
§2.3 �ê

�!E±¼ê4��Ä:5ÆS¼ê�,��­�5�: ��5. �þ�!�Ó, I

L«R þ����¹ü�:�«m, f 3I þk½Â, a ∈ I.

§2.3.1 3�:��

¯¢þ, Æ)3p¥ÆSL�ê, ��d���ÇÚ]��Çù
{ü�*�SN

Ú\, ùp3Ñ�m4Æ)£�.

§2.3.1.1 �ê½Â

�f ´½Â3I þ�¼ê, a ∈ I. ½Â

τa : I \ {a} −→ R

x 7−→ f(x)− f(a)
x− a

,

e¡|^τa 3a ?�4��Ñ�ê�½Â.

½Â 2.3.1 (�ê) e¼êτa : x 7−→ f(x)− f(a)
x− a 3a ?kk�4�, K¡¼êf

3a :��. Tk�4�¡�f 3a :��ê, P�f ′(a) ½
df
dx

(a), =

f ′(a) = lim
x→a

f(x)− f(a)
x− a

½
df

dx
(a) = lim

x→a

f(x)− f(a)
x− a

.

e4�Ø�3, ½ö�3Ã¡4�, Kf 3a :Ø��.

¦¼êf 3a :�ê�Ú½: k¦UCþf(x)− f(a), 2¦²þCzÇf(x)− f(a)
x− a ,

��¦�x→ a �²þCzÇ�4�; ½ö^
f(a+ h)− f(a)

h
, ¦�h→ 0 �4�.

~f 2.3.1

1) �α, β ∈ R, ïÄf : x 7−→ αx+ β 3?¿a ∈ R ?���5;

2) n�¼ê, éê¼ê, �ê¼ê3Ù½Â�þ�z�:Ñ´���;

3) ïÄf : x 7−→
√
x 3[0,+∞[ þz�:���5; ¼êx 7−→ |x| 30 :���

5;

4) f(x) =

 x sin 1
x, x 6= 0

0, x = 0
30 ?���5;
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5) f(x) = 1√
1− x2

3±1 ?���5.

AÛ)º: ­�3�:���.

§2.3.1.2 Ä�5�

l�ê½ÂÚ4��$�{K�±��¼ê3,:���ëY�'X.

½n 2.3.1 ef 3a :��, Kf 3a :ëY. ��Ø�½¤á.

5 2.3.1 d?I�õÞ~f5`², ¦+l½Â5wéw,, ��uÆ)fm©Æ

SëY5Ú��5, ��Ñ'�Ä�, ¤±�½�s�m4Æ)é�*��n)“�

��½ëY, �ëYØ�½��”.

~f 2.3.2 f : x 7−→ |x|, 30 :ëY, �Ø��.

dd�±{ü�n): ��¼ê�¼êã�'�²�,vk“k:”;
ëY¼ê�ã

��±k“k:”, ��vkmä=�.

·K 2.3.1 �f, g : I → R, a ∈ I. ef, g 3a :��, K

1) f + g 3a :��, �(f + g)′(a) = f ′(a) + g′(a);

2) ∀λ ∈ R, λf 3a :��, �(λf)′(a) = λf ′(a);

3) fg 3a :��, �(fg)′(a) = f ′(a)g(a) + f(a)g′(a);

4) eg 3I þÃ":, 1g 3a :���(1
g

)′
(a) = − g

′(a)

g2(a)
.

?�Ú,
f
g 3a :���(f

g

)′
(a) =

f ′(a)g(a)− f(a)g′(a)
g2(a)

.

5) ef(I) ⊂ J , h : J → R 3f(a) :��, Kh ◦ f 3a :���

(h ◦ f)′(a) = h′(f(a))f ′(a);
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6) ef 3«mI þëY�î�üN, a ∈ I, f 3a :��. Kf−1 3b = f(a) :�

���=�f ′(a) 6= 0. d�,

(f−1)′(b) =
1

f ′(a)
=

1

f ′(f−1(b))
.

~f 2.3.3

1) �f : x 7−→ x2 + 1, g : x 7−→
√
x, K∀x ∈ R, (g ◦ f)′(x) =?;

2) �α ∈ R, x > 0, K(xα)′ = αxα−1;

2) �a > 0, ¦¼êf : x 7−→ x2 sin(1x) 3a :��ê;

3) �n ≥ 1, x > 0. y²: d
dx

(x
1
n ) = 1

nx
1
n
−1;

4) ®�sin :]− π
2 ,
π
2 [→]− 1, 1[ ´V�, K§��¼êarcsin ��ê�

∀x ∈]− 1, 1[, arcsin′ x =
1√

1− x2
.

