
1nÙ ~^¼ê

�ÙÌ�0�Êa~^�¼ê: éê¼ê, �ê¼ê, �¼ê, �n�¼ê, V¼

ê, Ù¥cna¼ê®²3p¥ÆL, �)¼ê�½Â, ã�Ú5�. 3d·�Äk

éùna¼ê��'�£��e£�, ,�ÆS�ü«#�¼ê.

§3.1 éê, �ê¼ê

±c�ÆS´l¼ê�½Â�, ��ÚéA{Kn��¡\Ã, ùp·�l¼ê�

�©½ÂÑu.

§3.1.1 g,éê¼ê

dþ�Ù�ÆS��, ¼êx 7→ 1/x 3R∗+ þ´ëY�, ¤±�3�¼ê, ¿�31

?�0 ��¼ê��.

½Â 3.1.1 3R∗+ þ, ¼êx 7→ 1/x 31 ?�0 ����¼ê¡�g,éê¼ê, P

�ln, =

∀x ∈ R∗+, lnx =

∫ x

1

du

u
.

·K 3.1.1 g,éê¼êln ÷v∀x, y ∈ R∗+,

1) ln(xy) = ln x+ ln y.

2) ln
(
x
y

)
= lnx− ln y.

3) ∀n ∈ Z, ln(xn) = n lnx.

4) ln ∈ C∞(R∗+), �ln′ x = 1
x .

5) lim
x→+∞

lnx = +∞, lim
x→0+

lnx = −∞.

½n 3.1.1 g,éê¼êln ´R∗+ �R �î�üN4O�V�.

1



§3.1.2 g,�ê¼ê

d½n3.1.1 ��, g,éê¼êln k�¼ê.

½Â 3.1.2 g,éê¼ê��¼ê¡�g,�ê¼ê, P�exp, =

exp : R −→ R∗+

x 7−→ ln−1(x)

�Ò´`, ∀x ∈ R, y ∈ R∗+, y = exp(x) ⇐⇒ x = ln y, =exp ◦ ln = IdR∗
+
, ln ◦ exp =

IdR. �Bå�, Pexp(x) = ex.

5 3.1.1 -e = exp(1), Kln e = 1, ù´��¦�g,éê¼ê���1 �:. §´

��Ãnê, �3Ê �ê�2.71828.

·K 3.1.2 g,�ê¼êexp ÷v:

1) exp 0 = 1.

2) ∀x, y ∈ R, exp(x+ y) = exp(x) exp(y).

3) ∀x, y ∈ R, exp(x− y) = exp(x)
exp(y)

.

4) ∀x ∈ R, ∀n ∈ N, exp(nx) =
(
exp(x)

)n
.

5) exp ∈ C∞(R), �exp′(x) = exp(x).

6) lim
x→−∞

exp(x) = 0, lim
x→+∞

exp(x) = +∞.

½n 3.1.2 g,�ê¼êexp ´R �R∗+ �î�üN4O�V�.

§3.1.3 ±?¿�½¢ê�.�éê¼ê

½Â 3.1.3 �a > 0 �a 6= 1, ò½Â3R∗+ þ�¼êx 7→ lnx
ln a
¡�±a �.�éê

¼ê, P�loga, =

loga : R∗+ −→ R

x 7−→ lnx
ln a

·K 3.1.3 �a > 0 �a 6= 0, K±a �.�éê¼êloga ÷v:
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1) loga 1 = 0, loga a = 1.

2) ∀x, y ∈ R∗+, loga(xy) = loga x+ loga y.

3) ∀x, y ∈ R∗+, loga
(
x
y

)
= loga x+ loga y.

4) ∀x ∈ R∗+, ∀n ∈ Z, loga(x
n) = n loga x.

5) loga ∈ C∞(R∗+), �log′a x = 1
x ln a

.

6) 0 < a < 1 �, lim
x→0+

loga x = +∞, lim
x→+∞

loga x = −∞;

a > 1 �, lim
x→0+

loga x = −∞, lim
x→+∞

loga x = +∞.

½n 3.1.3 �a > 0 �a 6= 1.

1) 0 < a < 1 �, loga ´R∗+ �R þî�üN4~�V�.

