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Intermittency in premixed reacting flows is studied using numerical simulations of
premixed flames at a range of turbulence intensities. The flames are modeled using a
simplified reaction mechanism that represents a stoichiometric H2-air mixture. Inter-
mittency is associated with high probabilities of large fluctuations in flow quantities,
and these fluctuations can have substantial effects on the evolution and structure
of premixed flames. Intermittency is characterized here using probability density
functions (pdfs) and moments of the local enstrophy, pseudo-dissipation rate (strain
rate magnitude), and scalar (reactant mass fraction) dissipation rate. Simulations of
homogeneous isotropic turbulence with a nonreacting passive scalar are also carried
out in order to provide a baseline for analyzing the reacting flow results. In the re-
acting flow simulations, conditional analyses based on local, instantaneous values
of the scalar are used to study variations in the pdfs, moments, and intermittency
through the flame. For low intensities, pdfs of the local enstrophy vary substan-
tially through the flame, with greater intermittency near the products. Changes in the
pseudo-dissipation pdfs are, however, less pronounced. As the intensity increases,
both the enstrophy and pseudo-dissipation pdfs become increasingly independent of
position in the flame and are similar to results from the nonreacting simulations.
The scalar dissipation intermittency is largest near the reactants and increases at
all flame locations with increasing turbulence intensity. For low intensities and in
the reaction zone, however, scalar dissipation pdfs approximately follow a Gaussian
distribution, indicative of substantially reduced intermittency. Deviations from log-
normality are observed in the pdfs of all quantities, even for intensities and flame
locations characterized by strong intermittency. The implications of these results for
the internal structure of the flame are discussed, and we also propose a connection be-
tween reacting flow intermittency and anisotropic vorticity suppression by the flame.
C© 2012 American Institute of Physics. [http://dx.doi.org/10.1063/1.4729615]

I. INTRODUCTION

A wide range of experimental1–3 and numerical4–9 studies have shown that local enstrophy,
�=ω′

iω
′
i/2, and energy dissipation rate, ε=2νS′

i j S′
i j , fields in turbulent flows are intermittent,

where ω′
i and S′

i j are the fluctuating vorticity and strain rate, respectively. Such intermittent fields are
characterized by local, instantaneous values that can be considerably larger than the corresponding
mean values. Moreover, these extreme values occur with substantially higher probability than would
be expected from Gaussian statistics.10, 11 This results in probability density functions (pdfs) with
stretched “tails” for large � and ε. Since ω′

i and S′
i j are given in terms of the fluctuating velocity,

u′
i , as

ω′
i = εi jk

∂u′
k

∂x j
, S′

i j = 1

2

(
∂u′

i

∂x j
+ ∂u′

j

∂xi

)
, (1)
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where εijk is the cyclic permutation tensor, the tails in the pdfs of � and ε are associated with the
steepest velocity gradients in the flow. These extreme gradients are, in turn, connected to small-scale
structures such as vortex filaments and dissipation sheets.7, 10, 12, 13 Similar small-scale intermittency
has also been observed3–7, 9, 14 in fields of the scalar dissipation rate, χ =2Dχ ′

i χ
′
i , where D is the

molecular diffusivity and χ ′
i is the gradient of the scalar fluctuation, φ′, given by

χ ′
i = ∂φ′

∂xi
. (2)

Due to its prevalence in a wide range of flows for a variety of different quantities, small-scale
intermittency appears to be a universal characteristic of turbulence.

Determining the detailed properties of turbulence intermittency—including its physical origins
and its effect on inertial-range scaling exponents—is a major topic of research on nonreacting
turbulence and passive scalar evolution (see Refs. 10 and 13 for reviews). Prior studies have shown
that intermittency depends on both Reynolds, Re, and Schmidt, Sc, numbers,8, 9 and that it is strongest
at small scales.13 In homogeneous isotropic turbulence, � is more intermittent than ε,2, 8 and both
� and ε are generally less intermittent than χ .9 Intermittency in more complex flows is affected by
additional factors, such as mean shear in jets and plumes,1, 3, 14 mean scalar gradients in homogeneous
flows,4, 5 wall distance in channel flows,15, 16 and viscoelasticity.17 A number of studies6, 8, 9, 15, 16, 18

have also examined high-order moments of �, ε, and χ ; these moments, which include the skewness
and kurtosis (the third and fourth-order central moments, respectively), allow deviations from
Gaussianity to be measured, and thus permit the degree of intermittency to be quantified.

While intermittency in nonreacting flows has received considerable attention, relatively little is
known about intermittency in chemically reacting flows,11, 19 despite its importance for understanding
the properties and interactions of turbulence and flames. In reacting flows, χ is associated with the
chemical reaction rate11, 19–21 and the local flame width22 (where φ′ in Eq. (2) is a non-passive, non-
conserved scalar in reacting flows). The statistical properties of χ , including pdfs and conditional
averages, are also used in turbulent combustion models.19, 23 The turbulent vorticity and strain rate
fields, whose local magnitudes are related to � and ε, are responsible for stretching, wrinkling,
and broadening of premixed flames.22 The intermittency associated with χ , �, and ε thus affects
how often very thin or very broad flames occur, and how often the flame experiences very strong
straining or rotation by turbulence (potentially resulting in the formation of large curvature and
cusps24). Reacting flow intermittency also affects the likelihood of events such as extinction, auto-
and re-ignition, and deflagration-to-detonation transitions (DDT).25, 26 These events, which can have
considerable global consequences, may result from highly localized, very brief, and extreme (either
very large or small) fluctuations in �, ε, and χ .

Several studies have examined the intermittency of χ in reacting flows, often with an emphasis on
flame extinction and re-ignition. Karpetis and Barlow27 found that χ in partially premixed, methane-
air jet flames exhibits intermittency similar to that found in nonreacting flows. In particular, measured
pdfs of the log variable ln (χ ) deviated from Gaussian distributions and had negative skewness. These
deviations indicate that χ cannot be accurately described by a log-normal distribution (note that a
variable, f, is considered to be log-normally distributed when ln ( f ) follows a Gaussian distribution).
Similar deviations have been observed in non-premixed jet flames,28, 29 reacting shear layers,30

and jet diffusion flames.31, 32 These deviations are significant, since the log-normal model has
been proposed33, 34 as a description for intermittent turbulence and is used in turbulent combustion
models.35, 36 Although Frisch10 notes several problems with the log-normal model, and the negatively
skewed pdfs are consistent with a number of prior nonreacting studies (e.g., Refs. 6 and 14),
other studies of reacting flows37, 38 have indicated closer agreement with the log-normal model.
Investigations of other configurations—including premixed reacting flows and flows with various
fuel mixtures and different turbulence intensities—are needed in order to better understand the
intermittency of �, ε, and χ in reacting flows, as well as to assess the accuracy of the log-normal
model in more detail.

In the present study, we analyze intermittency in premixed reacting flows by examining pdfs
and moments of �, the pseudo-dissipation rate, ε* = ε/ν, and χ using numerical simulations of
statistically planar premixed flames at a range of turbulence intensities. A simplified reaction model
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is used to represent a stoichiometric mixture of H2 and air in the reactants.39 Conditional statistics
based on the local, instantaneous values of the reactant mass fraction, Y, are further used to examine
variations in the pdfs and moments through the flame itself. These simulations have been used
previously in a study of turbulence-flame interactions and first-order turbulence and flame statistics,
including conditional averages and relative alignments of ωi, Sij, and χ i.22, 40 The present study also
substantially extends an earlier, preliminary study of intermittency in premixed reacting flows.41

As a prelude to the reacting flow simulations, simulations of homogeneous isotropic turbulence
with a nonreacting and conserved passive scalar are analyzed, and the results are then used as a
baseline for comparisons with the reacting flow results. In all cases, pdfs from the simulation data
are compared with log-normal distributions in order to assess the accuracy of the log-normal model
in premixed reacting flows. We also consider the connection between turbulence-flame interactions
and intermittency, as well as examine the effects of intermittency on distributions of the local flame
width.

