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1. y²:

1a. �n ∈ N, n ≥ 2. ∀k ∈ [|1, n− 1|], -p = 2n− k, KQn =

2n−1∏
p=n+1

sin
(2n− p)π

2n
=

2n−1∏
p=n+1

sin
pπ

2n
.

1b. �n ∈ N, n ≥ 2, Rn =

2n−1∏
k=1

sin
kπ

2n
=

n−1∏
k=1

sin
kπ

2n
· sin nπ

2n
·

2n−1∏
k=n+1

sin
kπ

2n
= Qn ·Qn.

2. ): �n ∈ N, n ≥ 2, Kz + 1 = ei
kπ
n , k ∈ [|0, 2n− 1|]. z{�:

z = 2iei
kπ
2n sin

kπ

2n
, k ∈ [|0, 2n− 1|].

3. ): -z0 = 0, ∀k ∈ [|1, 2n− 1|], zk = 2iei
kπ
2n sin kπ

2n . K∀k ∈ [|1, 2n− 1|], zk �n�/ª�:

zk = 2 sin
kπ

2n
ei

(n+k)π
2n .

4. y²: �n ∈ N, n ≥ 2, d3 �:

Pn =

2n−1∏
k=1

zk =

2n−1∏
k=1

2 sin
kπ

2n
ei

(n+k)π
2n = 22n−1

2n−1∏
k=1

sin
kπ

2n

2n−1∏
k=1

ei
(n+k)π

2n = −22n−1Rn.

5. 5a. d2 �: {zk|k ∈ [|0, 2n− 1|]} ´�§(z + 1)2n − 1 = 0 �2n �), �(z + 1)2n − 1 �©)�

(z + 1)2n − 1 =

2n−1∏
k=0

(z − zk).

z{�:

2n∑
k=0

(
2n
l

)
zl − 1 =

2n−1∏
k=0

(z − zk). =
2n∑
k=1

(
2n
l

)
zl =

2n−1∏
k=0

(z − zk).

�=z
2n∑
k=1

(
2n
l

)
zl−1 = z

2n−1∏
k=1

(z − zk). duz 6= 0, �
2n∑
k=1

(
2n
l

)
zl−1 =

2n−1∏
k=1

(z − zk).

é�ª�>?1Cþ���:

2n−1∑
l=0

(
2n
l + 1

)
zl =

2n−1∏
k=1

(z − zk).

5b. ½ÂE¼ê
f : C −→ C

z 7−→
2n−1∑
l=0

(
2n
l + 1

)
zl −

2n−1∏
k=1

(z − zk)

du∀k ∈ [|1, 2n − 1|], z 7→ z − zk ëY; ∀l ∈ [|0, 2n − 1|], z 7→ zl ëY, �âëY¼ê�oK$�
��, f 3C þëY. Ï�5a ¥®�: ∀z ∈ C∗, f(z) = 0, � lim

z→0+
f(z) = 0 = lim

z→0−
f(z), Ïd�â

ëY5, f(0) = 0, �5a ¥��ªéz = 0 �¤á.

5c. 3�ª
2n−1∑
l=0

(
2n
l + 1

)
zl =

2n−1∏
k=1

(z − zk) ¥-z = 0, =��Pn = −2n.

5d. |^1b, 4 Ú5c ¥�(JB��: Q2
n = Rn = − Pn

22n−1
= 2n

22n−1
= n

22(n−1)
. �Qn =

√
n

2n−1
.
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1. y²:

1a. ∀n ≥ 1, ln(n + 1) − lnn = ln(1 + 1
n ). Ï�∀x ∈] − 1,+∞[, ln(1 + x) ≤ x, ��n ≥ 1 �,

1
n ∈]− 1,+∞[, ¤±ln(1 + 1

n ) ≤
1
n , =ln(n+ 1)− lnn ≤ 1

n .

Ón, ∀n ≥ 2, lnn− ln(n− 1) = ln( n
n− 1) = − ln(n− 1

n ) = − ln(1− 1
n ) ≥

1
n .

