
§2.2 ëY

�!±þ�!�¼ê4��Ä:, ØÓ�?3u, �!ïÄ�¼ê3¢êa ���

Sk½Â, =a ∈ D(f). Ì��Ä¼êf 3a ?�4��T:¼ê�f(a) �'X.

§2.2.1 �:?ëY

§2.2.1.1 Ä�½Â

½Â 2.2.1 (ëY) �a ∈ R, ¼êf 3a �,���Sk½Â, ef 3a :�4��

3��uf(a), K¡f 3a :ëY(continue). �Ò´`, f 3a :ëY��=�

∀ε > 0,∃η > 0 : ∀x ∈ D(f), |x− a| ≤ η =⇒ |f(x)− f(a)| ≤ ε.

~f 2.2.1 |^½Ây²: f : x 7−→ |x| 3Ù½Â�Sz�:ÑëY.

5 2.2.1 kþã½Â��, ¼êf 3a :ëY7Lä�ü�^�;

1) a ∈ Df ;

2) f 3a :�4��3��uf(a).

Ïd, ea 6∈ D(f), Kf ØëY. éuù«�¹, elim
a
f �3�k�, d��±½Â

#�¼ê, òa �)3ù�#¼ê�½Â�S.

½Â 2.2.2 (ëYòÿ) �lim
a
f = l ∈ R �a 6∈ D(f), ½Âf̃ : D(f) ∪ {a} → R �

f̃(x) =

 l, x = a,

f(x), Ù¦:.

w,, ¼êf̃ 3a :ëY. ¡¼êf̄ �f 3a :�ëYòÿ(prolongment par conti-

nuité), ½ö`¼êf �ëYòÿ�a :.

5 2.2.2 Ø
lim
a
f �	, éulim

a+
f Úlim

a−
f a.�4���ëYòÿ.

~f 2.2.2

1) ∀x ∈ R∗, f(x) = sinx
x . dulim

x→0
= 1, �f �ëYòÿ�0 :. �f̃(x) = 1, x = 0

f(x), x 6= 0
, Kf̃ ´f 30 :�ëYòÿ.
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2) ∀x > 0, f(x) = e−
1
x . du lim

x→0+
= 0, �f �ëYòÿ�0 :. �f̃(x) = 0, x = 0,

f(x), x > 0.
Kf̃ ´f 30 :�ëYòÿ.

§2.2.1.2 ÛÜ5�

d½Â?? B��âþ�!k'¼ê4��(Ø�Ñ�Aí2.

½n 2.2.1

1) ÛÜk.5: ef 3a :ëY, Kf 3a �,���Sk.;

2) ÛÜ�Ò5: ef 3a :ëY�f(a) > 0 (< 0), K�3a �,���U(a), ¦�

3U(a) Sf > 0 (< 0);

3) ÛÜ�S5: ef, g 3a :ëY�f(a) > (<)g(a), K�3a �,���U(a), ¦

�3U(a) Sf > (<)g.

·K 2.2.1 �¼êf Úg 3a :ëY,K

1) |f | 3a �ëY;

2) ∀λ ∈ R, λf 3a :ëY;

3) f + g 3a :ëY;

4) f × g 3a :ëY;

5) eg(a) 6= 0, Kg 3a �,���SÃ":, ¿�1
g 3a :ëY. l

f
g 3a :ë

Y;

6) e¼êh 3b :ëY, �f(a) = b, Kh ◦ f 3a :ëY, =

lim
x→a

(h ◦ f)(x) = (h ◦ f)(a).

5 2.2.3 T·K�6) `²: ëY¼ê�4�$��±��, =

lim
x→a

h(f(x)) = h(lim
x→a

f(x)).
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~X: lim
x→1

sin(1− x2) = sin(lim
x→1

(1− x2)) = sin 0 = 0.

Ø
4��	, éuüý4��¤á, =ëY¼ê�üý4�����.

~X: lim
x→0+

e−
1
x = e

− lim
x→0+

1

x = 0.

§2.2.1.3 �½�{

½Â 2.2.3 (üýëY) �a ∈ R, f 3a �,��(m) ��k½Â. ef 3a :��

4��3��uf(a), K¡f 3a :�(m) ëY(continue à gauche (droite)).

½n 2.2.2 (�mëY½n) �a ∈ R,Kf 3a:ëY��=�f 3a:Q�ëYq

mëY.

y² (=⇒) duf 3a ?ëY, �lim
a
f = f(a). d�m4�½n��, lim

a−
f =

lim
a+

f = f(a), �f 3a ?Q�ëYqmëY.

