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Abstract 

Fluctuation analysis, which is often used to demonstrate random mutagenesis in cell lines (and to estimate mutation 
rates), is based on the properties of a probability distribution known as the Luria-Delbrtick distribution (and its 
generalizations). The two main new results reported in this paper are (i) a simple, completely general, and 
computationally efficient procedure for calculating probability distributions arising from fluctuation analysis and 
(ii) the formula for this procedure when cells in a colony have only grown for a finite number of generations after 
initial seeding. It is also shown that the procedure reduces to one that was developed earlier when an infinite number 
of generations is assumed. The derivation of the generating function of the distribution is also clarified. The results 
obtained should also be useful to experimentalists when only a relatively short time elapses between seeding and 
harvesting cultures for fluctuation analysis. 

Introduction 

Luria and Delbriick (1943) were the first to investigate 
statistically the problem whether all phage-resistant 
mutants of bacteria arose through mutations induced 
by interaction with phage or from spontaneous 
mutations during the growth of the bacteria. The 
expected number of mutants in the former case 
follows the familiar Poisson distribution with the 
Poisson parameter equal to the product of the pro- 
bability of mutation during a cell division and the total 
number of cells that divide during the growth of the 
culture. The variance of this distribution equals its 
mean. The distribution of the expected number of 
mutants in the latter case has come to be known as the 
Luria-Delbriick distribution (Sarkar 1991b). Its 
variance is much higher than its mean primarily 
because a mutation occasionally occurs early during 
the growth of a culture, the mutant cells increase 
exponentially in number through the usual cell 
divisions, and the resultant culture (usually called a 
'jackpot') contains a large number of mutants when 

tested. These two possibilities are distinguished using 
the fluctuation test. 

The fluctuation test is carried out by growing a 
number of bacteria of (presumably) identical genotype 
in separate test-tubes over many generations and then 
inoculating the contents of each of the test-tubes 
separately onto plates containing the new 'selective' 
media in which phage is present. Mutant cells prosper 
and form visible colonies on the plate and the number 
of such colonies is equal to the number of mutant cells 
present in the corresponding test-tube at the time of 
plating. If mutagenesis is spontaneous, occasional 
mutations occurring early in the test-tubes would give 
rise to jackpots of resistance on the plates. This is 
precisely the cause of the high variance, as mentioned 
above. If mutations are induced only by interaction 
with the phage, all mutants would arise after plating 
because there would be a finite (albeit small) probabi- 
lity of mutagenesis for each bacterium. The variance in 
the number of mutants is small and the process is 
Poisson. 
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Luria and Delbrfick (1943) were not able to provide 
an explicit solution for their new distribution but 
managed to obtain an expression for its variance. 
Further, by applying the fluctuation test to a mutation 
in bacteria from virus sensitivity to resistance, they 
concluded, on the basis of a large variance to mean 
ratio, that resistance arose through spontaneous mu- 
tations. In the next ten years, this conclusion was 
extended by many workers to a variety of bacterial 
mutations (Sarkar 1991b). Since then the fluctuation 
test has been used in a wide variety of other systems 
(see Kendal and Frost (1988) for a review). 

Meanwhile mathematical analysis of the Luria-Del- 
brfick distribution has proceeded sporadically. Hal- 
dane (unpublished results) provided partial solutions 
in 1946 (Sarkar 1991a). Lea and Coulson (1949) 
developed a numerical procedure for calculating the 
distribution and derived the generating function: 

9,.c(s) = (I  - s ) . . , , ( , - :~  (1) 

where # is the mutation rate per cell division and nt the 
number of cells at time t. Subsequently Bartlett (see, 
e.g., Barlett (1978)) derived the generating function: 

nO S)~t(l_q/.~ 9. (s) = (1 - s + -~, (2) 

where # is the mutation rate per cell division (as 
above), n o is the number of bacteria used to seed the 
culture, and n, is the number of cells at time, t (as 
above). Bartlett's generating function, which forms 
the basis for the investigations reported here, is 
particularly important because (unlike Lea and 
Coulson's) it takes into account that only a finite 
number of cell divisions have taken place in the 
fluctuation test tubes between seeding and harvesting 
the cells. 