II. NUMERICAL SIMULATIONS

The present numerical simulations model premixed combustion in an unconfined domain by
solving the compressible conservation equations for a reactive flow24, 42

∂ρ

∂t
+ ∂(ρui )

∂xi
= 0, (3)

∂(ρui )

∂t
+ ∂(ρui u j )

∂x j
+ ∂ P

∂xi
= 0, (4)

∂ E

∂t
+ ∂[(E + P)u j ]

∂x j
− ∂

∂x j

(
K

∂T

∂x j

)
= −ρqẇ, (5)

∂(ρY )

∂t
+ ∂(ρY u j )

∂x j
− ∂

∂x j

(
ρD

∂Y

∂x j

)
= ρẇ, (6)

where ui is the velocity, ρ is the density, P is the pressure, E is the energy density, T is the temperature,
and q is the chemical energy release. The ideal gas equation of state is used for P, and the chemical
reaction rate, ẇ, is given by single-step, first-order Arrhenius kinetics24, 42 as

ẇ = −AρY exp

(
− Q

RT

)
, (7)

where A is the pre-exponential factor, Q is the activation energy, and R is the universal gas con-
stant. The coefficients of molecular diffusion, D, and thermal conduction, K, in Eqs. (5) and (6),
respectively, are given by

D = D0
T n

ρ
, K = C pκ0T n, (8)

where Cp = γ R/M(γ − 1). The Lewis number, Le = κ0/D0, is unity for all simulations. Values of
the model input parameters in Eqs. (3)–(8), summarized in Table I, represent a stoichiometric H2-air
mixture and are based on the reaction model of Gamezo et al.39

The simulations are carried out with the code Athena-RFX,24, 42 which uses a higher order,
fully conservative Godunov-type method43–45 to solve Eqs. (3)–(8). Turbulence is sustained in
the simulations by adding large-scale perturbations to the velocity field.24 These perturbations are
isotropic and divergence free, and result in a constant energy injection rate per unit volume. Small-
scale energy dissipation occurs through numerical viscosity, which allows an inertial range with
Kolmogorov (k−5/3, where k is the wavenumber) scaling to be extended to the scale of the laminar
flame width, as shown in Fig. 1.22, 24, 42 A previous study24 has shown that this numerical method
accurately captures both the flame and turbulence properties down to the scale of the laminar flame
width.

Three different reacting flow simulations are examined, denoted F1, F3, and F5 in Table II
and on the regime diagram in Fig. 2.46 These simulations correspond to turbulence intensities IT
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TABLE I. Input model parameters and resulting laminar flame properties common to all reacting flow numerical simulations
in this paper.22, 24

T0 293 K Initial temperature
P0 1.01 × 106 erg/cm3 Initial pressure
ρ0 8.73× 10−4 g/cm3 Initial density
γ 1.17 Adiabatic index
M 21 g/mol Molecular weight
TP 2135 K Post-flame temperature
ρP 1.2× 10−4 g/cm3 Post-flame density
δL 0.032 cm Laminar flame thermal width
SL 302 cm/s Laminar flame speed
A 6.85× 1012 cm3/(g s) Pre-exponential factor
Q 46.37 RT0 Activation energy
q 43.28 RT0/M Chemical energy release
κ0 2.9× 10−5 g/(s cm Kn) Thermal conduction coefficient
D0 2.9× 10−5 g/(s cm Kn) Molecular diffusion coefficient
n 0.7 Temperature exponent

= Ul/SL = 2.45, 9.81, and 30.6, respectively, where Ul is the turbulent integral velocity in the
unburned reactants and SL is the laminar flame speed. The corresponding Damköhler numbers, Da
≡ (l/Ul)/(lF/SL), are between 0.39 and 0.031, where l is the turbulence integral scale, lF = D(Y
= 0.5)/SL ≈ 2δL, δL ≡ (Tb − Tu)/(dT/dx)L, max is the thermal width of the laminar flame, and l/δL

= 1.90. The three simulations analyzed here have also been examined in a previous study22 that
included additional intermediate intensities IT = 4.90 and 18.4 (denoted F2 and F4 in Ref. 22). The
range of IT spanned by the present simulations is, however, sufficient to determine trends in the
statistics with IT.

The length-to-width ratio of the computational domain for the simulations is Lx: (Ly, Lz) = 16:1,
and the size of the grid is Nx × Ny × Nz = 2048 × 128 × 128. This grid size gives 16 computational

∼ k−5/3

∼ k−5

2δL δL

Wavenumb er k

E
(k

)

F 1

F3

F5

10
2

10
3

10
0

10
2

10
4

10
6

FIG. 1. Instantaneous kinetic energy spectra in the full computational domain immediately prior to ignition for F1, F3, and
F5. Inertial (k−5/3) and dissipation (k−5) range scalings are shown by black dash-dot lines, and wavenumbers corresponding
to δL and 2δL are shown by vertical dashed lines, where δL is the laminar flame thermal width. Reproduced by permission
from Hamlington et al., Physics of Fluids 23, 125111 (2011), where spectra for additional simulations F2 and F4 are also
shown. Copyright C© 2011 by American Institute of Physics.
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TABLE II. Initial normalized turbulence intensity IT ≡ Ul/SL, Damköhler number, Da = (l/Ul)/(lF/SL), and eddy-turnover
time, τ ed = L/UL, in the unburned mixture at ignition for the three reacting simulations, denoted F1, F3, and F5. The
corresponding nonreacting simulations with the same IT and τ ed are denoted NR1, NR3, and NR5. The number of snapshots,
Nt, is shown in the last column (with Nt for the nonreacting simulations shown in parentheses).

Simulation (nonreacting) IT Da τ ed(s) Nt

F1 (NR1) 2.45 0.39 2.14 × 10−4 540 (40)
F3 (NR3) 9.81 0.097 5.36 × 10−5 630 (40)
F5 (NR5) 30.6 0.031 1.71 × 10−5 600 (40)

cells per δL, which is sufficient to capture properties of the intermittency, as shown in Sec. V D
through comparisons with results from an additional simulation of the intermediate intensity (F3)
at resolution Nx × Ny × Nz = 4096 × 256 × 256 (32 cells per δL). Periodic boundary conditions
are used in the spanwise (i.e., y and z) directions at all times, and in the x direction prior to ignition.
After ignition, zero-order extrapolation boundary conditions are used on the x-boundaries in order
to prevent pressure build-up inside the domain.

In all of the reacting flow simulations, nonreacting homogeneous isotropic turbulence is allowed
to develop in the domain for ∼2τ ed prior to ignition, where τ ed = L/UL is the eddy-turnover time, L
= 0.259 cm is the physical width of the computational domain, and UL is the velocity at scale L. At
2τ ed, a flame is initialized near the center of the x-axis using an exact laminar flame profile. Injection
of random large-scale velocity perturbations is continued even after ignition, resulting in sustained
turbulence-flame interactions. The time interval between regenerations of the random perturbation
field is maintained at ∼τ ed/40 for all simulations.

The analysis of the simulations begins 2τ ed after ignition, and extends for up to another 1.5τ ed

(i.e., up to 3.5τ ed after ignition). During the analysis phase, 20 snapshots are retained per τ ed in order
to obtain sufficient statistics. The statistics are further improved by non-deterministically restarting
the simulations 2τ ed after ignition (4τ ed after the start of the simulations). The non-deterministic
nature of these restarts gives a different flow evolution in each realization from 2τ ed onwards.
This procedure allows ensemble averaging of the statistics while also avoiding systematic temporal
variations due to the gradual turbulent dissipative heating of the reactants. This heating is particularly
pronounced for high IT (resulting in a 4.9 K increase in reactant temperature per τ ed for F5) and

10
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FIG. 2. Combustion regime diagram46 showing the location of simulations F1, F3, and F5 (red squares). Here
Re = (lUl)/(lFSL) is the Reynolds number, Ka is the Karlovitz number, and MaF is the turbulent Mach number in cold
H2-air fuel at atmospheric conditions. Reproduced by permission from Hamlington et al., Physics of Fluids 23, 125111
(2011), where the location of the additional simulations F2 and F4 is also shown. Copyright C© 2011 by American Institute
of Physics.
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has been described in more detail in Refs. 22, 24, and 42. The non-deterministic restart procedure
produces at least Nt = 540 temporal snapshots in the analysis of each IT, as shown in Table II.

