
1oÙ ~�©�§

-K = R ½C. �I ⊂ R ´��«m, y : I → K ´����¼ê, ÙgCþ�^?¿

ÎÒ, �Bå�, d?·�^t L«.

½Â 4.0.1 �¹gCþt, ��¼êy 9Ù,�½A��ê��ª¡�~�©�§.

~f 4.0.1

1 . y + ty′ = 0,

2 . y + ty′ = et,

3 . ty + (1− t)y′ = ln t,

4 . 2y − yy′ = t,

5 . y + 2y′ − 3y′′ = 0.

6 . y + 2y′ − 3y′′ = 3t2.

*	þ¡�~f:

• 1-4 ¥�¹k��¼êy Ú���êy′; 
5-6 ¥¹k��¼êy, ���êy′ Ú�

��êy′′.

• 1-3 ¥, �§'uy Úy′ Ñ´�g�, �Ø¹���yy′; 5-6 ¥, �§'uy, y′ Úy′′

Ñ´�g�, �Ø¹���yy′, yy′′, y′y′′ Úyy′y′′. �A/, �§4 ¥¹k���yy′.

½Â 4.0.2 3~�©�§¥,

• ��¼ê��p�ê¡��§��. ~1-4 ¡���~�©�§, ~5-6 ¡��

�~��§.

• 'u��¼ê9Ù�¹����ê�N
ó´�g�,¡��5~�©�§. Ø

´�5�, Ñ¡���5~�©�§. ~1-3 ´���5~�©�§, ~5-6 ´

���5~�©�§, 
~4 K´��5�.

²(
Vg��, �e5�Ä�?ÖÒ´�§�¦). �± ÆS��ê�§ØÓ,

ùp���þ´¼ê, ¤±·�¦���§�)AT´¼ê.
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½Â 4.0.3 ¤k÷v~�©�§�¼êÑ¡�T�§�).

�Ù·�Ì�ÆS���5~�©�§Ú���5~�©�§9Ù){.

§4.1 ���5~�©�§

§4.1.1 Ä�nØ

�p : I → K, a : I → K, f : I → K �I þ�n�¼ê, K

½Â 4.1.1 /X

p(t)y′(t) + a(t)y(t) = f(t) (4.1.1)

��§¡����5�àg~�©�§. e~ê��", =

p(t)y′(t) + a(t)y(t) = 0, (4.1.2)

¡����5àg~�©�§, ½¡��(4.1.1) éA�àg�§.

½Â 4.1.2 e¼êy : I → K ëY���÷v�§(4.1.1), K¡��T�§�).

e¡?Ø�§(4.1.1) Ú(4.1.2) �){. �3d�c, I�Äk)ûùüa�§)�

�35¯K,ù´�©�§�Ä�nØ.��u��ã�ÆS�¦, ·��I%@±

e(Ø.

½n 4.1.1 �p, a Úf ´I þ�ëY¼ê, K�§(4.1.1) Ú(4.1.2) �)�3.

�Ò´`, ���§¥�Xê¼êÑ´ëY¼ê, @o�§�)Ò�3.

§4.1.2 y′ Xê�1 ����5àg�§�){

��!Ì�ÆS�§(4.1.2) �){. ÄkÆSy′ Xê�1 ��¹, =

y′(t) + a(t)y(t) = 0, (4.1.3)

du�©�§¥¹k��¼ê��ê, �ò��¼ê¦Ñ,I�ò�ê�K,¢

SþÒ´��È©�L§. Ïd, ùpI�Æ)Ùö$^c¡ÆL�¼êÈ©��

£.
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Ï�¼êa 3I þëY, K3I þ�3�¼ê, Ø��A : I → K ´§����

¼ê. 3�§(4.1.3) üýÓ¦exp(A(t)), K

exp(A(t))y′(t) + exp(A(t))a(t)y(t) = 0.

{üO���, ¼êt→ eA(t)y(t) TÐ´þª�Ò�>¼ê����¼ê, =

d

dt

(
exp(A(t))y(t)

)
= 0.

��3C ∈ K, ¦�

exp
(
A(t)

)
y(t) = C,

=

y(t) = C exp
(
−A(t)

)
.

