Pergamon

PII: S0360-1285(98)00002-1

Prog. Energy Combust. Sci. Vol. 24, pp. 259-296, 1998
© 1998 Elsevier Science Ltd

Printed in Great Britain. All rights reserved
0360-1285/98 $19.00
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Abstract—A summary is made of the present state of knowledge of turbulent gas—solid flow modeling and in
particular its application to circulating fluidized bed combustion chambers. Models are presented to close the set
of equations describing isothermal non-reacting turbulent gas—particle flows applied to fluidization, and it is
shown under which assumptions the models can be derived. With the kinetic theory of granular flow, transport
equations for the velocity moments and closure laws for the stress tensor and the energy flux are derived for the
particle phase. Closure equations for the drift velocity and for the fluid—particle velocity correlation tensor are
presented, first based on algebraic models and, second, based on transport equations with the fluid—particle joint
probability density function. An alternative derivation of the fluid—particle velocity covariance transport equation
is compared to the formulation based on the fluid—particle joint probability density function. Two-way coupling is
discussed, and a transport equation for the second-order velocity moments is used to derive a two-equation model
accounting for the modulation of gas phase turbulence by particles. Boundary conditions for the set of equations
describing a turbulent gas—solid flow are discussed. Provided that the domain of applicability of the models is
known, a discussion on the usefulness of the models is given, as well as an application to fluidization and
especially to circulating fluidized bed combustors. Prospects for improvement of the existing models are
presented. © 1998 Elsevier Science Ltd. All rights reserved.
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NOMENCLATURE

List of symbols

a,a',a,—as coefficients for wall boundary conditions

b-bg coefficients for wall boundary conditions

B,-B; coefficients for wall boundary condmons

a;; second-order coefficient (m sec )

Qiim third-order coefficient (m? sec =)

a™x,n coefficient of order n

Cp drag coefficient for a sphere in a suspen-
sion

CY) collisional rate of change for ¥

Cg constant in equation for 7},

C, constant in e; equation

C,, constant in e; equation

C, constant in k,—e | model

Ce, constant in e, equation

ciC local instantaneous veloc1ty of a particle
before collision (m sec ")

¢’ local instantaneous veloc1ty of a particle
after collision (m sec ™)

C,C fluctuation velocity of a particle (m sec™)

d, particle diameter (m)

d,-d; coefficients for wall boundary conditions

dw,; random vector (sec'?)

dw,,; random vector (sec'?)

D dispersion or diffusion tensor (m” sec™')

% dlffusnon coefﬁcnent for k, equation

(m?sec™)

D,, diffusion coefﬁcnent for e, equation
(m2 sec” )

D’mi binary dispersion tensor (m%sec™)

e, ey particle—particle and wall—particle resti-

tution coefficient

parameter function

normal distribution function (m ~° sec?)
smgle partlcle distribution function

(m™® sec )

pair distribution function (m™"* sec %)
ﬂuld—pamcle joint probability density
function (m ~° sec®)

external force acting on a particle per mass
unit (N kg~ b

gravitational acceleration or relatxve velo-
city before collision (m sec™ 2 or msec™")
relative velocity after collision (m sec™ h

-12

12ij

parameter function

radial distribution function

one-point statistics function (sec™ )
one-point statistics function (sec ™)
Hermite polynomial of order n

interfacial momentum transfer (N m )
collision impulse force (N)

particle collision unit vector

ﬂuctuauon kinetic energy in phase k

(m2 sec” )

ﬂuld—pamcle fluctuation kinetic energy
(m%sec™?

partlcle turbulent diffusion coefficient
(m2sec™)

collisional diffusion coefficient (m? sec™")
fluid Eulerian integral scale (m)

mass of a single particle (kg)

momentum supply per unit area of the wall
(Nm™)

moment of order p for phase k (m” sec ™)
fluid—particle fluctuation tensor of order p
(m” sec™)

number of particles per unit volume (m )
normal unit vector associated with gas
phase

normal component of M; (N m'z)

local instantaneous pressure of undis-
turbed flow (Pa)

mean pressure in the gas phase (Pa)
mean pressure in the particle phase (Pa)
energy rate supply per unit area of the wall
(Im “sec” )