All derivatives used to obtain �, ε*, and χ are calculated using fourth-order central differences,
with fourth-order, one-sided differences along the edges of the simulation domain. Comparisons with
second-order central differences indicate that the observed trends are independent of the accuracy
with which the derivatives are calculated. For the reacting simulations, the scalar φ in Eq. (2) is set
equal to the reactant mass fraction, Y, from Eq. (6), where Y = 1 in the reactants and Y = 0 in the
products. The scalar gradient, χ ′

i , thus refers in the following to the reacting scalar gradient which
is, in general, not passive, and χ denotes the corresponding reacting scalar dissipation.

Simulations of homogeneous isotropic turbulence and nonreacting passive scalar evolution in
a fully periodic, cubic box are also carried out. The computational dimensions are Nx × Ny × Nz

= 1283, giving the same resolution as in the reacting simulations. Three intensities are examined,
denoted NR1, NR3, and NR5, corresponding to the intensities used for F1, F3, and F5 (Table II).
The nonreacting fluid properties are identical to those of the unburned reactants in the reacting flow
simulations, and Eqs. (3)–(6) are again solved with D and K given by Eq. (8). In the nonreacting
simulations, however, ẇ = 0, causing the scalar to be passive and conserved. To avoid confusion
with the nonconserved Y in Eq. (6) and the corresponding reacting scalar gradient χ ′

i , the passive
scalar in the nonreacting simulations is denoted ξ and its gradient ζ ′

i =∂ξ ′/∂xi . The nonreacting,
passive scalar dissipation is then denoted ζ =2Dζ ′

i ζ
′
i . Analysis of the nonreacting simulations is

carried out over a timespan equal to 4τ ed, beginning 2τ ed after the start of the simulations, with 10
snapshots per τ ed (giving Nt = 40, as shown in Table II). High statistical convergence is maintained
since the entire 1283 spatial domain can be used in the analysis at each time. This is in contrast to
the reacting flow results which must be examined on a conditional basis, resulting in significantly
fewer spatial points included in each of the conditional pdfs.

III. NONREACTING TURBULENT FLOWS

Before examining intermittency in the reacting flow simulations, we first analyze simulations
of homogeneous isotropic turbulence with a nonreacting passive scalar. This preliminary analysis is
important since the present simulations use numerical viscosity for energy dissipation, and the exact
Reynolds number is thus difficult to establish. An effective Re based on the numerical viscosity
could be defined, but this depends on the grid resolution and increases as the resolution increases.
Since intermittency is Reynolds number dependent,13 analysis of the reacting flow simulations thus
requires us to first establish baseline intermittency properties using less complex nonreacting flow
simulations. The same grid resolution is used in all simulations in order to achieve a consistent
effective Reynolds number. Comparison of the reacting flow results with these baseline simulations
allows variations in the statistics of �, ε*, and χ with intensity and position in the flame to be
understood. These preliminary simulations also validate the numerical method by showing that the
measured pdfs and moments of �, ε*, and ζ are consistent with prior results from direct numerical
simulations (DNS) (Refs. 4–6 and 9) and experiments1 of homogeneous isotropic turbulence and
passive scalar evolution. It should also be noted that intermittency in nonreacting flows has been
studied previously using simulations that follow the approach used in implicit large-eddy simulation
(ILES),47, 48 where physical viscosity is not explicitly included and numerical viscosity is used to
dissipate energy at the smallest scales. In particular, Benzi et al.49 and Porter et al.50 have studied the
scaling of higher order structure functions and intermittency, showing good agreement with results
from prior DNS studies. Resolution and Reynolds number effects in the reacting flow simulations
are further discussed in Sec. V D using a higher resolution simulation of F3.

A. Pdfs of ux and ξ

Figure 3 shows pdfs of the velocity component ux and the passive, conserved scalar ξ for NR1,
NR3, and NR5. The arguments of the pdfs are normalized using the mean, μf ≡ 〈f 〉, and the standard
deviation, σ f ≡ 〈(f − μf)2〉1/2, where f represents a flow variable and 〈 · 〉 denotes a spatial average
over the full simulation domain. The averages are calculated separately at each temporal snapshot,
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and the resulting data are included in a single, effectively time-averaged, pdf. Note that since
μu ≈ 0 for the nonreacting data, ux is approximately equal to its corresponding fluctuating quantity,
u′

x . The mean of ξ is close to 0.5, and Fig. 3 shows pdfs of the fluctuating variable ξ ′ = ξ − μξ .
Each pdf (including the conditional pdfs examined in Sec. IV) is normalized such that the integral
of the pdf over all values of its argument is unity.

Figure 3 shows that pdfs of ux approximately follow a Gaussian distribution for all IT, with slight
departures from Gaussianity in both the left and right tails. Similar results are observed for ξ in
Fig. 3, again with deviations from the Gaussian distribution in the tails. The approximate Gaussianity
of both ux and ξ for all IT in Fig. 3, including the departures from Gaussianity for large and small
values, is consistent with prior studies4, 5 of homogeneous isotropic turbulence and nonreacting
passive scalar evolution.

B. Pdfs of �, ε*, and ζ

Pdfs of �, ε*, and ζ normalized by their respective mean values are shown for the nonreacting
simulations in Fig. 4. Since the flow is homogeneous, the average gradients ∂〈ui〉/∂xj and ∂〈ξ 〉/∂xi
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FIG. 4. Pdfs of (a) �/μ�, (b) ε∗/με∗ , and (c) ζ /μζ for NR1, NR3, and NR5. Stretched exponentials d1exp [ − d2(f/μf)0.25] are
shown by black lines in (a) and (b). Insets show pdfs of (a) [ln(�) − μ̃�]/σ̃�, (b) [ln(ε∗) − μ̃ε∗ ]/σ̃ε∗ , and (c) [ln(ζ ) − μ̃ζ ]/σ̃ζ ;
dashed black lines in insets show Gaussian distributions of log variables, corresponding to the log-normal model.
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are approximately zero, and ω′
i , S′

i j , and ζ ′
i in Eqs. (1) and (2) can be obtained without explicitly

subtracting mean values. For all quantities, Fig. 4 shows that the pdfs have stretched tails for large
values of �, ε*, and ζ , indicative of intermittent distributions. The pdfs of � and ε* are similar to
those observed previously in studies of homogeneous isotropic turbulence.2, 8, 9 As noted before, the
pdfs of � are more strongly stretched at high values than those for ε*. This difference may disappear
for high Re at very large values of �/μ� and ε∗/με∗ ,8 but investigating this point further would
require much higher numerical resolutions than used in the present simulations.

Consistent with prior studies,2, 8 the pdfs of � and ε* in Figs. 4(a) and 4(b) can be described
using stretched exponentials of the form d1 exp[−d2( f/μ f )d3 ], where the di are obtained from fits
to the data.8 Here we use d3 = 0.25, which was found by Donzis et al.8 to be the limit value of
d3 as the resolution was increased in simulations of homogeneous isotropic turbulence. The pdfs
in Figs. 4(a) and 4(b) are reasonably approximated by stretched exponentials with [d1, d2] = [3.3
× 104, 9.4] for �/μω and [d1, d2] = [3.3 × 103, 9.3] for ε*/μS. Depending on the Reynolds number
and simulation resolution, Donzis et al.8 measured d2 ≈ 5–7 for � and d2 ≈ 7–11 for ε, which are
relatively close to the current measured values.

The pdfs of ζ in Fig. 4(c) are also stretched for large values of ζ and, for sufficiently high IT,
show stronger intermittency than the � and ε* pdfs. The increased intermittency of ζ compared to
� and ε* is in agreement with prior studies of passive scalar evolution.9 The stretching of the ζ pdfs
increases with IT, as shown by the significantly more prominent tail for NR5 than NR1. This variation
is due to changes in the competing processes of turbulent production of ζ by Sij and destruction
by molecular diffusion. As IT increases, the turbulence becomes more effective at creating large ζ ,
resulting in the increasingly stretched tails for large IT shown in Fig. 4(c).

The insets in Fig. 4 compare pdfs of ln (�), ln (ε*), and ln (ζ ) with Gaussian distributions
given by exp[−(ln f − μ̃ f )2/2σ̃ 2

f ], where the tilde3 denotes statistics of the log variable ln ( f ).
For each quantity, the pdfs are above the Gaussian distributions at the left tails, and below the
Gaussian distributions at the right tails, resulting in negative skewness. Comparison of the insets in
Figs. 4(a) and 4(b) shows that pdfs of ln (ε*) match the Gaussians more closely than pdfs of
ln (�). The deviation of the ln (ζ ) pdfs from Gaussian distributions, and in particular the negative
skewness, is similar to that observed previously for isotropic6 and sheared4 turbulence, as well as for
axisymmetric turbulent plumes.3 The inset of Fig. 4(c) does show, however, that in contrast to the
substantially different pdfs of ζ , the pdfs of ln (ζ ) are very similar to each other for all values of IT.

