

0

√
a2 + x2dx.

,	, éu,
AÏ¼ê, k
éw,�A::

1) ef ´T -±Ï¼ê, K-t = x+ T , �∫ b

a

f(x)dx =

∫ b+T

a+T

f(t− T )dt =
∫ b+T

a+T

f(t)dt;

2) ef ´ó¼ê, K ∫ a

−a
f(x)dx = 2

∫ a

0

f(x)dx;

3) ef ´Û¼ê, K ∫ a

−a
f(x)dx = 0.

§2.4.6 E¼ê�È©

½n 2.4.9 �f : [a, b]→ C, K±eü�(Ø�d

1) f 3[a, b] þ�È;

2) Ref ÚImf 3[a, b] þ�È.

¿� ∫ b

a

f(x)dx =

∫ b

a

Re(f(x))dx+ i

∫ b

a

Im(f(x))dx.

·K 2.4.6 �f : I → C ëY, KF : I → C ´f 3I þ��¼ê��=�ReF

ÚImF ©O´Ref ÚImf 3I þ��¼ê.
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