Armitage (1952) considered the effects of (i) pheno- 
typic lag (where some of the mutants that appeared 
late in the growth of the bacterial culture would not 
show the mutant phenotype immediately on being 
tested) and (ii) differential fitness (or growth rates) of 
mutant and non-mutant cell types in the test-tubes for 
the distribution. Armitage (1952, 1953) does not 
provide any procedure ofr actually calculating the 
distribution; in the case of differential fitness, an 
algorithm was first presented by Koch (1982). Finally, 

Stewart, Gordon and Levin (1990) have developed a 
procedure for calculating the expected distribution of 
mutants in the situations considered by Armitrage 
(1952, 1953) and Koch (1982) and more general 
circumstances. 

The first result in this paper is a very general 
recursion relation (Equation 1) for computing a wide 
variety of probability distributions of the sort that are 
routinely encountered in fluctuation analysis. This 
procedure has previously been briefly reported in a 
mathematical context though not in its full generality 
(Ma, Sandri & Sarkar 1992). The reasons for its 
importance for fluctuation analysis are pointed out 
here for the first time. Perhaps what is most interesting 
about this procedure is that it relies on nothing more 
than elementary differential calculus. 

The second new result reported in this paper is the 
recursion relation to compute the Luria-Delbrfick 
distribution using the Bartlett generating function 
(Eq. 2): 

PO ~ e-#(nt- nO); 
(3) 

,~-1 /,Zn,, 
Pk T 

- -  _ _  ) 

i-o k -  i k - i +  1 

wherepi is the probability of finding i mutants and a = 
(no~n,). This result is obtained using the computational 
procedure described above. When a = O, this simpli- 
fies to: 

k-I  
/ l n r  

Po = e-,~,; p~ = -~-  p , / ( k  - i + 1). (4) 
i - i )  

Equation (4) was directly obtained earlier by Ma, 
Sandri and Sarkar (1992) starting with Lea-Coulson 
generating function (Equation 1). The result obtained 
here confirms the earlier result because, when a = 0, 
Equation (2) reduces to Equation (1). 

Section 2 consists of the derivation of the recursive 
procedure which provides the method for calculating 
all these distributions. Section 3 then takes up the 
derivation of Equation (2). This section is partly a 
synthesis of earlier methods of Lea and Coulson 
(1949) and Bartlett (1978). However, it is the most 
complete treatment of this derivation to date. (Bartlett 



reported the correct generating function but did not 
give a complete derivation.) Section 4 uses the proce- 
dure developed in Section 2 to obtain the recursion 
relation (Equation (3)) for the model considered here. 
Section 5 then takes up issues of implementation of the 
procedure and summarizes the relations between the 
new results presented here and some earlier results. 

A general recursive procedure for fluctuation analysis 

Consider a discrete probability distribution with a 
generating function g (s) = Z-~=op~sl. When g(0) # 0 
(i.e., when P0 :# 0), ln(g(s)) is defined. The Taylor 
expansion of In(g(s)/9 (0)) can be written as: 

g(s) 
: I .  (5) 

I, = U  

(The term g(0) in the denominator of equation (5) 
guarantees that a0 = 0 in this expansion. This will 
facilitate later computations.) If the coefficients ak can 
be easily computed, it is possible to derive a very useful 
recursion relation for the Pk. 