C. Central moments

Deviations of the �, ε*, and ζ pdfs in Fig. 4 from Gaussian and log-normal distributions
can be measured quantitatively using the normalized standard deviation, σ ′

f ≡σ f /μ f , skewness,
s f ≡〈( f − μ f )3〉/σ 3

f , and kurtosis, k f ≡〈( f − μ f )4〉/σ 4
f ,13, 51 where f is again a flow variable.

These quantities are the second through fourth normalized central moments of f, and for a Gaussian
pdf, sf = 0 and kf = 3. Similarly, s̃ f =0 and k̃ f =3 when f is log-normally distributed, where the
tilde denotes statistics of the log variable ln ( f ). The value of σ ′

f can be compared with results from
prior studies of intermittency in homogeneous isotropic turbulence and passive scalar evolution (e.g.,
Donzis et al.8, 9).

Table III shows central moments of �, ε*, and ζ for NR1, NR3, and NR5, including moments
of the corresponding log-variables. The moments are measured separately in each snapshot, and
then averaged over all snapshots to obtain the values in Table III. Moments for both � and ε* show
departures from Gaussian values. For �, s� increases from 4.5 for NR1 to 5.4 for NR5, while k�

increases from 44 to 68 over the same range of IT. These moments indicate a weak increase in the
intermittency of � with IT, consistent with the pdfs in Fig. 4(a). Moments for ε* suggest slightly
weaker intermittency, again consistent with Fig. 4(b), with sε∗ varying with IT from 3.6 to 4.1, and
kε∗ varying from 34 to 53. Although the moments of ln (�) and ln (ε*) in Table III indicate that the
log-normal model provides a reasonably accurate description of the measured pdfs, negative values
of the log-skewness, and positive values of the excess log-kurtosis (i.e., k̃ f − 3) persist for both �

and ε* at all IT.
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TABLE III. Second through fourth central moments of �, ε*, and ζ for nonreacting simulations NR1, NR3, and NR5. The
normalized standard deviation is given by σ ′

f =σ f /μ f , the skewness is given by s f =〈( f − μ f )3〉/σ 3
f , and the kurtosis is

given by k f =〈( f − μ f )4〉/σ 4
f . Values in parentheses are moments of log variables ln ( f ).

NR1 NR2 NR3

σ ′
� 1.41 (0.0567) 1.56 (0.0528) 1.62 (0.0497)

s� 4.49 (−0.490) 5.19 (−0.431) 5.44 (−0.413)
k� 44.4 (3.48) 57.9 (3.37) 68.0 (3.33)

σ ′
ε∗ 1.05 (0.0413) 1.08 (0.0375) 1.06 (0.0327)

sε∗ 3.59 (−0.277) 3.60 (−0.274) 4.07 (−0.191)
kε∗ 33.5 (3.29) 33.7 (3.22) 53.3 (3.11)

σ ′
ζ 1.62 (−0.305) 2.17 (−0.623) 2.22 (−0.358)

sζ 4.80 (−0.365) 7.28 (−0.215) 7.81 (−0.214)
kζ 42.9 (3.31) 99.8 (3.13) 126 (3.06)

Table III shows that the moments of � and ε* vary relatively weakly with IT. These variations
are likely due to changes in the effective Reynolds number with IT. Similar variations in the moments
of � and ε* with Taylor microscale Reynolds number, Reλ, have been observed in prior studies6, 8

of homogeneous isotropic turbulence. The moments in Table III are approximately consistent with
those found by Vedula et al.6 for Reλ between 38 and 90. For high IT, the turbulence also becomes
weakly compressible, giving S′

kk 	=0 (the turbulent Mach number is only 0.03 for F1, but increases
to 0.4 for F5). This could have an additional effect, in particular, on the statistics of ε*, since ε* is
directly related to S′

i j .
Consistent with prior studies,6, 9 the moments of ζ in Table III show that ζ is generally more

intermittent than both � and ε*, particularly for high IT. Both sζ and kζ increase substantially
with IT, reflecting changes in the advection-diffusion balance governing the scalar dynamics. These
variations may also be due to changes in the effective Reynolds and Schmidt numbers with IT.
Previous studies6 of passive scalar evolution have shown that the intermittency associated with ζ

depends on both of these parameters.
Figures 3 and 4 and Table III indicate that, for these nonreacting turbulent flows, the numerical

method outlined in Sec. II produces homogeneous isotropic turbulence and passive scalar statistics
consistent with prior numerical and experimental studies. In particular, the pdfs of � and ε* in
Figs. 4(a) and 4(b) show that many subtle turbulence properties observed in previous studies can be
reproduced by solving Eqs. (3)–(6) using ILES. While there are small quantitative differences from
prior DNS and experimental studies (for example, in the coefficients of the stretched exponential fits
in Fig. 4), the results are qualitatively the same whether energy dissipation occurs through physical or
numerical viscosity. This is consistent with the findings of Benzi et al.,49 who note that the effects of
numerical dissipation can be understood in terms of an effective viscosity that gives a corresponding
effective Reynolds number. This is discussed in more detail in Sec. V D in the context of reacting
flows. The results shown in Figs. 3 and 4 and in Table III are next used for comparisons with results
in premixed reacting flows.

IV. PREMIXED REACTING FLOWS

Premixed reacting flow simulations have been carried out at the same resolutions, and hence
the same effective Reynolds numbers, as the nonreacting simulations described above. For fluid
dynamic quantities (i.e., ux, �, and ε*), this allows direct comparisons of the reacting flow pdfs
and moments with those from the nonreacting flows. Such direct comparisons are, however, not
possible for ζ and χ (the nonreacting and reacting scalar dissipation rates, respectively), since the
nonreacting scalar, ξ , is passive and conserved, while the reacting scalar, Y, is not. These two scalars
thus represent distinctly different quantities. Although direct quantitative comparisons of the ζ and
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FIG. 5. Instantaneous fields of (a) Y, (b) ω2/μ̂ω2 , (c) S2/μ̂S2 , and (d) χ̃/χ̃L ,max along the center of z-axis for F1 (left panels)
and F5 (right panels), where μ̂ω2 and μ̂S2 denote averages from the nonreacting simulations and χ̃L ,max is the maximum
value of χ̃ in the laminar flame. White dashed lines show bounds of flame brush beyond which Y < 0.05 (top line) and
Y > 0.95 (bottom line) at all points. Solid white, black, and red contours correspond to Y = 0.1, 0.6, and 0.9, respectively.

χ statistics are difficult, we nevertheless use the nonreacting results in the following as a baseline
for understanding variations in the statistics of χ with IT and location in the flame.

A. Instantaneous fields

Figure 5 shows instantaneous fields of Y, ω2 = ωiωi, S2 = SijSji, and χ̃ =χiχi for the reacting
flow simulations F1 and F5, where ωi, Sij, and χ i = ∂Y/∂xi are the total vorticity, strain rate, and
scalar gradient, respectively (these quantities are closely connected to �, ε*, and χ , respectively).
Issues associated with defining the fluctuating variables ω′

i , S′
i j , and χ ′

i necessary to obtain �, ε*,
and χ in reacting flows are discussed in more detail in Secs. IV B and IV C. For the H2-air reaction-
diffusion model used here, the Y = 0.6 isosurface in Fig. 5(a) approximately separates the preheat (Y
> 0.6) and reaction (Y < 0.6) zones.24 The bounds of the flame brush are defined as the maximum
(minimum) x locations below (above) which Y < 0.05 (Y > 0.95) at all points. The contours of Y
in Fig. 5(a) show that the flame is more wrinkled near the reactants than the products, and that the
degree of wrinkling throughout the flame increases with IT. The separation between the Y = 0.6
and Y = 0.9 contours increases from F1 to F5, which suggests that the width of the preheat zone
increases with IT. The width of the reaction zone (given by the separation between the Y = 0.1 and Y
= 0.6 contours) remains relatively unchanged as IT increases, as discussed in more detail in previous
studies.22, 24, 42

Figures 5(b) and 5(c) show that ω2 and S2 are both suppressed by the flame for F1, but as IT

increases, this suppression becomes substantially less pronounced. For both F1 and F5, the ω2 and
S2 fields are characterized by localized regions of large ω2 and S2, and values in these regions are
higher compared to the mean for ω2 than S2. Figure 5(d) shows that χ̃ is zero in the reactants and
products, since Y is constant in these regions. Within the flame brush, however, there are thin regions
of large χ̃ inside the reaction zone (Y < 0.6), while χ̃ is substantially weaker in the preheat zone (Y
> 0.6), particularly for F5.

