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1IÜ©: ïÄ¼êf : x 7−→ (x2 − 1) ln(
x+ 1

x− 1
)

1. y²:

1a. dln �½Â��, �¦f k¿Â, L
x+ 1

x− 1
> 0, lf �½Â��] −

∞,−1[∪]1,+∞[.

1b. ∀x ∈]−∞,−1[∪]1,+∞[, f(−x) = −f(x).

1c. ∀x > 1, f(x) = (x2 − 1) ln(1 + x)− (x2 − 1) ln(x− 1), du�x → 1+ �,

(x2−1) ln(x+1)→ 0,-y = 1
x−1 ,K(x2−1) ln(x−1) = −(

1

y
+2)

ln y

y
→ 0,

(y → +∞). � lim
x→1+

f(x) = 0, ¤±f 31 :�±ëYòÿ. |^f �Û¼

ê5�B�y−1 ?, Ñ. òÿ��¼ê�

f : ]−∞,−1] ∪ [1,+∞[ −→ R

x 7−→

 (x2 − 1) ln(
x+ 1

x− 1
), x ∈]−∞,−1[∪]1,+∞[

0, x = ±1

1c. w,, f 3]1,+∞[ þëY, �d1c �, f 3[1,+∞[ þëY. ,��¡,

´�f 3]1,+∞[ þ��, �∀x > 1, f ′(x) = 2x ln(
x+ 1

x− 1
) − 2. d

u lim
x→1+

f ′(x) = +∞, �f 31 :Ø��, ��y = f(x) 31 :k�

^R�ux ¶���.

2. 2a. d1c �, ¼ê

h : ]1,+∞[ −→ R

x 7−→ ln(
x+ 1

x− 1
)− 1

x

Q÷v�¦.

2b. ´�h 3]1,+∞[ þ��, �∀x > 1, h′(x) = − x2 + 1

x2(x2 − 1)
< 0, �h

3]1,+∞[ þî�üN4~.

lim
x→+∞

h(x) = lim
x→+∞

ln(
x+ 1

x− 1
)− lim

x→+∞

1

x
= ln( lim

x→+∞

x+ 1

x− 1
) = 0

2c. d2b =��: ∀x > 1, h(x) > 0.

2d. 3]1,+∞[ þ, f ′ �h ÓÒ, �f 3[1,+∞[ þî�üN4O.

3. 3a.

lim
x→+∞

f(x)

2x
= lim

x→+∞

x2 − 1

2x
ln(

x+ 1

x− 1
)

= lim
x→+∞

x+ 1

2x
(x− 1) ln(1 +

2

x− 1
)

= lim
x→+∞

[x+ 1

x
·
(

ln(1 +
2

x− 1
)

x−1
2

)]
= lim

x→+∞

x+ 1

x
· ln
(

lim
x→+∞

(1 +
2

x− 1
)

x−1
2

)
= 1.
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3b. ∀x > 1, k

f(x)− 2x = (x2 − 1) ln(
x+ 1

x− 1
)− 2x

= (x2 − 1) ln(1 +
1

x
)− (x2 − 1) ln(1− 1

x
)− 2x

= (x2 − 1)(
1

x
− 1

2x2
+

1

x2
ε(

1

x
))− (x2 − 1)(− 1

x
− 1

2x2
+

1

x2
ε(− 1

x
))

= (x2 − 1)
4x

2x2
− 2x+

x2 − 1

x2
ε(

1

x
)− x2 − 1

x2
ε(− 1

x
) −→ 0, (x→ +∞).

4. 4a. dg �½Â�, g 3]1,+∞[ þ�g��, �∀x > 1,

g′(x) = f ′(x)− 2,

g′′(x) = f ′′(x) = 2(h(x) + xh′(x)) = 2
(

ln(
x+ 1

x− 1
)− 2x

x2 − 1

)
.

4b. �ψ : u 7−→ ln(1 + u)− u(u+ 2)

2(1 + u)
, Kψ 3[0,+∞[ þ��, �∀u > 0,

ψ′(u) =
1

1 + u
− u2 + 2u+ 2

2(1 + u)2
= − u2

2(1 + u)2
< 0.

qÏ�ψ(0) = 0, �∀u ≥ 0, ψ(u) ≤ 0.

du∀x > 1, g′′(x) = 2
[
ln(1 +

2

x− 1
) −

1
x−1 ( 1

x−1 + 2)

2(1 + 1
x−1 )

]
, �

2

x− 1
> 0,

�∀x > 1, g′′(x) ≤ 0.

4c.

lim
x→+∞

f ′(x) = lim
x→+∞

[
2x ln(

x+ 1

x− 1
)− 2

]
= lim

x→+∞

[
4

x

x− 1

x− 1

2
ln(1 +

2

x− 1
)− 2

]
= 4 lim

x→+∞

x

x− 1
lim

x→+∞
ln(1 +

2

x− 1
)

x− 1

2 − 2

= 2.

¤±, lim
x→+∞

g′(x) = lim
x→+∞

(f ′(x) − 2) = 0. d4b ��, g′ 3]1,+∞[ þü

N4~, ¤±, ∀x > 1, g′(x) ≥ 0.