Lagrangian correlation tensor

fluid Lagrangian tensor along particle tra-
jectories

tangential component of M; (N m %)
strain rate tensor of phase k (sec™ b}
deviatoric part of the strain rate tensor of
phase k (sec™ Y

fluid—particle strain rate tensor (sec” D)
deviatoric part of the fluid—particle strain
rate tensor (sec ')

time (sec)



Greek letters

oy
Oy

Bo

T”j

!
T12ij
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granular temperature (m2 sec'z)

local instantaneous velocity of phase &
(m sec” ')

fluctuation velocity of phase k (m sec™")
local instantaneous velocity of undisturbed
flow (m sec _')

fluctuating velocity of gas phase (m sec™')
fluctuating velocity of gas phase seen by
the particles (m sec™')

fluctuating relative velocity (m sec™)
friction velocity (m sec™!)

fluid particle drift velocity (m sec ™)
mean mixture velocity (m sec™")

mean fluid particle relative velocity

(m sec “‘)

mean velocity of phase k (m sec ')
spatial coordinate (m)

trajectory of a fluid particle (m)
trajectory of a particle (m)

phase indicator function

loading

mass fraction of particle phase

mean volume concentration of phase k
maximum volume concentration of parti-
cle phase

wall-particle tangential coefficient of
restitution

Dirac function associated with gas phase
Kronecker’s symbol

dissipation of gas phase turbulent kinetic
energy (m’ sec %)

turbulence efficiency to entrain particles
stress tensor of phase k (N m™2)

flux term for collisional rate of change for
¥

laminar viscosity of gas phase (Pa sec)
dynamic viscosity of particulate phase
(Pa sec)

wall-particle friction coefficient
kinematic viscosity of gas phase
(m?sec™")

collisional viscosity of particle phase
(m2 sec” I)

turbulent viscosity of phase k (m® sec™')
fluid—particle turbulent viscosity

( m? sec™’ )

bulk viscosity in particle phase (Pa sec)
density of phase & (kg m™>)

mixture density (kg m )

interaction term in k, transport equation
(m? sec ™)

interaction term in € transport equation
(m®sec ™)

interaction term in k,, transport equation
(kg m™' sec™)

effective Prandtl number in & transport
equation

effective Prandtl number in ¢, transport
equation

local instantaneous stress tensor in gas
phase (N mY

effective stress tensor in phase k (N m™2)
time (sec)

local instantaneous shear stress tensor in
gas phase (N m ™)

Lagrangian integral time scale for phase &
(sec)

fluid integral time scale along particle
trajectories (sec)

time scale of large scales in gas phase (sec)

T2 particle relaxation time (sec)

72 eddy life time seen by a particle (sec)

ks characteristic collision time (sec)

x(¥) source term for collisional rate of change
for

¥, ¥ transported property before and after col-
lision, respectively

Subscripts

1 related to the gas phase or particle 1

2 related to the particulate phase or particle 2

k related to phase k

kij...p tensor indices ij...p related to phase k

@ij...p) sum of all possible permutations on
indices §j...p

Superscripts

! fluctuation component related to present
phase

" fluctuation component in gas phase seen
by particle phase

~ non-disturbed flow

Special notation

< > general averaging operator

< >, averaging operator associated with phase &

I norm of vector

ad partial derivative

d/dr ordinary time derivative

DDt a/dt + U, dlox;

det determinant

Dimensionless groups

Re = luld v, particle Reynolds number
St = 7],/ Stokes number

Ut =U,’ velocity in wall layer

y* = yurly, distance from the wall

1. INTRODUCTION

With the development of the performance of com-
puters during the last few years and in anticipation of
further increases in computing power, new possibilities
are emerging of treating complex computational tasks
like, for example, numerical computations of turbulent
gas—solid flows. The present work aims at establishing
the fundamentals for numerical calculations of turbulent
gas—solid flows. A survey is made of available
information for the formulation of the two-phase flow
transport equations. The formulation is general and
therefore applicable to any turbulent gas—solid suspen-
sion, but it is focussed on the requirements posed by the
computation of the flow in a circulating fluidized bed
(CFB) combustor. The application to CFB combustors
specifically is treated in the final section.