§2.3.1.3 ��5�½

½Â 2.3.2 (üý�ê) e¼êτa : x 7−→ f(x)− f(a)
x− a 3a ?kk�m(�) 4�,

K¡¼êf 3a :m(�) ��. Tk�4�¡�f 3a :�m(�) �ê, P�f ′d(a)

(f ′g(a)), =

f ′d(a) = lim
x→a+

f(x)− f(a)
x− a

(f ′g(a) = lim
x→a−

f(x)− f(a)
x− a

).

íØ 2.3.1 ef 3a :m(�) ��, Kf 3a :m(�) ëY. ��Ø�½¤á.

d½n?? ��e¡(Ø.

½n 2.3.2 (�m��½n) �aØ´«mI �à:,Kf 3a:����=�f 3a

:Q���qm��, �f ′d(a) = f ′g(a).

~f 2.3.4

1) f : x 7−→

 e−
1
x , x > 0

0, x ≤ 0
30 ?���5;

2) f : x 7−→ [x] 3�ê:?���5;

3) f : x 7−→ |x2 − 1| 3±1 ?���5.
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§2.3.2 «mþ��

½Â 2.3.3 ef 3I þ�z�:Ñ��, K¡f 3I þ��. ¼êx 7−→ f ′(x) ¡�f

��¼ê, P�f ′ ½
df
dx

. I þ�¤k��¼ê|¤�8ÜP�D(I).

±e(ØB�dü:?����'5���í�.

íØ 2.3.2 �f, g : I → R 3I þ��. K

1) f, g 3I þëY.

2) f + g Úf × g 3I þ��, �

(f + g)′ = f ′ + g′, (fg)′ = f ′g + fg′.

3) ∀λ ∈ R, λf 3I þ��, �(λf)′ = λf ′.

4) eg 3I þ���Ã":, K1
g 3I þ��, �

(1
g

)′
= − g

′

g2
.

?
,
f
g 3I þ��, � (f

g

)′
=
f ′g − fg′

g2
.

5) �h : J → R 3J þ��, �f(I) ⊂ J , Kh ◦ f 3I þ��, �

(h ◦ f)′ = (h′ ◦ f)f ′.

6) ef 3«mI þî�üN�f ′ 3I þÃ":, Kf−1 3«mJ = f(I) þ��, �

(f−1)′ =
1

f ′ ◦ f−1
.

~f 2.3.5

1) |^êÆ8B{y²: ∀n ≥ 1, ¼êfn : x 7→ xn 3R þ��, �

∀x ∈ R, f ′n(x) = nxn−1;
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¿ddíä¤kõ�ª¼êf : x 7→
n∑
k=0

akx
k 3R þ����¼ê�

f ′ : x 7→
n∑
k=1

kakx
k−1;

2) y²: ∀n ∈ Z−, ¼êfn : x 7→ xn 3R∗ þ��, �

∀x ∈ R∗, f ′n(x) = nxn−1;

3) ïÄ3R þXe½Â�¼êf(x) =

 x2(x− 1)2, x ∈ [0, 1]

0, x ∈]−∞, 0]∪]1,+∞[
��

�5.

4) ¦¼êf : x 7−→ x tanx2 ��:�8Ü, ¿¦�ê.

5) ¦¼êf : x 7−→ 1− cos
√
x ��:�8Ü, ¿¦�ê.

Ä�Ð�¼ê��¼ê:

1) c′ = 0, c �~ê(~¼ê��êo�");

2) (xα)′ = αxα−1, α ∈ R;

3) (ax)′ = ax ln a, a > 0, (ex)′ = ex;

4) (loga x)
′ = 1

x ln a
, a > 0, (lnx)′ = 1

x ;

5) (sin x)′ = cosx, (cos x)′ = − sinx, (tan x)′ = sec2 x, (cotx)′ = −csc2x.

5 2.3.2 éuEÜ¼ê, ØU��é¼êL«ª¦�, ~X(x2(x − 1)2)′, ( 1x)
′ ´�

Ø��{. AT��: -f : x 7−→ 1
x , ,�^f

′(x) L«T¼ê3x :��ê.

§2.3.3 ∗ ��¼ê�Ä�½n

e¡w�e'u��¼ê�A�Ä�½n. Äkw�e¼ê3,
AÏ:?�5�.
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½Â 2.3.4 �f : I → R, a ∈ İ. ef 3a �,���U(a) þ÷v

∀x ∈ U(a), f(x) ≤ f(a) ½ f(x) ≥ f(a),

K¡a �f �4��:½4��:, f(a) ¡�4��½4��. 4��:Ú4��

:Ú¡�4�:, 4��Ú4��Ú¡�4�.