·K 4.1.1 �a : I → K ëY, A : I → K ´a 3I þ����¼ê, K�§

y′(t) + a(t)y(t) = 0,

�)�

y(t) = C exp
(
−A(t)

)
, (4.1.4)

Ù¥C �?¿ê.

5 4.1.1

1) dþ¡�·K��,~êC ´?¿�,��§)�~êC �Cz
Cz. dd�

�, ���5àg�§(4.1.3) �)kÃ¡õ�, Ø��.

2) (4.1.4) ¡���àg�5~�©�§(4.1.3) �Ï), ½ö`��àg�5~�

©�§�)8�

S0(K) =
{ y : I −→ K

t 7−→ C exp
(
−A(t)

) ∣∣∣C ∈ K
}

(4.1.5)

eC ´,��½��, K¡��§�A).
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§4.1.3 y′ Xê�1 ����5�àg~�©�§�){

Uþ��!, ��!·�?Øy′ Xê�1 ���àg�§

y′(t) + a(t)y(t) = f(t) (4.1.6)

Äkw�e§�)�àg�§�)�m�'X.

�y ∈ S0(K), =

y′(t) + a(t)y(t) = 0,

y0 ´�àg�§�,�A), =

y′0(t) + a(t)y0(t) = f(t),

K

(y + y0)
′(t) + a(t)(y + y0)(t) = f(t),

�y + y0 �´�àg�§�). dd�ÑXe(Ø:

·K 4.1.2 �y1 ´���5�àg~�©�§(4.1.6) ���A), K§�)8�

S(K) = {y + y1|y ∈ S0(K)},

Ù¥S0(K) ´���5àg~�©�§(4.1.3) �)8. �ó�, ���5�àg~

�©�§�Ï)=§���A)+�§éA�àg�§�Ï).

@oXÛ�¦�àg�§���A)Q?ùp·�k0��©�§¥���Ä��

²;��{—–~êC´{.

ò(4.1.4) ¥�~êC C�'ugCþt �¼êt 7→ C(t)

y(t) = C(t) exp
(
−A(t)

)
,

,�òþª¥½Â�y �\�§(4.1.6), �

C ′(t) exp
(
−A(t)

)
+ C(t) exp

(
−A(t)

)
(−a(t)) + a(t)C(t) exp

(
−A(t)

)
= b(t),

=

C ′(t) exp
(
−A(t)

)
= b(t),
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C ′(t) = b(t) exp
(
A(t)

)
,

dd��, �¼êC �t 7→ b(t) exp
(
A(t)

)
����¼ê=����§���A).

e¡ÏL¢~5N¬T�{.

~f 4.1.1 3]1,+∞[ þ¦)y′(t)− 1
1− ty(t) = et.

3±þ�¦)L§¥�±uy, )¥Ñ¹k��?¿~ê. �~êCz�, )��

XCz, Ïd)´Ø���. @o�§�)UÄ��(½e5Q? ½ö`)¥¤�

¹�~êUÄäN¦ÑQ? �)ûù�¯K, {ü0��e�©�§�Ð�¯K.

§4.1.4 ���5~�©�§�Ð�¯K

�t0 ∈ I Úy0 ∈ K �½.

½Â 4.1.3 �p : I → K, a : I → K, f : I → K, p(t)y′(t) + a(t)y(t) = f(t), t > t0,

y(t0) = y0,
(4.1.7)

¡����5~�©�§�Ð�¯K, Ù¥y(t0) = y0 ¡�Ð�^�.

½n 4.1.2 �p, a Úf ´I þ�ëY¼ê, KÐ�¯K(4.1.7) �)�3���.

e¡·�ÏL~f5äNN¬ù�Ð�^�´XÛ5(½Ï)¥�~êC �.

~f 4.1.2 3]− 1,+∞[ þ¦)

 (x+ 1)y′(x)− xy(x) + 1 = 0,

y(0) = 2.

5 4.1.2 3±þ�ÆS¥, ·�´3�½�«mI þïÄ��àg�5~�©�

§�. @o3äN�¯K¥, «mI XÛ(½Q? ¯¢þ, �§¥y ´��¼ê, é

(½I vk�Ï, @o�e�Ò�ky �Xê�a Ú�àg�f
. Ïd, Äk©Û

¼êa Úf �½Â�, ¿�dþ¡�©Û��, ·��¦a Úf ëY, Ïd, 3¼êa

Úf �½Â�SÏé¦�§�ÑëY«mB�(½«mI. �,, ù��«mØ�½

�k��, �¦)��, I�éz�«mÑ?1¦).