(=⇒) �f 3a ?Q�ëYqmëY, Klim
a−

f = f(a) = lim
a+

f . 2k�m4�½n�:

lim
a
f = f(a), �f 3a ?ëY. �

~f 2.2.3

1) ïÄf(x) =

 x+ 2, x ≥ 0

x− 2, x < 0
3x = 0 ?�ëY5.

2) ïÄf(x) = [x] 3�ê:�ëY5.

§2.2.2 «mþëY

3��!, I L«R þ���¹ü�:�«m, �f 3I þk½Â.

½Â 2.2.4 ef 3I þ�z�:ÑëY, K¡f 3I þëY, ½¡f ´I þ�ëY¼

ê. I þ¤këY¢¼ê�8ÜP�C(I,R), {P�C(I) ½C0(I).

5 2.2.4 eI ´4«m, K«mà:�ëY5´�üýëY, =�à:mëY, mà

:�ëY.

·K 2.2.2 �¼êf, g : I → R 3I þëY, K

1) |f | 3I þ�ëY;
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2) ∀λ ∈ R, λf 3I þëY;

3) f + g 3I þëY;

4) f × g 3I þëY;

5) eg 3I þÃ":, K1
g 3I þëY. l

f
g 3I þëY;

6) eh : J → R 3J þëY, �f(I) ⊂ J , Kh ◦ f 3I þëY.

~f 2.2.4

1) �f, g 3I þëY, Ksup(f, g) Úinf(f, g) 3I þëY;

2) �f : x 7−→

 x2 sin 1
x, x 6= 0

0, x = 0
, |^ëY¼ê�oK$�±9EÜ¼ê�ë

Y5�: f 3R∗ þëY. éux = 0 :, du

∀x ∈ R, |f(x)| ≤ x2,

�lim
x→0

f(x) = 0, ¤±f 3x = 0 :ëY. nþ, f ∈ C(R).

�J ⊂ I, ½Â

f|J : J −→ R

x 7−→ f(x)
,

¡�f 3J þ���.

·K 2.2.3 �I ⊂ R, a ∈ İ.

1) ef 3I þëY, K∀J ⊂ I, f|J 3J þëY;

2) ef|I∩[a,+∞[ Úf|I∩]−∞,a] ëY, Kf 3I þëY.

~f 2.2.5

1) �f : x 7−→

 x, x ≥ 0

0, x < 0
, Kf 3]−∞, 0] Ú[0,+∞[ þëY, �f 3R þëY;
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2) �g : x 7−→

 ln |x|, |x| ≥ 1

0, |x| < 1
,Kg 3]−∞,−1], [−1, 1]Ú[1,+∞[þëY,�g

3R þëY;

½Â 2.2.5 Ä�Ð�¼ê�)8a: ~¼ê, �¼ê, �ê¼ê, éê¼ê, n�¼

ê, �n�¼ê.

Ä�Ð�¼ê²Lk�goK$�ÚEÜ$�¤���¼ê¡�Ð�¼ê.

½n 2.2.3 (Ð�¼ê�ëY5) Ä�Ð�¼êÚÐ�¼êÑ´Ù½Â�þ�ë

Y¼ê.

~f 2.2.6 ¦lim
x→0

ln(1 + x2)

cosx
.

~f 2.2.7 �lim
a
f = l ∈ R∗+, lim

a
g = m ∈ R. Klim

a
f g = lm.

y² d4���Ò5Úlim
a
f = l > 0 ��, �3a ��%��U◦(a) ¦�∀x ∈

U◦(a), f(x) > 0. �

∀x ∈ U◦(a), f(x)g(x) = exp(g(x) ln f(x)).

du�ê¼êÚéê¼ê3½Â�SÑ´ëY¼ê, ¤±

lim
x→a

f(x)g(x) = lim
x→a

exp(g(x) ln f(x))

= exp
(

lim
x→a

(g(x) ln f(x))
)

= exp
(

lim
x→a

g(x) lim
x→a

ln f(x)
)

= exp
(

lim
x→a

g(x) ln(lim
x→a

f(x))
)

= exp(m ln l) = lm.

�

§2.2.3 ∗ «mþëY¼ê�5�

½Â 2.2.6 �f : I → R. ea ∈ I ÷vf(a) = 0, K¡a �f �":.
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½n 2.2.4 (":½n) �f 3«mI þëY, ea, b ∈ I ÷vf(a)f(b) ≤ 0, K

∃c ∈ [a, b] : f(c) = 0.