2) a > 1 �, loga ´R∗+ �R þî�üN4O�V�.

§3.1.4 ±?¿�½¢ê�.��ê¼ê

d½n3.1.3 ��, loga k�¼ê.

½Â 3.1.4 �a > 0 �a 6= 1, loga ��¼ê¡�±a �.��ê¼ê, P�expa.

=∀x ∈ R, y ∈ R∗+,

y = expa x⇐⇒ x = loga y.

�Bå�, Pax = expa x, ∀x ∈ R.

·K 3.1.4

1) ∀a ∈ R+, a
0 = 1 (5½00 = 1).

2) ∀a ∈ R∗+, ∀x, y ∈ R, ax+y = axay.

3) ∀a ∈ R∗+, ∀x, y ∈ R, ax−y = ax

ay
.

4) ∀a ∈ R∗+, ∀x ∈ R, ∀n ∈ N, anx =
(
ax
)n

.

5) expa ∈ C∞(R), �(ax)′ = ln a · ax.
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6) 0 < a < 1 �, lim
x→−∞

ax = +∞, lim
x→+∞

ax = 0;

a > 1 �, lim
x→−∞

ax = 0, lim
x→+∞

ax = +∞.

½n 3.1.4 �a > 0 �a 6= 1.

1) 0 < a < 1 �, expa ´R �R∗+ þî�üN4~�V�.

2) a > 1 �, expa ´R �R∗+ þî�üN4O�V�.

§3.2 �¼ê

§3.2.1 Ä�½Â

±þ½Â
exp Úln ü�¼ê, e¡^¦�½Â�¼ê.

½Â 3.2.1 /X

ϕa : R∗+ −→ R∗+

x 7−→ exp(a lnx)

�¼êÑ¡��¼ê, Ù¥a ∈ R. �Bå�, Pxa = exp(a lnx), x ∈ R∗+.

·K 3.2.1 �a, b ∈ R, x > 0, y > 0. K

1) xaya = (xy)a, xaxb = xa+b, (xa)b = xab.

2) 1a = 1, x0 = 1.

3) ln(xa) = a lnx.

4) (xa)′ = axa−1.

½n 3.2.1

1) a > 0 �, �¼êx 7−→ xa ´R∗+ �R∗+ �î�üN4O�V�.

2) a < 0 �, �¼êx 7−→ xa ´R∗+ �R∗+ �î�üN4~�V�.
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§3.2.2 ¼ê�m�'�

31�Ù¥®²J9L, d?2g£�.

·K 3.2.2

1) ��: �α < β, K lim
x→+∞

xα

xβ
= 0, lim

x→0+

xβ

xα
= 0.

2) é�: �α, β > 0, K lim
x→+∞

(lnx)β

xα
= 0, lim

x→0+
xα| lnx|β = 0.

3) ��: �α, β > 0, K lim
x→+∞

xα

eβx
= 0.

y² 2) Äky² lim
x→+∞

lnx

x
= 0.

Ï�∀t ≥ 1, Ñkt ≥
√
t. �∀x ≥ 1, k

0 ≤ lnx =

∫ x

1

dt

t
≤
∫ x

1

dt√
t
= 2
√
x− 2 ≤ 2

√
x.

�

0 ≤ lnx

x
≤ 2√

x
.

dY@½n=� lim
x→+∞

lnx

x
= 0.

e¡y² lim
x→+∞

(lnx)β

xα
= 0.

�x > 1, K

(lnx)β

xα
=
( lnx

xα/β

)β
=
(β
α

)β( ln(xα/β)
xα/β

)β
.

Ï�x > 1 �α, β > 0, � lim
x→+∞

xα/β = +∞. �âEÜ¼ê�4�, lim
x→+∞

(lnx)β

xα
=

0. éu1��4�, �I�C�x→ 1/x =�.

3) 32) ¥^expx �Ox =�. �

§3.3 �n�¼ê

Æ)®²ÆLn�¼ê, ¿�Ýº
n�¼ê3½Â�S��«m�üN5. �!