~f 4.1.3 ¦)y′(t)− 1
1− ty(t) = et.

�þ¡~fØÓ, T~vk�²«m, KIé¤k÷v^��«m��¦).
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§4.1.5 y′ ��XêØ�1 ��¹

±þ�?n
y′ ��Xê´1 ��¹, @oéu����¹XÛ?nQ? ~X

2y′ − t2y = ln t,

·��±òT�§�¤k�ÑØ±2, =

y′ − t2

2
=

ln t

2
,

ù�Ò8(�þ¡¤Æ�, ¿�d��«mI Ò´R. �ey′ ��XêØ´~ê´¼

ê, @o�
òTXêz�1, K7L5¿¼ê�":.

~f 4.1.4 ¦)ty′ − 2y = t3.

y² Äk, ¼êt 7→ t, t 7→ −2 Út 7→ t3 3R þk½Â�ëY. Øt = 0 	, ¼

êt 7→ t ÑØ�", Ïd, I3«m]0,+∞[ Ú]−∞, 0[ þ©O¦). -I1 =]0,+∞[,

I2 =]−∞, 0[.

• �t ∈ I1, K��§C�
y′ − 2

t
y = t2.

dc¡�ÆS, ¼êt 7→ −1
t 3I1 þ����¼ê�t 7→ −2 ln t, �T�§éAàg

�§3I1 þ�)8�  y1 : I1 −→ K

t 7−→ C1t
2

∣∣∣C1 ∈ K

 .

|^~êC´{, òy1(t) = C1(t)t
2 �\��§, �

C ′1(t) = 1,

��C1(t) = t, t ∈ I1, KT�§3I1 þ�)8� y1 : I1 −→ K

t 7−→ C1t
2 + t3

∣∣∣C1 ∈ K

 .

• �t ∈ I2, ¼êt 7→ −2
t 3I2 þ����¼ê�t 7→ −2 ln(−t), �T�§éA�à

g�§3I2 þ�)8�  y2 : I2 −→ K

t 7−→ C2t
2

∣∣∣C2 ∈ K

 .
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�þaq, T�§3I2 þ�)8� y2 : I2 −→ K

t 7−→ C2t
2 + t3

∣∣∣C2 ∈ K

 .

�

©Ûþ~�¦)L§, T�§¥�Xê¼ê3��R þk½Â, Ïd·�F"U�

�T�§3��R þ)��¹, �·��´©O¦�
I1 ÚI2 þ�), éu0 :v

k©Û.ÓÆ��±/���g�, þ¡���ùü�)30:´´Äk'X?kÛ

'X? ùÒ´�e5�ù�)�ë�.

§4.1.6 )�ë�

UYþ~�¦):

b�T�§3��R þk)y, Ky 3R þëY��, ¿��½�3C1 ÚC2 ¦�

y(t) = C1t
2 + t3, t > 0,

y(t) = C2t
2 + t3, t < 0.

�ây �ëY5Ú��5�:

lim
t→0−

y(t) = lim
t→0+

y(t) = y(0),

lim
t→0−

y(t)− y(0)

t
= lim

t→0+

y(t)− y(0)

t
.

O���, ±þü�ªé?¿C1, C2 ∈ K Ñ¤á, Ïd, T�§3��R þ�)8�
y : R −→ K

t 7−→

 C1t
2 + t3, t > 0

C2t
2 + t3, t ≤ 0,

∣∣∣C1, C2 ∈ K

 .

~f 4.1.5 ¦)(1− t)y′(t)− y(t) = t.

�d·�o(�e¦)���5~�©�§�Ú½:

1. Äk�Ñy Úy′ �Xê¼ê9~ê��½Â�.

2. Ùg3½u�SéÑy Úy′ �Xê¼ê9~ê�ÑëY�¤k«m.

3. ,�3ù
ëY«mSéÑ¦y′ �Xê¼êÃ":�¤k«m.

4. 23ù
¦y′ �Xê¼êÃ":�«mþ, ò�§=z�y′ Xê�1 ��§.

5. ,�3z�ù��«mþ¦).