B. Conditional pdfs of ux

Quantitative analysis of the reacting flow fields in Fig. 5 is complicated by the substantial
spatial inhomogeneity of the flame brush. Examining intermittency at different locations within the
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FIG. 6. Conditional pdfs of [ux − μu(Y )]/σ u(Y ) for (a) F1, (b) F3, and (c) F5, where μu(Y ) and σ u(Y ) are conditional
statistics based on Y. Dashed black lines show Gaussian distributions. Colorbar for all pdfs is shown in (c).

flame thus requires calculation of conditional pdfs based on the local, instantaneous values of Y.
Both μ and σ must also be calculated by conditional averaging, where μf (Y ) ≡ 〈 f |Y〉, σ f (Y ) ≡ 〈[ f
− μf (Y )]2|Y〉1/2, and 〈 · |Y〉 denotes a conditional average over the entire flame brush. In the following
analysis, 16 values of Y between 0 and 1 are used to construct the conditional pdfs. The analysis
does not, however, include points where Y < 0.01 or Y > 0.99, since Y ≈ 0 and Y ≈ 1 correspond to
completely burned and unburned mixtures, respectively.

Figure 6 shows conditional pdfs of ux for F1–F5. These pdfs can be compared with the cor-
responding nonreacting pdfs in Fig. 3. The conditional pdfs approximately follow Gaussian distri-
butions at all Y, although for low IT there is a slight shift in the pdfs with location in the flame. In
particular, for Y → 0 (near the products), the right tails of the pdfs follow the Gaussian distribution
more closely than the left tails. This relatively weak asymmetry becomes less pronounced, however,
for Y → 1 (near the reactants) and for higher IT, as shown for F3 and F5 in Figs. 6(b) and 6(c).

The quantity [ux − μu(Y )] in Fig. 6 can be viewed as the fluctuating ux, calculated on a
conditional basis. Fluctuating quantities are typically formed by subtracting spatial averages that
have been calculated over homogeneous directions in the flow (for example, all three directions in
homogeneous isotropic turbulence or planes parallel to walls in fully developed wall-bounded flows).
These spatial averages are often combined with temporal or ensemble averages before calculating
fluctuating variables. In reacting flows, however, calculation of fluctuating variables is complicated
by the inhomogeneity associated with wrinkled flame surfaces (i.e., the isosurfaces of Y shown in
Fig. 5(a)). Since the inhomogeneity in ρ, T, and other quantities is most closely associated with
changes across these surfaces, all averages used to obtain fluctuating variables in the reacting
simulations are calculated on a conditional basis with respect to Y. This is equivalent to assuming
that, within the flame brush, the flow is essentially homogeneous along surfaces of constant Y. In
Sec. IV C, conditional averaging at each Y is used to obtain the fluctuating variables ω′

i , S′
i j , and χ ′

i ,
which are then used to calculate statistics of �, ε*, and χ .

C. Conditional pdfs of �, ε*, and χ

Figures 7–9 show that, in premixed reacting flows, there are variations in the conditional pdfs of
�, ε*, and χ as a function of both IT and Y. As noted in Sec. IV B, these quantities are calculated using
the conditional, fluctuating variables ω′

i =ωi − 〈ωi |Y 〉, S′
i j = Si j − 〈Si j |Y 〉, and χ ′

i =χi − 〈χi |Y 〉. For
all IT and Y, Figs. 7 and 8 show that � and ε* are intermittent and have stretched tails. For �, however,
the intermittency is significantly stronger near the products than the reactants. Near the reactants,
the pdfs of � are similar to the stretched exponential curve-fit obtained from the nonreacting pdfs
in Fig. 4(a). As IT increases, variations in the � pdfs through the flame become weaker (Fig. 7(c)),
and they approach the nonreactive behavior.
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FIG. 7. Conditional pdfs of �/μ�(Y ) for (a) F1, (b) F3, and (c) F5. Stretched exponentials d1 exp[−d2(�/μ�)0.25] from
Fig. 4(a) are shown by black lines. Insets show pdfs of [ln(�)−μ̃�(Y )]/σ̃�(Y ); dashed black lines show Gaussian distributions
(corresponding to log-normal distributions of �).

As with the nonreacting results in Fig. 4, the pdfs of ε* in Fig. 8 are less intermittent than
pdfs of �, and there are also comparatively weaker variations in the ε* pdfs through the flame.
At the same time, as with the � pdfs in Fig. 7, the pdfs of ε* are slightly more intermittent near
the products at low IT, and the variations in the pdfs through the flame become less pronounced
as IT increases. Furthermore, the pdfs of ε* near the reactants are also in good agreement with the
stretched exponential curve fit from the nonreacting results in Fig. 4(b).

The conditional pdfs of χ in Fig. 9 show that the probability of obtaining large χ /μχ (Y )
increases with increasing IT. There are also substantial variations in the pdfs through the flame
itself. In particular, large χ /μχ (Y ) is found primarily near the reactants (Y → 1), with relatively
low probability of large χ /μχ (Y ) in the reaction zone. The pdfs of χ in the reaction zone for the
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FIG. 8. Conditional pdfs of ε∗/με∗ (Y ) for (a) F1, (b) F3, and (c) F5. Stretched exponentials d1 exp[−d2(ε∗/με∗ )0.25]
from Fig. 4(b) are shown by black lines. Insets show pdfs of [ln(ε∗)−μ̃ε∗ (Y )]/σ̃ε∗ (Y ); dashed black lines show Gaussian
distributions (corresponding to log-normal distributions of ε*).

smallest IT (F1) are well-approximated by Gaussian distributions, indicating substantially reduced
intermittency. For large IT in Fig. 9, however, pdfs even on the product side of the flame show some
degree of stretching and departures from Gaussianity.

D. Distributions of log variables

The pdfs of ln (�) and ln (ε*), which are compared with Gaussian distributions in the insets
of Figs. 7 and 8, indicate that the log-normal distribution provides only an approximate model for
intermittency of � and ε* in reacting flows, consistent with the nonreacting results in Figs. 4(a)
and 4(b). There are some changes in these pdfs with Y, particularly in the right tails for small
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FIG. 9. Conditional pdfs of χ /μχ (Y ) for (a) F1, (b) F3, and (c) F5. Insets show conditional pdfs of [ln(χ ) − μ̃χ (Y )]/σ̃χ (Y );
dashed black lines show Gaussian distributions (corresponding to log-normal distributions of χ ).

IT, although the variations are relatively weak. The most pronounced changes with IT and Y
are observed for ln (χ ) (insets of Fig. 9). For all IT, the right tails of these pdfs are below the
Gaussian distribution. The left tails become increasingly far from the Gaussian distribution as
Y → 0, resulting in negative skewness. Figure 9 also shows that variations in the pdfs with Y become
smaller for high IT.

The pdfs of ln (χ ) for small IT and small Y (inset of Fig. 9(a)) are consistent with a Gaussian
distribution for χ . In log coordinates, such a distribution has a stretched and slightly curved left tail,
in agreement with the observed results. As IT increases, this Gaussianity is lost and the left tails
increasingly conform to the nonreacting distribution shown in the inset of Fig. 4(c). It is emphasized,
however, that Fig. 9 indicates that the log-normal distribution is, in general, not an accurate model
for χ pdfs in the present premixed flames. For all IT, the pdfs of ln (χ ) are characterized by negative
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FIG. 10. Second through fourth conditional central moments of � (a)–(c), ε* (d)–(f), and χ (g)–(i) as a function of Y for F1,
F3, and F5. Results from nonreacting simulations (NR5, see Table III) are shown by dash-dot lines, and Gaussian values of
0 (for skewness, sf) and 3 (for kurtosis, kf) are shown by dashed lines. Legend is in the center panel (e).

skewness and departures from Gaussianity (corresponding to departures of χ from log-normality),
consistent with previous observations in both nonreacting3, 4, 6, 14 and reacting27–32 flows.