1b. d1a =��: ∀n ≥ 1, Hn =

n∑
k=1

1

k
≤ 1 +

n∑
k=2

(ln k − ln(k − 1)) = lnn+ 1,

Hn =

n∑
k=1

1

k
≥

n∑
k=1

(ln(k + 1)− ln k) = ln(n+ 1).

1c. d1b �, ∀n ≥ 1, Hn ≥ ln(n+ 1), � lim
n→+∞

ln(n+ 1) = +∞, � lim
n→+∞

Hn = +∞.

1d. ∀n ≥ 1, un+1 − un = Hn+1 −Hn − (ln(n + 2) − ln(n + 1)) = 1
n+ 1 − (ln(n + 2) − ln(n + 1)).

d1b �, ln(n+ 2)− ln(n+ 1) ≤ 1
n+ 1, �un+1 ≥ un, =ê�(un)n∈N∗ üN4O.

,��¡, Hn − ln(n+ 1) ≤ lnn+ 1− ln(n+ 1) = 1− ln(1 + 1
n ) ≤ 1, �(un)n∈N∗ k.. �â

üNk.½n, (un)n∈N∗ Âñ.

2. y²:

2a. ∀n ≥ 1, S2(n+1) − S2n = 1
2n+ 1 −

1
2n+ 2 ≥ 0, �(S2n)n∈N∗ üN4O;

S2n+3 − S2n+1 = 1
2n+ 3 −

1
2n+ 2 ≤ 0, �(S2n+1)n∈N∗ üN4~;

S2n+1 − S2n = 1
2n+ 1 > 0, �S2n+1 ≥ S2n;

�du lim
n→+∞

1

2n+ 1
= 0, � lim

n→+∞
(S2n+1 − S2n) = 0.

nþ, (S2n)n∈N∗ Ú(S2n+1)n∈N∗ ´5�ê�.

2b. �â2a Ú5�ê�Âñ½n�, (S2n)n∈N∗ Ú(S2n+1)n∈N∗ ÑÂñ�Âñ�Ó��, �df�
½nB��(Sn)n∈N∗ Âñ.

2c. Ï�S2 = 1
2 = H2 −H1, =�n = 1 �, S2n = H2n −Hn ¤á;

�k ∈ N∗, �n = k �, S2n = H2n −Hn ¤á, K�n = k + 1 �,

S2n = S2(k+1) = S2k +
1

2k + 1
− 1

2k + 2
= H2k −Hk +

1
2k + 1

− 1
2k + 2

= H2(k+1) −Hk+1 =

H2n −Hn. �âêÆ8B{, ∀n ∈ N∗, S2n = H2n −Hn.

2d. �â2c, ∀n ∈ N∗, S2n = H2n − Hn = H2n − ln(2n + 1) − (Hn − ln(n + 1)) + ln(2n+ 1
n+ 1 ) =

u2n − un + ln(2n+ 1
n+ 1 ). d1d �, (un)n∈N Âñ, � lim

n→+∞
ln(

2n+ 1

n+ 1
) = ln 2, ��âê�4��

oK$��: lim
n→+∞

S2n = ln 2, l
 lim
n→+∞

Sn = ln 2.

1nÜ©

1. 1a. �n ∈ R∗, f ∈ E. df �½Â�:

n−1∑
k=0

fn(
k

n
) =

n−1∑
k=0

(
f(
k + 1

n
)− f( 1

n
)
)
= f(1)− f(0) = 0.

1b. Ï�
n−1∑
k=0

fn(
k

n
) = 0, Kkü«�/:

�/�: ∃k0 ∈ [|0, n− 1|], fn(k0n ) = 0, =f(k0n + 1
n ) = f(k0n ), d��x = k0

n =�.

�/�: e∀k0 ∈ [|0, n− 1|], fn(k0n ) 6= 0, K�½�3k1, k2 ∈ [|0, n− 1|], k1 6= k2, ¦�fn(
k1
n )
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Úfn(
k2
n ) ÉÒ, Ø��k1

n < k2
n . dufn 3[k1n ,

k2
n ] þëY, �âëY¼ê�":½n, �

3x ∈ [k1n ,
k2
n ], ¦�fn(x) = 0, =f(x+ 1

n ) = f(x).