6. ��ò��«mþ�)?1ë�©Û(¿�¤k�)Ñ�±ë�).
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§4.2 ��~Xê�5~�©�§

§4.2.1 Ä�nØ

½Â 4.2.1 �a, b, c ∈ K, Ù¥a 6= 0. f ´äk,«/ª�¼ê. /X

ay′′(t) + by′(t) + cy(t) = f(t) (4.2.8)

��§¡���~Xê�5~�©�§. ef = 0, =

ay′′(t) + by′(t) + cy(t) = 0, (4.2.9)

K¡���§(4.2.8) éA�àg�§.

½Â 4.2.2 �y : I → K ëY, ����, �÷v�§(4.2.8), K¡��T�§�).

éu)��35, Ï�a, b, cÑ´~ê, ��I�Ä¼êf �ëY5=�.Ïd, ��

~Xêàg�5~�©�§��)3��R þ�3, 
�àg�, K3¼êf �ë

Y«mþ�3.

§4.2.2 ��~Xêàg�5~�©�§�){

klàg�§\Ã.

½Â 4.2.3 ò'uλ ��g�§

aλ2 + bλ+ c = 0 (4.2.10)

¡���àg�5~�©�§�A��§, §��¡�ù��©�§�A��.

5 4.2.1

1) ��é~Xê�5�©�§, CXê�Ø·^, ~X

(x2 − 1)y′′(x) + 2xy′(x)− 2y(x) = 0,

Ø�3A��§�Vg.

2) é,
CXê����5~�©�§, �ÏL,
Cþ��òÙ=z�~Xê

��/, ·�ò3SK¥ÙG�eùa¯K.
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~f 4.2.1

1 . y′′(t) + 4y′(t)− 5y(t) = 0.

2 . y′′(t)− 2y′(t) + y(t)=0.

3 . y′′(t) + 2y′(t) + 2y(t) = 0.

P∆ = b2 − 4ac ��§(4.2.10) ��Oª, K

·K 4.2.1 (¢�))

1) e∆ > 0, KA��§kü�ØÓ�¢�, P�λ1, λ2, ��§(4.2.10) �¢�)

8�

S0(R) =

 y : R −→ R

t 7→ C1e
λ1t + C2e

λ2t

∣∣∣C1, C2 ∈ R

 .

2) e∆ = 0, KA��§k���­�, P�λ0, ��§(4.2.10) �¢�)8�

S0(R) =

 y : R −→ R

t 7→ C1e
λt + C2te

λt

∣∣∣C1, C2 ∈ R

 .

3) e∆ < 0, KA��§k�é�ÝE�, P�α± iβ, ��§(4.2.10) �¢�)8

�

S0(R) =

 y : R −→ R

t 7→ eαt(C1 cos(βt) + C2 sin(βt)

∣∣∣C1, C2 ∈ R

 .

·K 4.2.2 (E�))

1) e∆ 6= 0, KA��§kü�ØÓ�E�, P�λ1, λ2, ��§(4.2.10) �E�)

8�

S0(C) =

 y : R −→ C

t 7→ C1e
λ1t + C2e

λ2t

∣∣∣C1, C2 ∈ C

 .

2) e∆ = 0, KA��§k���­�, P�λ0, ��§(4.2.10) �E�)8�

S0(C) =

 y : R −→ C

t 7→ C1e
λt + C2te

λt

∣∣∣C1, C2 ∈ C

 .
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5 4.2.2 �u, v : R→ R, y = u+ iv ´�§

ay′′(t) + by′(t) + cy(t) = 0

�), K�\�ò¢JÜ©l���:

au′′(t) + bu′(t) + cu(t) = 0,

av′′(t) + bv′(t) + cv(t) = 0,

=u Úv ´��§�¢�). �E�)�¢JÜÑ´¢�).

§4.2.3 ��~Xê�5~�©�§�){

���aq, �àg�§Ñäk5�: Ï)=A)+�Aàg�§�Ï).

·K 4.2.3 �y1 ´�§(4.2.8) �A), K

S(K) = {y1 + y|y ∈ S0(K)}.

Ïd�I¦�àg�§�A).