E. Conditional central moments

As noted in Sec. III C, the normalized standard deviation, σ ′
f , skewness, sf, and kurtosis,

kf, provide quantitative measures by which departures from Gaussianity can be measured. For
the reacting flow simulations, we consider conditional values of these moments given by σ ′

f (Y )
≡σ f (Y )/μ f (Y ), sf (Y ) ≡ 〈[ f − μf (Y )]3|Y〉/σ f (Y )3, and kf (Y ) ≡ 〈[ f − μf (Y )]4|Y〉/σ f (Y )4.

Figure 10 shows conditional moments of �, ε*, and χ as a function of both IT and Y. As in
Table III, the moments are calculated separately in each snapshot and then averaged over all snapshots
to obtain the values shown in Fig. 10. The moments of � in Figs. 10(a)–10(c) depart substantially
from the Gaussian values at all Y, which is indicative of strong intermittency. The moments are,
however, similar to the nonreacting values in Table III for Y → 1 at small IT, and at essentially all
Y for higher IT. This confirms the observation from Fig. 7 that the � pdfs are more stretched and
intermittent for small Y and low IT, but that the pdfs become increasingly similar to their nonreacting
forms with increasing Y (towards the reactants) and IT.

The conditional moments of ε* in Figs. 10(d)–10(f) show weaker variations with both Y and
IT. The moments are similar to the nonreacting values from Table III for all Y at high IT. A slight
increase in sε∗ (Y ) and kε∗ (Y ) is seen for low IT at Y ≈ 0.5 in Figs. 10(e) and 10(f), but the change is
relatively weak, particularly when compared to the large variations in s�(Y ) and k�(Y ) with both Y
and IT shown in Figs. 10(b) and 10(c).

The greatest variations with Y and IT are seen in the conditional moments of χ in Figs. 10(g)–
10(i). For each IT, the moments are largest in the preheat zone, and the moments increase at all Y with
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and Gaussian values s̃χ (Y ) = 0 and k̃χ (Y ) = 3 (corresponding to log-normal distributions of χ ) are shown by dashed lines.

increasing IT. This suggests that the strongest intermittency in χ is observed for high IT and in the
preheat zone. For the lowest IT examined here (F1), however, the third and fourth moments approach
the Gaussian values sχ = 0 and kχ = 3 within the reaction zone, consistent with the Gaussian pdfs
seen in Fig. 9(a). Once again, this is indicative of substantially reduced intermittency in the reaction
zone for small IT.

The insets of the conditional pdfs in Figs. 7 and 8 indicate that the pdfs of ln (�) and ln (ε*) do
not vary much with either Y or IT, and that the pdfs are negatively skewed compared to Gaussian
distributions. The insets in Fig. 9 show, however, that there are large variations in the pdfs of ln (χ )
with Y and IT. Figure 11 shows that, in the preheat zone, the conditional skewness, s̃χ (Y ), and
kurtosis, k̃χ (Y ), of ln (χ ) are only close to the Gaussian values for high IT (F5). The moments for F1
and F3, by contrast, are substantially different from the Gaussian values in most of the preheat zone.
In the reaction zone, significant departures from Gaussianity are observed for all IT. Variations of
the ln (χ ) moments with Y and IT in Fig. 11 thus indicate that the log-normal model provides a poor
description of the χ statistics in the reaction zone for all IT, and is only reasonably accurate in the
preheat zone for high IT. As noted in Sec. IV D, the statistics of χ in the reaction zone for low IT are
more accurately described using a Gaussian distribution.

F. Distributions of the internal flame structure

The intermittency of χ is closely connected to the intermittency associated with the local
structure of the flame. As discussed in Ref. 22, the internal widths of flamelets within the turbulent
flame brush are given by the separation between isosurfaces of Y. Such local widths are connected
to χ and are proportional to δt = (χ iχ i)−1/2,22 where χ i is the gradient of Y. The true local flame
width must also account for the increment in Y and can be written as ≈δt�Y. The internal flame
structure is broadened relative to the corresponding laminar flame width, δl(Y ), if δt/δl(Y ) > 1.
Similarly, the flame is thinned if δt/δl(Y ) < 1. An analysis of the first-order statistics of δt in
Ref. 22 has shown that the flame is, for sufficiently high IT, substantially broadened in the preheat
zone. The reaction zone is, however, only slightly broadened, even for the highest value of IT

examined here (F5).
The study of these first-order statistics can be extended by considering distributions of δt/δl(Y )

throughout the flame. These distributions are particularly important because locally and instanta-
neously extreme configurations (e.g., very broad or thin flames) may affect the onset of transient
events such as DDT or extinction. Pdfs of δt/δl(Y ) in Fig. 12 show that, for all IT, there is a higher
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FIG. 12. Conditional pdfs of log10[δt/δl(Y )] for (a) F1, (b) F3, and (c) F5, where δt is the internal width of the turbulent
flames and δl(Y ) is the corresponding laminar flame width.

probability of obtaining locally broadened flames, as opposed to thinned flames, for all values of
Y and IT. Consistent with prior results in Ref. 22, there is greater flame broadening in the preheat
zone than in the reaction zone. Variations in the average flame width are also indicated by Fig. 12;
the peaks in the pdfs of δt/δl(Y ) shift from large values in the preheat zone (flame broadening) to
laminar values in the reaction zone, consistent with prior results.22

Variations in the distributions of δt/δl(Y ) are connected to changes in the intermittency of χ

shown in Figs. 9 and 10. In particular, the intermittency of χ is larger in the preheat zone than in the
reaction zone, and the intermittency increases at all Y with increasing IT. Figure 12 shows that these
variations, which are linked to changes in the interactions between turbulence and the flame, have a
corresponding effect on the internal structure of the flame.

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:

138.195.69.131 On: Thu, 23 Apr 2015 12:48:58



075111-18 Hamlington, Poludnenko, and Oran Phys. Fluids 24, 075111 (2012)

V. DISCUSSION

As shown in Sec. III, the statistics and intermittency of �, ε*, and ζ in simulations of nonreacting
homogeneous isotropic turbulence are consistent with results from prior numerical and experimental
studies of a wide range of flows. Statistics from the reacting flow simulations in Sec. IV indicate,
however, that there are substantial changes in the intermittency with both turbulence intensity and
location in the flame. These changes reflect variations in turbulence-flame interactions with IT and
Y, and also affect the structure and evolution of the flame, as well as the accuracy of the log-normal
model in reacting flows.

A. Turbulence intermittency

There are substantial variations in the intermittency of both � and ε* with IT and location in the
flame, as shown in Figs. 7 and 8. For high IT, the intermittency of � and ε* is relatively unaffected
by the flame, which is consistent with prior observations of low-order statistics in premixed reacting
flows.22, 52 This invariance is indicated by the similarity of pdfs of � and ε* for all values of Y to the
corresponding nonreacting pdfs in Figs. 4(a) and 4(b). For low IT, however, � is more intermittent
near the products than the reactants. Consequently, fluctuations about the mean increase from the
reactants to the products, even though the mean itself is suppressed in the flame due to dilatational
effects from heat release.22, 52–54 The intermittency of ε* is weaker than that of �, and there are also
weaker variations in the intermittency of ε* with both IT and Y.

These properties of � and ε* can be understood from the interactions between turbulence and
flames in premixed reacting flows. It was found in Ref. 22 that for low IT, the magnitudes of ωi and
Sij (and, by extension, � and ε*) are, on average, suppressed by the flame, and that χ i has properties
similar to those of a laminar flame. For high IT, however, ωi and Sij are only weakly affected by the
flame, and χ i begins to resemble a passive scalar gradient. Similar results have also been observed
in other studies55–58 of premixed reacting flows.