5 2.2.5 ¯¢þ, ":½n�Ñ
4«m[a, b] þëY¼ê�5�, =, 4«mþ�

ëY¼êeCÒ, K�½k":; eÃ":, K�½ØCÒ.

~f 2.2.8 �f 3[a, b] þëY, ÷vf([a, b]) ⊂ [a, b]. y²: �3x0 ∈ [a, b], ¦

�f(x0) = x0.

½Â 2.2.7 �f : I → R. ea ∈ I ÷vf(a) = a, K¡a �f �ØÄ:.

5 2.2.6 �Ïé¼êf �ØÄ:, ��ÏL|^":½n5Ï3¼êf − Id �":
��.

~f 2.2.9 �f : [0,+∞[→ [0,+∞[ ëY� lim
x→+∞

f(x)

x
= l < 1. y²: �3x0 ∈

[0,+∞[, ¦�f(x0) = x0.

5 2.2.7 ":½n3«mI þk����(Ø: ef 3I þëY, �3I �ü�à:

k�"4�. eùü�4�ÉÒ, Kf 3I þ��k��":.

~f 2.2.10 y²: er > 0, n ∈ N∗, K�3����êx0, ¦�xn0 = r.

½n 2.2.5 (0�½n) �f 3«mIþëY, a, b ∈ I,eγ ∈ [f(a), f(b)] (½[f(b), f(a)]),

K

∃c ∈ [a, b] : f(c) = γ.

5 2.2.8 ù�½n`²,ef 3[a, b]þëY,Kf 3[a, b]þU��f(a)Úf(b)�m

�¤k�.

íØ 2.2.1 ëY¼êò«mN�«m, =eI ´��«m, K

∀y1, y2 ∈ f(I), [y1, y2] ⊂ f(I).

�Ñ«m3üN¼êN�e��«m: L�......

~f 2.2.11
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1) �
f : R −→ R

x 7−→ 1
1 + x2

, Kf 3R þëY, �lim
x→0

f(x) = 1, lim
x→±∞

f(x) = 0,

�f(R) =]0, 1].

2) �I ⊂ R ���¹ü�:, f : I → R ëY. y²: ef(I) ´k�8, Kf ´~¼

ê.

Ún 2.2.1 �f : I → R üN�f(I) ´��«m, Kf 3I þëY.

½Â 2.2.8 �f : I → J .

1) ∀x1, x2 ∈ I, ef(x1) = f(x2) =⇒ x1 = x2, K¡f ´ü�;

2) e∀y ∈ J , �3x ∈ I, ¦�f(x) = y, K¡f ´÷�;

3) ef Q´ü�q´÷�, K¡f ´V�;

4) ef : I → J ´V�, K∀y ∈ J , ∃!x ∈ I, ¦�f(x) = y. dd½ÂN�

f−1 : J −→ I

y 7−→ x

¡�f ��¼ê½ö_N�, P�f−1.

5 2.2.9 ��|^ü�½Â�_Ä·K5y²ü�, =x1 6= x2 =⇒ f(x1) 6= f(x2).

~f 2.2.12 E�êN�´÷�, Ø´ü�.

½n 2.2.6 (�¼êëY½n) �f 3«mI þëY�î�üN, Kf : I −→ J =

f(I) ´��V�, lÙ�¼êf−1 �3, �f−1 : J −→ I ´J þ�ëY¼ê.

~f 2.2.13

1) �n ∈ N∗, K�¼êf : x 7−→ xn 3R+ þëY, �î�üN4O. duf(0) = 0,

lim
+∞

f = +∞, �f : R+ −→ R+ ´V�, lÙ�¼ê
f−1 : R+ −→ R+

x 7−→ n
√
x

3R+ þëY;
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2) �u¼êsin : [−π2 ,
π
2 ] −→ [−1, 1] ëY�î�üN4O, �Ù�¼ê´[−1, 1]

�[−π2 ,
π
2 ] �ëY¼ê, òT¼êP�arcsin, ¡���u¼êc¡J���n

�¼êÒ´n�¼ê3§��V�«mþ��¼ê, ·�ò3�¡Æ�.

½Â 2.2.9 �f ½Â38ÜD þ, e�3x0 ∈ D ¦�

∀x ∈ D, f(x) ≤ f(x0) (∀x ∈ D, f(x) ≤ f(x0)),

K¡f 3D þk��(��)�,Ù¥f(x0)¡�f 3D þ���(��)�, x0 ¡�f

3D þ���(��) �:. ���Ú���Ú¡���, ���:Ú���:Ú¡

���:.