From Equation (5), 

g(s) = g (0) e:(~,. (6) 

Differentiating with respect to s, 

g'(s) = g (0) e:l~z'(s) = g (s) z'(s). (7) 

Differentiating a further k - 1 times, 

g(~(s) = ~ Q-i z(~-i~(s)g.~(s) 
i:O 

(8) 

where superscripts in parentheses denote the corres- 
k l  ponding higher-order derivatives and the Ci- are the 

binomial coefficients. Now 

g(~ (0) = i!p~; z~-,i (0) = (k - i)!ak. (9) 

Using O-I = ( k - 1) ! I( i . t (k  - i - 1 ) ! ) and evaluating 
Equatiop (8) at s : 0, 
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k-] 

kp~ = ~ (k - i) ak_ip,. 
i - { I  

(10) 

This recursion relation for thep~ is fully general as long 
as z(s) is defined. 

However, Equation (10) is only useful if the ak_~ are 
easily computed. Luckily this is usually the ease in 
fluctuation analysis because the coefficient of s k in 
Equation (5) is directly related to the expected number 
of mutations that will result in exactly k mutant cells in 
the fluctuation test-tubes at the time of plating 
(Stewart, Gordon & Levin, 1990). Equation (10) will 
form the basis for the derivation of recursion relations 
for the model discussed below. It has previously been 
used during the derivation of a recursion relation for 
the probability distribution from gLc(S)- However, its 
full generality was not realized at that time: beyond 
fluctuation analysis, it can be used for any probability 
distribution as long as g(0) # 0 and the ak_ ~ are easily 
computed. 

The generating functions 

The generating function gB(S) given by Equation (2) is 
obtained from a stochastic model of bacterial growth 
and mutation due to Lea and Coulson (1949). The 
model assumes that the mutation rate is exactly 
proportional to the growth rate of the cells. Thus the 
mutation rate per cell division, designated here by #, is 
a constant (as, e.g., would be true if mutagenesis only 
occurred through loss of fidelity during DNA re- 
plication). Suppose that n o cells were used to seed a 
culture of bacteria and that n, are present at the time of 
plating. Then n o and n, are experimentally determinable 
numbers. 

The generating function for the probability distri- 
bution of the number of mutants changes with n t. It 
will, therefore, be written as g(s, n) where s is simply 
the usual auxiliary variable, i.e., if 

oO 

O(s. n )=  ~ pis', (11) 
i=0 

then the Pi are functions of n,. For any given n,, the p~ 
can be taken as constant and g(s, nt) = g(s) then 
describes the probability of finding a specified number 
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of mutant cells at that time. For notational convenien- 
ce only n, will routinely be written as n. 

Consider, then, the probability Pr of finding r 
mutants in a culture when it is of size n. Following Lea 
and Coulson (1943), consider a very large (in principle 
infinite) population of cultures. Then Pr is the pro- 
portion of cultures in which r mutants are present 
when the culture is of size n. If p, + (dp/dn)dn is the 
proportion of cultures that have r mutants when the 
culture has grown to size n + dn, assuming dn to be 
small enough. 

@, dn 
pr +-dn-  dn = p,_, (udn + (r - I)--n-) + 

an (12) 
p,(1 - #dn - r - - ) .  

n 

Of the two terms on the right hand side, the first term 
comes from (i) cultures which had r--1 mutants when 
their size was n, and a mutation occured during 
growth to size n + d, and (ii) cultures with r - 1 
mutants when of size n and a mutant underwent 
normal cell division during growth from n to n + dn. 

The second term simply is the proportionof cultures of 
size n with r mutants to which no further mutant- 
increasing events (further mutations or mutant cell 
divisions) happened. Reorganizing terms, 

d p ,  r - 1  r 
--Pr-, (# q- --n ) -Pr(# q- -~- )" (13) 

Now, from Equation (11) 

00 

Og(s, n) _ ~ rs,-'p,; 

OS J~O 

ag(s. n) _ ~ s, @' 
an r=D 

(14) 

If Equation (13) is multiplied by s r, and a sum is taken 
from r ---- 0 to r --- 0% 