·K 2.3.2 �f : I → R ��, a ∈ İ. ef 3a ?��4�, Kf ′(a) = 0.

5 2.3.3 T·K`²��¼ê34�:?�ê�", ���Ø�½¤á, ~X: f :

x 7−→ x3, f ′(0) = 0, �0 Ø´f �4�:.

�â�ê�4��'X, ·�5y²±e­�½n.

½n 2.3.3 (Rolle ½n) �f : [a, b]→ R ÷v±e^�:

1) 3[a, b] þëY;

2) 3]a, b[ þ��;

3) f(a) = f(b),

K�3c ∈]a, b[ ¦�f ′(c) = 0.

AÛ)º: üà3Ó�pÝ��^²w­�þ�½k�^Y²��.

5 2.3.4

1. T½n¥n�^�"�Ø�, Þ�~:

2. c �3, �v`´Ä��. c ¡�¥�.

~f 2.3.6 �f : R→ R ��, kn �ØÓ�":, Kf ′ ��kn− 1 �ØÓ�":.

�,, ½n2.3.3 ¥�^��±~f, d����(Ø��A~f, ùÒ´,��­

��½n—.�KF¥�½n.

½n 2.3.4 (Larange ½n) �f : [a, b]→ R ÷v±e^�:

1) 3[a, b] þëY;
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2) 3]a, b[ þ��,

K�3c ∈]a, b[ ¦�f ′(c) = f(b)− f(a)
b− a .

AÛ)º: �^²w­�þ, �½k�:?����­�üà:ë�²1.

íØ 2.3.3 �f : [a, b]→ R 3[a, b] þëY, 3]a, b[ þ��,

1) e∃m,M ∈ R ¦�∀x ∈]a, b[, m ≤ f ′(x) ≤M , K

m(b− a) ≤ f(b)− f(a) ≤M(b− a).

2) e∃M > 0 ¦�∀x ∈]a, b[, |f ′(x)| ≤M , K

|f(b)− f(a)| ≤M(b− a).

~f 2.3.7

1) y²: ∀x > 0, 1
x+ 1 < ln(x+ 1)− ln(x) < 1

x ;

2) y²: lim
n→+∞

1

lnn

n∑
p=1

1

p
= 1;

3) y²: ∀x, y ≥ 1, |
√
x−√y| ≤ 1

2 |x− y|.

íØ 2.3.4 �f : [a, b]→ R 3[a, b] þëY, 3[a, b[ þ��, � lim
x→b−

f ′(x) = l. K

1) el ∈ R, Kf 3b :��, �f ′(b) = l;

2) el = ±∞, Kf 3b :Ø��. d�, ­�y = f(x) 3b :k��R�ux ¶�

��.

~f 2.3.8 arcsin′ x = 1√
1− x2

.
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§2.3.4 �ê�A^

·K 2.3.3 (¼êüN�¿�^�) �¼êf 3I þ��, K

1) f 3I þüN4O��=�∀x ∈ İ, f ′(x) ≥ 0;

2) f 3I þüN4~��=�∀x ∈ İ, f ′(x) ≤ 0.

~f 2.3.9

1) ∀x ∈ R, f(x) = x3 + 3x2 + 3x+ 2 �üN5;

2) ∀x ∈ R \ {1}, g(x) = x2 + x+ 1
(x− 1)3

�üN5;

3) ∀x ≥ 1, f(x) = (x− 2)
√
x− 1 �üN5;

4) ∀x ∈ [0, π], sin2 x ≤ 4
π2x(π − x);

6) ∀x ∈]− 1,+∞[, x
1 + x ≤ ln(x+ 1) ≤ x.

íØ 2.3.5

1) �f : I → R ��, Kf ´I þ�~¼ê��=�∀x ∈ İ, f ′(x) = 0;

2) �f, g : I → R��, Kf = g+C ��=�∀x ∈ İ, f ′(x) = g′(x), Ù¥C ∈ R�

?¿~ê.

·K 2.3.4 (¼êî�üN�¿©^�) �¼êf 3I þ��, K

1) e∀x ∈ İ, f ′(x) > 0, Kf î�üN4O;

2) e∀x ∈ İ, f ′(x) < 0, Kf î�üN4~.