�ù��n�¼êB´n�¼ê3A½«mþ��¼ê.
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§3.3.1 ��u¼ê

½Â 3.3.1 �u¼êsin 3«m[−π2 ,
π
2 ] þëY�î�üN4O, �sin ´[−π2 ,

π
2 ]

�[−1, 1] þ�V�, �3�¼ê. Ù�¼ê¡���u¼ê, P�arcsin.

·K 3.3.1 d��u¼ê�½Â��:

1) ∀x ∈ [−1, 1], sin(arcsinx) = x.

2) ∀θ ∈ [−π2 ,
π
2 ], arcsin(sin θ) = θ.

3) Û¼ê: ∀x ∈ [−1, 1], arcsin(−x) = − arcsinx.

4) ∀x ∈]− 1, 1[, arcsin′ x = 1√
1− x2

.

¯K: ∀θ ∈ R, arcsin(sin θ) =?

~f 3.3.1 O�arcsin(sin 5π
6 ).

½n 3.3.1 arcsin ´[−1, 1] �[−π2 ,
π
2 ] �î�üN4O�V�.

§3.3.2 �{u¼ê

½Â 3.3.2 {u¼êcos3«m[0, π]þëY�î�üN4~,�cos´[0, π]�[−1, 1]
þ�V�, �3�¼ê. Ù�¼ê¡��{u¼ê, P�arccos.

·K 3.3.2 d�{u¼ê�½Â��:

1) ∀x ∈ [−1, 1], cos(arccosx) = x.

2) ∀θ ∈ [0, π], arccos(cos θ) = θ.

3) ∀x ∈]− 1, 1[, arcsin′ x = − 1√
1− x2

.

¯K: ∀θ ∈ R, arccos(cos θ) =?

~f 3.3.2 O�arccos(cos(−π3 )).

~f 3.3.3

1) z{y = cos(arcsinx) Úy = sin(arccosx), x ∈ [−1, 1].

2) y²: ∀x ∈ [−1, 1], arcsin x+ arccosx = π
2 .

½n 3.3.2 arccos ´[−1, 1] �[0, π] �î�üN4O�V�.
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§3.3.3 ���¼ê

½Â 3.3.3 ��¼êtan3«m]− π2 ,
π
2 [þëY�î�üN4~,�tan´]− π2 ,

π
2 [

�R þ�V�, �3�¼ê. Ù�¼ê¡����¼ê, P�arctan.

·K 3.3.3 d���¼ê�½Â��:

1) ∀x ∈ R, tan(arctanx) = x.

2) ∀α ∈]− π
2 ,
π
2 [, arctan(tanα) = α.

3) ∀x ∈ R, arctan′ x = 1
1 + x2

.

5 3.3.1 �â·K3.3.3-1) ��:

∀x ∈ R, cos(arctanx) =
1√

1 + x2
.

?,

∀x ∈ R, sin(arctanx) = tan(arctan x) cos(arctanx) =
x√

1 + x2
.

½n 3.3.3 arctan ´R �]− π
2 ,
π
2 [ �î�üN4O�V�.

§3.4 V¼ê

§3.4.1 V�u¼êÚV{u¼ê

½Â 3.4.1 Xe½Â3R þ�ü�¼ê©O¡��V�u¼ê, P�sh, Ú�V

{u¼ê, P�ch

sh : x 7−→ ex − e−x

2
, ch : x 7−→ ex + e−x

2
.

·K 3.4.1 ∀x ∈ R, k

1) ex = chx+ shx, e−x = chx− shx.

2) ch2x− sh2x = 1.

3) ch, sh ∈ C∞(R), �ch′ = sh, sh′ = ch.
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½n 3.4.1

1) sh ´R �R �î�üN4O�V�.

2) ch|R+ ´R+ �[1,+∞[ �î�üN4O�V�, ch|R− ´R− �[1,+∞[ �î�ü

N4~�V�.

§3.4.2 V��¼ê

dV�uÚV{u¼ê�½Â��: ∀x ∈ R, chx > 0, �∀x ∈ R, shx
chx
Ñk¿

Â; ∀x ∈ R∗, shx 6= 0, �∀x ∈ R∗, chx
shx
Ñk¿Â. dd½ÂV��¼êÚV{

�¼ê.