OG 
dp, ~ r - 1  

~ s,. -d~ - = s'p,. ( u + - - ~  ) -- 
r = 0  

r 
~ s,p, ( u + --ff- )" 
i"=[) 

(15) 

Using the fact thatp~ = 0 for i <  0, and the notation of 
Equation (14) this gives 

Og (s, n) 
- ~ ( s - 1 ) g ( s . n ) +  

On 
(16) 

s(s-1)  ag(s,n) 
n Os 

The solution of this equation is a straightforward 
application of Monge theory (see, e.g., Hildebrand 
(1976,pp. 387-392) ). The characteristics for Equation 
(16) are given by 

dr/ n 
___dy_ = ~ . (17) 

Separating variables and integrating, 

as 

1 - s  
(18) 

where a is a constant of integration. Now, in general, 

dg _ Og dn + ag _ aug (19) 
ds On ds Os 1 - s 

Separating variables and integrating again gives 

g ( s , n ) - - A (  l - s ) ~ , ,  (20) 

where A is an arbitrary constant that may have 
different values for different values of a. 
It remains only to determine A since Equation (18) 
already determines a. Consider the initial seeding of 
the culture, when n = no and s = so and the point where 
n = n, and s--- s,. Note that g(so,no) =Po = 1 because the 
cultures are initially seeded with normal cells. Now, 
consider the curve passes through the point (s,n,). On 
it, from Equation (18), a = n i l  - st)/s,. If this curve 
also asses through (So, ,no), So = no/(no = a) 
(from Equation (18)). Form Equation (20), 

A(I --So ),o = a(1 + an--° )-~. 1 (21) 

Therefore, 
no 

A = ( 1  + _)~a .  
a (22) 
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Now that A is known, since (s,, n,) is an arbitrary 
point, g (s, n) can be determined. From Equaton (20). 

n o s 
g(s. n)  = ( 1 + - -  )~, (1 - s) ~ (23) 

n ( l  - s )  

: (1 - s + no s)~o (24) 
n 

= (1 - s + no s ) . . ,  '-~)/., (25) 
?t 

which is gB (Equation (2)). 

The recursion relations 

It now remains to derive Equation (3) which computes 
the probability distribution form O ds). Note that O,~s) 
can be written in the form 

n~ 
g 8  (s)  = (1 - s + " s )  ~ . ," - ' )~  ~ : 

nt 

e(#nt( l-g/s)lnO-s+(nt/no).s). 

(26) 

Then: 

g s  ( 0 )  = p,~ = e- . I . , - , ,o~  (27) 

and 

gl~s) 1 - s no 
Zl~(S )=ln (  g l - - ~ ) = u n ' [  s ln(1-s+--S)+n, 

( 1 -  n,~ ) ] .  (28) 
nt  

Now, if 

ZB(S) = ~ a,,s ~ 

k=O 

(29) 

is the Taylor expansion of zB (s) about 0, then, after 
rearrangement of terms, 

(1 - ot)~ (1 - a)k+t 
a0 = 0; ak = #n, [ ~ k + 1 ] 

(30) 

where a = no /n  t as before. It is easy to show that 

o~ 

a A = ~ (n,-no). 
/, : 0  

(31) 

From Equations (10), (27) and (30), the following 
recursion relation for the probability distribution 
from g,~s) is obtained: 

/~r/I ~-t 

Po = e-~,,,,-~m ; Pk -- k 2 ( k  - i)pi 
•-0 

(1 - ~ ) k - ,  (1 - ~ ) k  ~+, 

( k - i  k - i + l  ) 

which is simply the required Equation (3). 