~f 2.3.10 ∀x ∈]0, π2 [, 3x < 2 sinx+ tanx;

5 2.3.5 5¿·K2.3.3Ú2.3.4�«O,cö´¿�^�,�ö�´¿©^�.~X:

f : x 7→ x3 î�üN4O, �f ′(0) = 0. �d, �Ñ±e�ä¼êî�üN5�¿�

^�.
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·K 2.3.5 (¼êî�üN�¿�^�) �¼êf 3I þ��, Kf 3I þî�üN

��=�e¡ü�^�Ó�¤á:

1) ∀x ∈ İ, f ′(x) ØCÒ;

2) Ø�3�¹uI ����¹ü�:�«m, ¦�f ′ 3Ùþð�".

§2.3.5 p��ê

½Â 2.3.5 ef ��¼êf ′ 3a ?��, Kòf ′ 3a ?��ê¡�f 3a ?���

�ê, P�f ′′(a), =

f ′′(a) = lim
x→a

f ′(x)− f ′(a)
x− a

,

d�¡f 3a ?����.

½Â 2.3.6 ef 3I þ�z�:Ñ����, K¡f 3I þ����, �¡f ′′ �f

3I þ����¼ê. I þ¤k����¼ê|¤�8ÜP�D2(I).

~f 2.3.11 ∀x ∈ R, f(x) =

 x2(x− 1)2, x ∈ [0, 1]

0, x ∈]−∞, 0[∪]1,+∞[
30 Ú1 ��

��ê.

½Â 2.3.7 ef 3I þ���f ′ 3I þëY, K¡f ´C1 �, �P

C1(I) = {f : I → R|f ��� f ′ ëY}.

�

D2(I) ⊂ C1(I) ⊂ D(I) ⊂ C(I).

~f 2.3.12 ¼êf(x) =

 x2 sin( 1
x
), x 6= 0

0, x = 0
áuC1(R) í?

5½f (0) = f .

½Â 2.3.8 ∀n ∈ N∗, f �n ��¼êP�f (n), �f (n) = (f (n−1))′.

~f 2.3.13 ∀x ∈ R,∀n ∈ N∗, sin(n)(x) = sin(x+ nπ
2 ).
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c¡k'���¼ê��'5�Ñ�±í��n ��¼êþ5, ùp, ·��P±

eúª.

·K 2.3.6 �f Úg 3I þn g��, K

1) f ± g 3I þn g��, �(f ± g)(n) = f (n) ± g(n);

2) ∀λ ∈ R, (λf)′ = λf ′;

3) fg 3I þn g��, �(fg)(n) =
∑n

k=0C
k
nf

(k)g(n−k). (4ÙZ[úª)

§2.3.6 ��¼ê�$�Cq

½Â 2.3.9 �f, g : I → R, a ∈ I ½�I à:. ¡f 3a ���S�éug �±�Ñ

ØO, XJ�3a ���U(a) Ú¼êε : U(a)→ R ÷v

∀x ∈ U(a) ∩ I, f(x) = g(x)ε(x) � lim
x→a

ε(x) = 0,

P�f(x) = o(g(x)) ½f = o(g), Ö�f ´�x→ a �g �p�Ã¡�.

·K 2.3.7 �f, g : I → R, a ∈ I ½�I à:. elim
a

f

g
= 0, Kf = o(g).

~f 2.3.14 xα =+∞ o(eβx), α, β > 0.

·K 2.3.8 �f 3a :��, K

f(x) =x→a f(a) + f ′(a)(x− a) + o(x− a),

¡�f 3a :���4�Ðm.

~f 2.3.15 å|¥�:�²ï¯K.

5 2.3.6 ��õ�ª¼êx 7−→ f(a) + f ′(a)(x − a) ´f 3a :��gCq, Ø�

�(x− a) �p�Ã¡�. �,, õ�ª¼ê�ê�pCq§Ý�Ð, Ø���.

·K 2.3.9 �f 3a :����, K

f(x) = f(a) + f ′(a)(x− a) + f ′′(a)

2
(x− a)2 + o((x− a)2),

¡�f 3a :���4�Ðm.

5 2.3.7 ��õ�ª¼êx 7−→ f(a) + f ′(a)(x − a) + f ′′(a)
2 (x − a)2 ´f 3a :�

�gCq, Ø��(x− a)2 �p�Ã¡�.
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§2.3.7 E¼ê��ê

½n 2.3.5 (E¼ê�:?��½n) �f : I → C, a ∈ I, Ke¡(Ø�d

1) f 3a :��;

2) Ref ÚImf 3a :��.

¿�

(Ref)′(a) = Re(f ′(a)), (Imf)′(a) = Im(f ′(a))

½n 2.3.6 (E¼ê«mþ��½n) �f : I → C, Ke¡(Ø�d

1) f 3I þ��;

2) Ref ÚImf 3I þ��.

¿�

(Ref)′ = Ref ′, (Imf)′ = Imf ′
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