2. �c ∈]0, 1], f ∈ E.

2a. �k ∈ Z, �x ∈]k, k + 1[ �, g(x) = f(x− k). duf ëY, �g 3]k, k + 1[ þëY.
,��¡, lim

x→k+
g(x) = lim

x→k+
f(x − k) = f(0), lim

x→k−
g(x) = lim

x→k−
f(x − (k − 1)) = f(1). Ï

�f(0) = f(1) = g(k), � lim
x→k+

g(x) = lim
x→k−

g(x) = g(k), =g 3k :ëY. nþ, g 3R þëY.

2b. Äky²: g ´±Ï�1 �±Ï¼ê. ¯¢þ, ∀x ∈ R, �3k ∈ Z ¦�x ∈ [k, k + 1], Kg(x) =
f(x− k), g(x+ 1) = f(x− k), =g(x+ 1) = g(x).
Ùg, �âh �½Â�, g − h �´±Ï�1 �±Ï¼ê, =

∀x ∈ R, g(x+ 1)− h(x+ 1) = g(x) + h(x).

2g, dug − h ëY, �3[0, 1] þ�3���M Ú���m, =

∀x ∈ [0, 1], m ≤ g(x)− h(x) ≤M.

��, �â±Ï5, ∀x ∈ R, �3k ∈ Z, ¦�x− k ∈ [0, 1], l


m ≤ g(x)− h(x) = g(x− k)− h(x− k) ≤M.

nþ, g − h 3R þk���Ú���.

2c. 1) b�∀x ∈ R, g(x) 6= h(x). ©ü«�/:
�/�: ∀x ∈ R, g(x) > h(x) �, d2b �g − h 3R þk���, =�3x0 ∈ R, ¦�

min
x∈R

(g(x)− h(x)) = g(x0)− h(x0) > 0.

�/�: Ón, ∀x ∈ R, g(x) < h(x) �, d2b �g − h 3R þk���, =�3x0 ∈ R, ¦�

max
x∈R

(g(x)− h(x)) = g(x0)− h(x0) < 0.

2) -e = min
x∈R

(g(x)− h(x)) > 0. K

g(x) = g(x)− h(x) + h(x) ≥ e+ h(x),

l

max
x∈R

g(x) ≥ max
x∈R

(e+ h(x)).

,��¡, max
x∈R

(e+h(x)) = e+max
x∈R

h(x). ¯¢þ, ∀x ∈ R, e+h(x) ≤ e+max
x∈R

h(x),�max
x∈R

(e+

h(x)) ≤ e+max
x∈R

h(x);qÏ�∀x ∈ R, max
x∈R

(e+h(x)) ≥ e+h(x),l
max
x∈R

(e+h(x))− e ≥ h(x),

¤±max
x∈R

(e+ h(x))− e ≥ max
x∈R

h(x), =max
x∈R

(e+ h(x)) ≥ e+max
x∈R

h(x).

3) dh �½Â��, max
x∈R

g(x) = max
x∈R

h(x). due > 0, ���gñ. Ïdb�Ø¤á, =,

∃x0 ∈ R,¦� g(x0) = h(x0),= g(x0) = g(x0 + c).

2d. �x0 ∈ R, K�½�3k ∈ Z, ¦�x0 ∈ [k, k + 1]. duc ∈]0, 1], ©ü«�/:
�/�: ex0 ∈ [k, k + 1− c], K

g(x0) = f(x0 − k), g(x0 + c) = f(x0 − k + c),

�d��x = x0 − k ∈ [0, 1− c], =���f(x+ c) = f(x);
�/�: ex0 ∈ [k + 1− c, k + 1], K

g(x0) = f(x0 − k), g(x0 + c) = f(x0 + c− k − 1),

�d��x = x0 − k + c− 1 ∈ [0, c], =���f(x+ 1− c) = f(x).
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