§4.2.3.1 �àg��eαtPn(t) ��/

·K 4.2.4 �a, b, c ∈ C, α ∈ C, Pn �'ut �n gõ�ª¼ê, K

ay′′(t) + by′(t) + cy(t) = eαtPn(t)

�A)kXeA«�¹

1) eα Ø´A��, Käk

y : t 7→ eαtQn(t)

�/ª.

2) eα ´ü�, Käk

y : t 7→ teαtQn(t)

�/ª.
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3) eα ´­�, Käk

y : t 7→ t2eαtQn(t)

�/ª.

Ù¥Qn ´'ut �n gõ�ª¼ê, ÏLòT/ª�)�\��§��.

~f 4.2.2

1) y′′(t)− 3y′ = e5x.

2) y′′(t) + 3y′ + 2y = e−x.

3) y′′(t)− 5y′ + 6y = 6x2 − 10x+ 2.

4) y′′(t) + 4y′ + 4y = (16x2 + 16x− 14)e2x.

§4.2.3.2 �àg��eα1tPn(t) + eα2tQn(t) ��/

�¦)da¯K, ·�Äk0��àg�§���5�: U\�n.

·K 4.2.5 �y1 Úy2 ©O´�àg�§

ay′′(t) + by′(t) + cy(t) = f1(t)

Ú

ay′′(t) + by′(t) + cy(t) = f2(t)

�), Ky1 + y2 ´

ay′′(t) + by′(t) + cy(t) = f1(t) + f2(t)

�).

�âù�(Ø,·��I|^þ�!��{ò�àg��eα1tPn(t)Úeα2tQn(t)��

§©O¦A), ,�ü)�\B�����§�A).

íØ 4.2.1 �k ∈ [1, n], yk ´�àg�§

ay′′(t) + by′(t) + cy(t) = eαktP k
mk

(t)
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�A), K
n∑
k=1

yk ´�àg�§

ay′′(t) + by′(t) + cy(t) =
n∑
k=1

eαktP k
mk

(t)

�A).

§4.2.3.3 �àg�¥¹kn�¼ê

�β ∈ R, �âî.úª, �

cos βt =
eiβt + e−iβt

2
, sin βt =

eiβt − e−iβt

2i
.

���àg�/XeαtPn(t) cos βt �, K�=z�

1

2

(
e(α+iβ)tPn(t) + e(α−iβ)tPn(t)

)
,

ùB8(�þ!��/. ,	, éda�àg�, k'�{ü��{5¦A).

·K 4.2.6 �a, b, c, α ∈ K, β ∈ R, P 1
m, P 2

n ©O�'ut �m Ún gõ�ª¼ê,

m ≤ n, K

ay′′(t) + by′(t) + cy(t) = eαt(P 1
m(t) cos βt+ P 2

n(t) sin βt)

�A)kXeA«�¹

1) eα± iβ Ø´A��, Käk

y : t 7→ eαt
(
Qn(t) cos βt+Rn(t) cos βt

)
�/ª.

2) eα± iβ ´A��, Käk

y : t 7→ teαt
(
Qn(t) cos βt+Rn(t) cos βt

)
�/ª.

Ù¥Qn, Rn ´'ut �n gõ�ª¼ê, ÏLòT/ª�)�\��§��.
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~f 4.2.3

1) y′′(t) + y′ = 2 sin x.

2) y′′(t) + 9y = 18 cos x− 30 sinx.

3) y′′(t) + y′ − 2y = ex(cosx− 7 sinx).

§4.2.4 ��~Xê�5~�©�§�Ð�¯K

����', Ï)¥¹kü�?¿~ê, Ïd, ùp�Ð�^�I�ü�. �t0 ∈ R

Úy0 ∈ K �½.

½Â 4.2.4 �a, b, c ∈ K, fR→ K, ay′′(t) + by′(t) + cy(t) = f(t), t > t0,

y(t0) = y0, y
′(t0) = y′0

(4.2.11)

¡���~Xê�5~�©�§�Ð�¯K, Ù¥y(t0) = y0, y
′(t0) = y′0 ¡�Ð�

^�.

·K 4.2.7 �a, b, c ∈ K, f : I → K ëY, KÐ�¯K(4.2.11) 3I þ�)�3��.

~f 4.2.4 ¦Ð�¯K  y′′ + y′ + 1
2y = sinx,

y(0) = y′(0) = 0.

�¢�).
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