Although variations in the mean values of � and ε* are partly responsible for changes to the
intermittency, they are not enough to completely explain the dependence of the intermittency on IT

and Y. An additional piece of the puzzle comes from the anisotropic suppression of � by the flame,
which has been discussed in Ref. 22. The origin of this anisotropic suppression can be understood
by decomposing Sij into two components, one due to turbulence and one due to the flame,22

Si j = ST
i j + ni n j SF , (9)

where ST
i j is the turbulent strain rate, ni = χ i/(χ jχ j)1/2 is the local flame direction, and SF is the

strength of the dilatational strain rate imposed by fluid expansion in the flame. Equation (9) is
obtained by assuming that the strain rate due to the flame always acts normally to isosurfaces of Y. In
Ref. 22, SF was set equal to the strain produced by a laminar flame corresponding to the parameters
in Table I, although for weakly compressible turbulence (as in F1), we can also write SF ≈ Skk.

An important consequence of the second term in Eq. (9)—that is, the flame-normal dilatational
strain—is that suppression of � by the flame is anisotropic. For statistically planar flames, this
contributes to a preferred orientation of intense vortical structures perpendicular to the flame front,
as observed by Tanahashi et al.59 A mechanism for the creation of this anisotropy was described in
Ref. 22, where it was shown that vorticity that is locally oriented in the direction of ni is relatively
unsuppressed by the flame. This can be seen from the transport equation for ωi, which can be written
using Eq. (9) as22

Dωi

Dt
≈ ω j ST

i j − Skk[ωi − (ω j n j )ni ], (10)

where D/Dt ≡ ∂/∂t + uj∂/∂xj, we have used SF ≈ Skk, and we have neglected terms due to baroclinic
torque and viscous diffusion. The first term on the right side of Eq. (10) represents vortex stretching
by the turbulent strain rate, while the second term represents dilatation due to the flame. Multiplying
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Eq. (10) by ωi then gives a transport equation for � as

D�

Dt
≈ ωiω j ST

i j − 2�Skk[1 − (ω̂ j n j )
2], (11)

where ω̂i ≡ωi/(ω jω j )1/2 and we assume � ≈ ω2/2. Since the fluid expands through the flame and
Skk > 0, the last term is typically negative, resulting in a reduction of �. When ωi and ni are perfectly
aligned, however, the second term in Eq. (11) is zero and there is no suppression of � from dilatation.
The suppression of � thus depends on the relative alignment between ωi and ni, and is therefore
anisotropic.

Anisotropic suppression of � may provide an explanation for the variations in turbulence
intermittency in premixed reacting flows. In particular, anisotropic suppression allows some vortical
structures to pass relatively unsuppressed through the flame, while generally suppressing all other
vorticity. This reduces the mean value of � in the flame,22 while also substantially increasing the
intermittency due to the presence of some remaining intense structures. These two effects combine
to produce strong intermittency in � for low IT within the reaction zone, consistent with the highly
stretched pdfs of � shown in Fig. 7(a). The intermittency is most pronounced for low IT and in
the reaction zone, and this is where the anisotropic suppression from Eq. (11) is strongest.22 As IT

increases, anisotropic suppression becomes weaker and the variations in the intermittency through
the flame are reduced. The less pronounced variations in the intermittency of ε* through the flame
may be due to the indirect connection between ε* and vortical structures in turbulent flows. In
particular, it was previously observed by Donzis et al.8 that while large values of ε are indeed
typically associated with high �, intense enstrophy does not always result in intense dissipation.
Thus, the anisotropic suppression of � has a weaker, less direct effect on distributions of ε*. The
dissipation rate is also affected by fluid expansion in the flame, which introduces a mean velocity
gradient ∂〈u〉yz/dx within the flame brush (where 〈 · 〉yz denotes an average over y–z planes). This
mean gradient makes no direct contribution to �, but may impact distributions of ε*. It should be
noted that anisotropic suppression of � may also combine with anisotropic generation by the flame
along ni due to curvature or other effects,60 and the relative contributions of the suppressing and
generating processes deserve further consideration in the future.

The anisotropic suppression explanation for variations in the intermittency of � can be tested
by integrating a reduced form of Eq. (10). In the limit where ST

i j is small with respect to SF—which
is approximately the case in the reaction zone for low IT (e.g., F1)—we assume that the first term on
the right side of Eq. (10) can be neglected. Also considering a “frozen” vorticity field that does not
advect, we obtain a reduced transport equation for ωi as

dωi

dt
≈ −Skk[ωi − (ω j n j )ni ]. (12)

For prescribed Skk and ni, Eq. (12) can be integrated forward in time given an initial ωi field. From
the resulting evolution of ωi, pdfs, and hence the intermittency, of � can be calculated.

Using this idealized approach, Figure 13 shows that the intermittency of � from Eq. (12)
increases in time under the influence of anisotropic suppression. In Fig. 13 we use constant Skk

and ni, and use a homogeneous isotropic ωi field from NR3 as the initial condition. Integration of
Eq. (12) is carried out separately at each point in the field. All vorticity not aligned with ni is
suppressed, while initial vorticity aligned with ni does not change (this can be understood by noting
that when ω̂i ni =1, the right side of Eq. (12) is zero). This gives an increasing suppression of μ� in
time, along with an increase in intermittency due to the remaining unsuppressed vorticity.

B. Intermittency in the scalar dissipation rate

Intermittency in χ is connected to the evolution of the flame and distributions of the local flame
structure (as discussed in Sec. IV F). Figure 9 shows that, for all IT, intermittency in χ is greatest
near the reactants. For sufficiently high IT (e.g., F5), there is also significant intermittency near the
products. The range of observed χ /μχ in Fig. 9 increases with IT for all Y, consistent with the
increase shown in Fig. 4(c) for the simulations of nonreacting passive scalar evolution.
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FIG. 13. Time variation of pdfs of �/μ� resulting from integration of Eq. (12) using constant ni and Skk, with an initially
homogeneous isotropic vorticity field from NR3. Pdfs are calculated from Skkt = 0 (blue) to Skkt = 2 (red).

These variations in the intermittency of χ are associated with the balance between production
of χ by turbulent straining and reduction of χ by molecular diffusion. When IT is high, turbulent
straining is strong, large values of χ are produced by the turbulence, and the intermittency increases.
As IT decreases, turbulent straining becomes less effective at producing large χ , as compared
to reduction by molecular diffusion, resulting in decreased intermittency in both the reacting and
nonreacting cases. Variations in the intermittency of χ through the flame can be similarly understood,
since dilatation by the flame reduces the strength of turbulent straining, while the strength of
molecular diffusion increases due to the increasing temperature. These two effects combine to give
weak production of χ , resulting in less intermittent χ fields within the reaction zone, as shown
in Fig. 9. The anisotropic suppression of vorticity by the flame may play an additional role in
reducing the intermittency of χ in the reaction zone. Vortical structures that are most effective in
creating large fluctuations in χ—namely, structures that are perpendicular to the flame normal—are
strongly suppressed, while structures that have little effect on χ—those that are parallel to the flame
normal—are relatively unsuppressed.

For low IT, Fig. 9 further shows that pdfs of χ are approximately Gaussian in the reaction zone.
For the lowest value of IT examined here (F1), χ is essentially non-intermittent near the products,
but shows significant intermittency near the reactants. These variations are due, in part, to changes
with IT in the scale of the turbulence interacting with the flame. As shown in Ref. 22, the flame
suppresses � and ε* (on average) within the reaction zone. This, in turn, suggests that small-scale
turbulence is suppressed, since � and ε* are measures of small-scale motions. Consequently, for
low IT, the flame primarily responds only to large-scale turbulent motions within the reaction zone.
The large-scale turbulence is approximately Gaussian due to the forcing described in Sec. II, and the
fluctuations in χ for low IT and within the reaction zone may reflect these Gaussian statistics. These
results thus suggest that, for low IT, there may be an imprint of large-scale turbulence on fields of χ .
That is, suppression of small-scale turbulence by the flame may expose properties of the large-scale
turbulence generation mechanism.

C. Log-normality in reacting flows

The log-normal distribution has been proposed as a model for turbulence intermittency and
it has been used to represent the statistics of χ in turbulent combustion models.36 Figures 7 and
8 show that, as in nonreactive turbulence, the log-normal model (represented by a Gaussian in
log coordinates) fails to capture the negative skewness of both ln (�) and ln (ε*) in premixed
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reacting flows. Fluctuations of ln (χ ) are also negatively skewed, consistent with results from prior
studies of various reacting flows.27–32 Contrary to the statistics of ln (�) and ln (ε), which are only
weakly dependent on IT and Y, the statistics of ln (χ )—and, hence, the accuracy of the log-normal
model—depend on IT and Y (as shown, for example, in Fig. 11). Consequently, not only does the
log-normal model provide a relatively poor approximation for the intermittency of χ , but it also does
not predict the dependence of the intermittency on IT and Y.