½Â 3.4.2 Xe½Â3R þ�¼ê¡�V��¼ê, P�th

th : x 7−→ shx

chx
=
e2x − 1

e2x + 1
.

Xe½Â3R∗ þ�¼ê¡�V{�¼ê, P�coth

coth : x 7−→ chx

shx
=
e2x + 1

e2x − 1
.

·K 3.4.2 ∀x ∈ R, k

1) th ∈ C∞(R), �th′ = 1
ch2 = 1− th2.

2) coth ∈ C∞(R∗), �coth′ = − 1
sh2 = 1− coth2.

½n 3.4.2

1) th ´R �]− 1, 1[ �î�üN4O�V�.

2) coth|R∗
+
´R∗+ �]1,+∞[ �î�üN4~�V�, coth|R∗

−
´R∗− �]−∞,−1[ �

î�üN4~�V�.
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§3.4.3 �V�u¼êÚ�V{u¼ê

dþ!��, V�u¼ê´R �R �î�üN4O�ëYV�, ��3�¼ê. Ó

n, V{u¼ê���R+ þ´lR+ �[1,+∞[�î�üN4O�V�, ���3

�¼ê.

½Â 3.4.3

1) V�u¼ê3R þ��¼ê¡��V�u¼ê, P�argsh, �

∀x ∈ R, argshx = ln(x+
√
x2 + 1).

2) V{u¼ê3R+ þ��¼ê¡��V{u¼ê, P�argch, �

∀x ∈ R+, argchx = ln(x+
√
x2 − 1).

·K 3.4.3

1) ∀x ∈ R, argsh(shx) = sh(argshx) = x.

2) ∀x ≥ 1, ch(argchx) = x, ∀x ∈ R, argch(chx) = |x|.

3) ∀x ∈ R, ch(argshx) =
√
1 + x2, ∀x ≥ 1, sh(argchx) =

√
x2 − 1.

3) ∀x ∈ R, argsh′x = 1√
x2 + 1

; ∀x ∈]1,+∞[, argch′x = 1√
x2 − 1

.

½n 3.4.3

1) argsh ´R �R þî�üN4O�V�.

2) argch ´[1,+∞[ �R+ þî�üN4O�V�.

§3.4.4 �V��¼ê

V��¼ê´R �]− 1, 1[ �î�üN4O�ëYV�, ��3�¼ê; coth ��

3R∗+ þ´R∗+ �]1,+∞[ �î�üN4~�V�, ���3�¼ê.

½Â 3.4.4
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1) V��¼ê3R þ��¼ê¡��V��¼ê, P�argth, �

∀x ∈]− 1, 1[, argthx =
1

2
ln(

x+ 1

1− x
).

2) coth ��3R∗+ þ��¼ê¡��V{�¼ê, P�P�argcoth, �

∀x ∈]1,+∞[, argcothx =
1

2
ln(

x+ 1

x− 1
).

·K 3.4.4

1) ∀x ∈]− 1, 1[, argth′x = 1
1− x2 .

2) ∀x ∈]1,+∞[, argcoth′x = − 1
x2 − 1

.

½n 3.4.4

1) argth ´]− 1, 1[ �R �î�üN4O�V�.

2) argcoth ´]1,+∞[ �R∗+ �î�üN4~�V�.

§3.5 E�ê¼ê

�I ⊂ R, ϕ : I → C, Keϕ ´½Â3I þ��uC ��ê¼ê. �âc¡ÆS�E¼

ê���5��:

·K 3.5.1 �I ⊂ R, ϕ : I → C. eϕ 3I þ��, Keϕ 3I þ��, �

(eϕ)′ = ϕ′eϕ.

~f 3.5.1

1) �α ∈ C, ½Âϕα : t 7−→ eαt, Kϕα 3R þ��, �

∀t ∈ R, ϕ′α(t) = αϕα(t).

2) �r : I → R Úθ : I → R 3I þ��, ½Âf : t 7−→ r(t)eiθ(t), Kf 3I þ��,

�

∀t ∈ I, f ′(t) = r′(t)eiθ(t) + ir(t)θ′(t)eiθ(t)
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