Discussion 

Equation (3) (or, alternatively, Equation (30)) presents 
for the first time a method for calculating the pro- 
bability distribution for the number of mutants in 
fluctuation test experiments which takes into account 
that there are only a finite number of generations 
between seeding and harvesting for plating. It can even 
be used when there are just a few generations: its 
importance, then, is its applicability in cases where 
experimental conditions require n/no to be relatively 
small. There are two ways to implement this method. 
The first is to use Equation (3) directly. Programs in 
Fortran and C with such an implementation are 
available from the first author. The second is to use 
Equation (30) in conjunction with Equation (10). This 
method is being incorporated in the program designed 
by Stewart (personal communication) that also 
computes other models of cell mutation and growth, 
incorporating differential fitnesses (or growth rates) of 
mutants and non-mutants, possible inefficiency of 
plating, etc. That program can be obtained using the 
procedure given by Stewart, Gordon and Levin (1990, 
p.  180 ) .  

It is instructive to compare results obtained from 
Equation (3) and (40) to those obtained from Equation 
(4) based on the generating function, gLc(S) (Equation 
(1)) because gLc(s) has been traditionally used in 
computations. Now, Equation (40) can be rewritten as 
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1 l - a  
a , , :un , (1 - - ,~ lk [ -  k k +---i- ] -  

/znt 
- -  ( 1  - a ) k  
k(k + 1) 

(1 + ks  ) (k > 0). 
(32) 

Since a = 0 generates the corresponding equation for 
gLc(s) (i.e., Equation (4)), the correction factor, (1 - 
c~)k (1 + ka), is roughly 1 - (ka)2/2, Thus the 
correction due to gB(s) to the Pk increases with k and, 
as expected, with a. For most experiments with 
bacteria, no/n t --- a ~ 10 -6 or less, and the difference 
between results computed with Equation (3) and 
Equation (4) is negligible. For k_< 100,/~n, between 0.1 
and 10, significant differences were found only if a _> 
10-3. This accounts for the success of previous 
procedures for computing the distribution which, 
though not using Equation (3), are usually equivalent 
to using gLc(S) which gives rise to the simpler Equation 
(4). However, Equation (3) presents a much simpler 
method of computation than these procedures even 
for such computations. Moreover, fluctuation analysis 
has been used to determine mutation rates (and, 
occasionally, to test for spontaneity ofmutagenesis) in 
cells other than bacteria. In these cases it is possible 
that few generations separate seeding and plating. For 
example, in the case of yeast cells, a ~- 10 -3 seems 
possible (yon Borste11978). Moreover, similar possibi- 
lities might also be encountered in cancer research 
(Kendall & Frost, 1988). In such cases Equation (3) is 
definitely to be preferred. 

Evaluation ofthepk using Equations (3) and (4) has 
been carried out both on a Vax and a Connection 
Machine. Stewart (personal communication) has in- 
dicated that Equation (4) provides a six-fold increase 
in computational efficiency over previous algorithms. 
There is roughly a further ten-fold increase in speed on 
a 16K CM-2 Connection Machine. Results obtained 
from Equation (3) agree with those tabulated by Lea 
and Coulson (1949, p. 272) up to four decimal places 
(which is all that is given by Lea and Coulson) except 
in three instances. The only significant difference is for 
# = 0.05, r =  1: Lea and Coulson (1949, p. 272) report 
0.283 whereas Equation (4) gives 0.238. 

On the basis of the Lea-Coulson generating 
function, gLc(S), it is also possible to calculate the 

asymptotic behaviour of the p~ for large k. This has 
been done by Ma, Sandri and Sarkar (1992) using 
discrete convolution powers. It turns out that Pk 
O( I l k  2) for large k. This means that the probability of 
finding 'jackpots' of size k in cultures decreases as 
1/k 2. From this, it is easy to see that all moments 
obtained from gLc(s) diverge as is well known (see, 
e.g., Armitage 1952). As yet, there are no corres- 
ponding results for the asymptotic behavior of the Pk 
obtained from gL(s). It is expected, however, that the 
results will be significantly different because it is trivial 
to show that the moments now remain finite (Bartlett 
(1978, p. 135)). This is another reason for systema- 
tically using Equation (3), or, alternatively, Equations 
(10) and (30). 
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