5 2.2.10 5¿���(.�«O: ��U��, (.Ø�½U��.

½n 2.2.7 (��½n) 4«mþ�ëY¼êk���Ú���.

~f 2.2.14

1) �f 34«mI þëY�î��u", K

∃α > 0 : ∀x ∈ I, f(x) ≥ α.

2) �f : R −→ R ´R þëY�±Ï¼ê, y²: f 3R þk..

5 2.2.11 T½n¥�“4«m” Ú“ëY” ùü�^�"�Ø�. X

1) f ½Â3«m[0, 1] þ�

f(0) = 1, ∀x ∈]0, 1], f(x) = x,

Kf 30 ?ØëY. T¼ê3[0, 1] þÃ���.

2) �ê¼ê3R þëY, �QÃ����Ã���.

5 2.2.12 ��½n`²: 4«mþ�ëY¼ê´k.�. Ø
4«m, éu���

«mI �k����(Ø: �f 3«mI þëY, ef 3«müà:?�4��3�

k�, Kf 3I þk..

~f 2.2.15 �f 3]a, b[ þëY, �lim
a+

f Úlim
b−
f k�. y²: f 3]a, b[ þk..
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§2.2.4 A^: ïÄ48S�un+1 = f(un)

Ún 2.2.2 �f üN, Kf ◦ f üN4O.

·K 2.2.4 �u ´d¼êf ½Â�48ê�, K

1) ef üN4O, Ku üN;

2) ef üN4~, K(u2n)n∈N Ú(u2n+1)n∈N üN�üN5��.

½n 2.2.8 �u ´dëY¼êf ½Â�48ê�, eu Âñ, KÂñ�f �ØÄ:,

=

limu = f(limu).

~f 2.2.16 �a ∈ [−1,+∞[.

u0 = a, ∀n ∈ N, un+1 =
√

1 + un,

Ku ´d¼êf : x 7−→
√

1 + x ½Â�48ê�. y²: u Âñ¿¦4�.

~f 2.2.17 ïÄ48ê�u0 = 0, ∀n ∈ N, un+1 = cosun.

y² 1. w,, ∀n ∈ N, un ∈ [0, 1], �cos([0, 1]) ⊂ [0, 1]. ��I = [0, 1].

2. cos 3«mI þüN4~, �(u2n)n∈N Ú(u2n+1)n∈N ÑüN, �üN5��. ,	

ùü�ê�Ñk., �âê��üNk.½n, §�ÑÂñ, �ÑÂñ�cos ◦ cos �

��ØÄ:.

3. cos ◦ cos3Iþ�k��ØÄ:. ¯¢þ,�Ä¼êcos ◦ cos−IdI . Ï�cos ◦ cos 0 =

cos 1 > 0, cos ◦ cos 1− 1 < 0, ��3c ∈ [0, 1] ¦�cos ◦ cos c = c. ,��¡, cos 3I

þî�üN4~, cos ◦ cos 3I þî�üN4O, lk���ØÄ:.

4. dþ¡©Û��, (u2n)n∈N Ú(u2n+1)n∈N Âñ�Ó��. �âf�½n, ê�u Â

ñ. �

§2.2.5 E¼ê�ëY5

½Â 2.2.10 �f : I −→ C, a ∈ I. elim
a
f = f(a), K¡f 3a :ëY.

½n 2.2.9 (E¼ê�:?ëY½n) �f 3a�,���Sk½Â,Ke¡(Ø�

d
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1) f 3a :ëY;

2) Ref ÚImf 3a :ëY.

íØ 2.2.2 eE¼êf 3a :ëY, K|f | Úf̄ 3a :ëY.

½Â 2.2.11 �f : I → C, ef 3I þ�z�:ÑëY, K¡f 3«mI þëY. ¤

k3I þëY�E¼ê|¤�8ÜP�C(I,C) ½C0(I,C).

½n 2.2.10 (E¼ê«mþëY½n) �I ⊂ R �f 3I þk½Â, Ke¡(Ø�

d

1) f 3I þëY;

2) Ref ÚImf 3I þÑëY.

íØ 2.2.3 �I ⊂ R, eE¼êf 3I þëY, K|f | Úf̄ 3I þþëY.

3d���Æ�½Â½½n, �Ñî��êÆ£ã.
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