Since log-normality is only one of several possible models for turbulence intermittency,10, 26

comparisons with different modeled forms deserve future consideration. The negative skewness of
ln (χ ) shown in Fig. 9 has been observed and discussed in previous studies of scalar dissipation,
including in both nonreacting3, 14 and reacting27–32 flows. Su and Clemens14 have provided a sys-
tematic analysis of the negative skewness, and ultimately conclude that it is a physical feature of
pdfs of the scalar dissipation. This skewness has been represented previously3, 27 using exponential
distributions for the left tails of the ln (χ ) pdfs, and examination of these and other distributions is a
possible direction for future research. The present results further suggest that improved models for
the statistics of χ and ln (χ ) must additionally include a dependence on IT and Y.

D. Resolution and Reynolds number effects

As discussed in Sec. III, changing the resolution of the simulations results in changes to the
effective Reynolds number. Since intermittency is Reynolds number dependent, we thus expect
changes to the measured statistics with varying resolution, even for the same IT. Despite these
expected quantitative changes, however, we can check whether the qualitative trends and insights
obtained in the present study are independent of resolution.

We have carried out an additional higher resolution simulation of the intermediate value of IT

examined here (F3). The resolution has been increased by a factor of two in each spatial direction,
giving Nx × Ny × Nz = 4096 × 256 × 256 computational grid points. As in the lower resolution
simulations, turbulence is allowed to develop for 2τ ed prior to ignition, and the analysis of the data
begins another 2τ ed after ignition. The analysis is then carried out over 1.5τ ed. Due to the higher
resolution and associated computational demands, only one realization of the flow evolution is used
in the analysis.

Figure 14 shows pdfs of �, ε*, χ , and the local width δt/δl(Y ) through the flame. As in the lower
resolution results in Figs. 7(b) and 9(b), the intermittency of � and χ varies through the flame, with
the greatest intermittency occurring for � near the products and for χ near the reactants. Once again,
the intermittency of ε* undergoes weaker changes through the flame. The flame width in Fig. 14(d)
is generally broadened, and the extent of broadening is greatest in the preheat zone, consistent with
the lower resolution results in Fig. 12(b). The insets of Figs. 14(a)–14(c) show that the disagreement
between log-variable pdfs and Gaussian distributions is nearly identical to that found in the lower
resolution simulations.

There are quantitative differences between the results in Fig. 14 and Sec. IV due to the varying
Reynolds number. In particular, the pdfs of � and ε* are slightly more stretched in the higher
resolution simulation as a result of the lower numerical viscosity and, hence, higher effective
Reynolds number. The increase in intermittency with Re has also been observed in prior DNS
studies.8 Nevertheless, the results in Fig. 14 show that the qualitative variations of intermittency
through the flame are independent of resolution, thus indicating that the lower resolution simulations
studied here are sufficient to gain insights into intermittency in premixed reacting flows.

It should be noted that in a realistic premixed reacting flow, the temperature increase from the
reactants to products would result in an increase in the physical viscosity and a decrease in the
Reynolds number. Since the present study uses numerical viscosity, which is largely temperature
independent, this variation of the Reynolds number through the flame and its subsequent effect
on the intermittency are not captured. The presence of physical viscosity, however, is likely to
have only quantitative, rather than qualitative, effects on the trends presented here. In particular,
the change in physical viscosity would act to decrease the mean vorticity of the flow passing
through the flame, similar to the effects of fluid expansion by the flame. This change would not
affect, however, the anisotropic vorticity suppression discussed in Sec. V A, which is responsible
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FIG. 14. Conditional pdfs of (a) �/μ�(Y ), (b) ε∗/με∗ (Y ), (c) χ /μχ (Y ), and (d) δt/δl(Y ) for the high resolution simulation
of F3. Stretched exponentials (black lines) in (a) and (b) are taken from the lower resolution nonreacting results in Figs. 4(a)
and 4(b). Insets in (a)–(c) show pdfs of log variables and dashed black lines show Gaussian distributions.

in part for the enhancement of the intermittency associated with � and, to a lesser extent, ε* from
the reactants to products. By not including physical viscosity, the effects of fluid expansion and
anisotropic vorticity suppression on intermittency can be studied in isolation from changes due to
the viscosity. Furthermore, the observed independence of the intermittency of � and ε* on location
in the flame at high turbulence intensities would also not be affected by physical viscosity. Once
the Kolmogorov scale becomes much smaller than the flame width, the variation in the Kolmogorov
scale between reactants and products has only a small dynamical effect. It is nevertheless important,
however, to assess in the future the quantitative impact of temperature-dependent physical viscosity
on intermittency in reacting flows.

VI. SUMMARY AND CONCLUSIONS

We have studied intermittency in premixed flames by evaluating pdfs and moments of the
local enstrophy, �, pseudo-energy dissipation rate, ε*, and scalar dissipation rate, χ . The analysis
is based on numerical simulations of statistically planar flames in an unconfined domain at three
different turbulence intensities, denoted IT. The reaction-diffusion model used in the simulations
represents stoichiometric H2-air combustion and the reactants are initially at atmospheric conditions.
Simulations of homogeneous isotropic turbulence with a nonreacting and conserved passive scalar
have also been carried out in order to validate the numerical method and allow comparisons with
the reacting flow results. Statistics from the nonreacting simulations are in close agreement with
results from prior numerical4–9 and experimental1–3 studies of homogeneous isotropic turbulence
and passive scalar evolution. This consistency indicates that the numerical method outlined in
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Sec. II is adequate for gaining insights into the intermittency of reacting turbulence using the present
simulations.

The reacting flow simulations show that there are substantial changes in the intermittency with
both IT and location in the flame. The latter dependence is studied using conditional statistics based
on local, instantaneous values of the reactant mass fraction, Y. For low IT, the intermittency of �

varies substantially through the flame, with stronger intermittency near the products. Changes in
the intermittency of ε* are, however, less pronounced. As IT increases, the intermittencies of both
� and ε* become increasingly independent of flame position and are similar to results from the
nonreacting simulations. The intermittency of χ is largest near the reactants and increases at all
flame locations with increasing IT. For low IT, however, pdfs of χ in the reaction zone approximately
follow a Gaussian distribution, indicative of substantially reduced intermittency. Deviations from
log-normality are observed for all quantities.

Anisotropic suppression of � by the flame has been used to explain the increased intermittency of
� near the products for low IT. This mechanism suppresses essentially all vorticity except that which
is nearly exactly aligned with the direction of the local flame normal. Changes in the intermittency
of χ are due to the changing balance between turbulent straining and molecular diffusion with IT

and location in the flame, as well as the suppression of small-scale turbulence by the flame. The
latter effect is particularly pronounced in the reaction zone and for low IT, where the flame interacts
primarily with large-scale turbulence. Variations in the intermittency of χ have a corresponding
effect on distributions of the local flame structure. In particular, the probability of obtaining broad
local flame widths relative to the laminar flame is greatest for high IT and in the preheat zone at all
IT.

The present study suggests a number of possible directions for future research. Comparisons
with the log-normal model suggest that improved models for turbulence intermittency are required in
order to accurately predict the occurrence of extreme values of �, ε*, and χ—such extreme values
may be important for understanding the onset of DDT, extinction, and re-ignition. The present
results further suggest that improved models should take into account variations in the intermittency
with IT and location in the flame. Also, the pdfs of χ for low IT and in the reaction zone indicate
that the large-scale turbulence generation mechanism may affect the intermittency properties of
reacting flows. It is thus of interest to consider different turbulence driving mechanisms, for instance
involving non-Gaussian distributions and non-Kolmogorov spectra. In order to understand reacting
flow intermittency more generally, it is also important to examine how the intermittency changes for
different fuel mixtures (such as methane-air) and off-stoichiometric conditions. Finally, insights from
the present numerical approach, which uses numerical viscosity, should be examined in the future
using calculations with temperature-dependent physical viscosity. This will allow the variations in
intermittency observed here to be examined together with variations due to changes in the Reynolds
number through the flame.
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