4d. d4c�, g3[1,+∞[þüN4O.du lim
x→+∞

g(x) = lim
x→+∞

(f(x)−2x) = 0,

�, ∀x ≥ 1, g(x) ≤ 0.

5.

2
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1IIÜ©: ¦ lim
n→+∞

n∑
k=1

1

k2

6. y²:

6a. duf ∈ C1(R), �f ′ ∈ C(R), l∀a, b ∈ R, x 7−→ f ′(x) sin(nx) 3[a, b]

þëY, l�È. �â�È¼ê�k.5B��(Ø.

6b. ∫ b

a

f(x) sin(nx)dx = −f(x) cos(nx)

n

∣∣∣b
a

+
1

n

∫ b

a

f ′(x) cos(nx)dx

=
f(a) cos(na)− f(b) cos(nb)

n
+

1

n

∫ b

a

f ′(x) cos(nx)dx.

w,, f(a) cos(na)− f(b) cos(nb) Ú
∫ b
a
f ′(x) cos(nx)dx Ñ´k.þ, �

lim
n→+∞

∫ b

a

f(x) sin(nx)dx = 0.

Ón�y lim
n→+∞

∫ b

a

f(x) cos(nx)dt = 0.

7. 7a. w,, Sn 3]0, π[ þëY. du

lim
x→0+

Sn(x) = lim
x→0+

sin(2n+ 1)x

sinx
= 2n+ 1,

lim
x→π−

Sn(x) = lim
x→π−

sin(2n+ 1)x

sinx
= 2n+ 1,

�Sn 3[0, π] þëY.

7b. �^êÆ8B{y², Ñ.

7c. dþ��,

∫ π

2

0

sin(2n+ 1)x

sinx
dx =

∫ π

2

0

(
1 + 2

n∑
k=1

cos(2kx)
)

=
π

2
.

8. 8a. duφ ∈ C1([−π
2
,
π

2
]), d6 ��, lim

n→+∞

∫ π

2

0

φ(x) sin(2n+ 1)xdx = 0.

8b. du

∫ π

2

0

φ(x) sin(2n+1)xdx =

∫ π

2

0

sin(2n+ 1)x

x
dx−

∫ π

2

0

sin(2n+ 1)x

sinx
dx.

d7c Ú8a ��, lim
n→+∞

∫ π

2

0

sin(2n+ 1)x

x
dx =

π

2
.

9. Ï�∫ π

0

(αt+βt2) cos(nt)dt = − 1

n

∫ π

0

sin(nt)(α+2βt)dt =
(α+ 2βπ)(cos(nπ)− 1)− α

n2
,

�¦
∫ π
0

(αt+ βt2) cos(nt)dt =
1

n2
, �α = −1, β =

1

2π
=�.

10.

2

n∑
k=1

1

k2
−
∫ π

0

(αt+ βt2)Sn(
t

2
) = 2

n∑
k=1

1

k2
−
∫ π

0

(αt+ βt2)(1 + 2

n∑
k=1

cos(kt))dt

= −
∫ π

0

(αt+ βt2)dt =

∫ π

0

(t− t2

2π
)dt =

π2

3
,

w,�n Ã'.

11. ´�, h3]0, π]þëY.du lim
x→0+

h(x) = lim
x→0+

αx+ βx2

sin(x/2)
= 2α = −2, �h30

:�±ëYòÿ, =

h(x) =


−x+ (x2/2π)

sin(x/2)
, x ∈]0, π]

−2, x = 0

.

3
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h 3]0, π] þ��, eyh 30 :��. ¯¢þ,

−x+ (x2/2π)

sin(x/2)
+ 2

x
=
−1 + (x/2π)

sin(x/2)
+

2

x
=
−x+ (x2/2π) + 2 sin(x/2)

x sin(x/2)
,

|^sin 30 :���4�Ðm, �

sin(x/2) =
1

2
x+ o(x2),

l,

−x+ (x2/2π) + 2 sin(x/2)

x sin(x/2)
=

(x2/2π) + o(x2)

x sin(x/2)
−→ 1

π
, (x→ 0).

Ïd, h 3[0, π] þ��, �

h′(x) =


cos(x/2)

2
·

(−2 +
2x

π
) tan(x/2) + x− (x2/2π)

sin2(x/2)
, x ∈]0, π]

1

π
, x = 0

|^tan 30 :���4�Ðm, B�� lim
x→0

h′(x) =
1

π
, lh ∈ C1([0, π]).

12. du∫ π

0

(αt+ βt2)Sn(
t

2
)dt =

∫ π

0

αt+ βt2

sin(t/2)
sin(

2n+ 1

2
)tdt =

∫ π

0

h(t) sin(
2n+ 1

2
)tdt,

�h ∈ C1([0, π]), d6 ��, lim
n→+∞

∫ π

0

(αt + βt2)Sn(
t

2
)dt = 0. l,

lim
n→+∞

n∑
k=1

1

k2
=
π2

6
.
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