There are two main applications of CFB technology,
circulating fluidized beds for catalytic cracking (FCCs)
and circulating fluidized bed combustors (CFBCs),
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Fig. 1. A CFB combustor (Lurgi type with an external heat
exchanger).

which both consist of vertical risers in which air is
introduced at the bottom to elevate (fluidize) particles.
Despite the similarities of the two CFB applications,
there are significant differences in their design and in
their gas—solid flow patterns.! An FCC is characterized
by a circular cross-section, a high height-to-diameter
ratio (over 20), a small mean particle diameter (about
60 pm), high fluidization velocities (up to 20 m sec ™' at
the top) and high recirculation rates (over
300 kg m~2 sec™"). On the contrary, a CFBC is most
commonly built with a rectangular cross-section, and has
a low height-to-diameter ratio (under 10), a large mean
particle diameter (about 100-300 um), low fluidization
velocities (less than 6 m sec™") and low recirculation
rates (less than 30kgm~2sec™'). More precisely, a
CFBC is a device where solids, Geldart Group B (with a
particle size distribution from 100 ym to 1 mm and an
average particle density of 2000—2600 kg m™),% are
transported vertically by a gas through a combustion
chamber. The solids are captured at the exit by a
separator (usually a cyclone) and reintroduced near the
bottom of the combustion chamber, whereas the gas
leaves the cyclone through an outlet duct and the
convective pass, as shown in Fig. 1. The recirculation
part of the boiler, also called the return loop, is composed
of the cyclone, a return leg, a particle seal and sometimes
a heat exchanger. The fluidizing gas is introduced at the
bottom of the combustion chamber through nozzles (or a
gas distributor plate) and secondary air can be injected at
different heights. Fuel is fed to the bottom part of the
combustion chamber through a fuel chute. The flow
pattern of the bed material (fuel, ash, sand and possibly
limestone) is characterized by a vertical distribution of
the particle concentration. This vertical distribution
consists of three interacting zones: (1) a bottom bed
with constant time-averaged solid concentration, (2) a
splash zone with an exponential decay of particle
concentration in height, and (3) a transport zone, also
with an exponential decay, but with a lower decay value
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than in the splash zone. The set of equations presented in
this work is valid for isothermal flows; the small
temperature gradient observed in the combustion
chamber of a CFBC (850 = 20°C under normal
operating conditions), except near the walls, makes this
approach a suitable one, and useful results can be
obtained from simulations.>*

In the derivation of the differential equations describ-
ing the particle phase (the discrete phase), two formu-
lations are possible: the Lagrangian formulation or the
Eulerian formulation. The Lagrangian formulation gives
an accurate description of the motion of a single particle
(rotation of the particle, collision with another particle
and so on), but the major difficulty is to describe how the
particle sees the gas turbulent field along its trajectory
and to accurately predict the forces applied to a particle
in a suspension. In addition, the number of particles
which can be employed in a numerical computation is
limited by the available computer capacity. Conse-
quently, most Lagrangian simulations have been carried
out in small scale, experimental units. Some recent
advances in Lagrangian simulations are due to, for
example, Kawaguchi et al.’ and Hoomans et al.,* who
simulated a single rising bubble in a two-dimensional
fluidized bed, and Yonemura et al,” who studied
numerically the effects of the physical properties of
particles on the structure of particle clusters. In the
present work, the FEulerian/Eulerian formulation is
chosen, which means that both phases are described by
a Eulerian formulation. In the Eulerian formulation, the
statistical treatment necessary to produce two inter-
penetrating continua introduces interfacial terms, stress
tensors and turbulent correlations that must be modeled.
Models for the stress tensors and the turbulent correla-
tions are given in this paper, whose aim is to review these
models and discuss their application to the field of
fluidization.

1.1. Fundamental Equations and Scope of This Study

A detailed derivation of the Eulerian/Eulerian for-
mulation can be found, for example, in Enwald ef al.®
The main points of this derivation are repeated here as a
reminder. A general averaging operator, < >, satisfying
the Reynolds axioms, is applied to the local instanta-
neous continuity and momentum equations. These
equations are treated beforehand with the phase indicator
function, Xi(x,f) (equal to 1 if phase k is present and
0 otherwise). In order to separate the average of products
into products of averaged values, weighted averaged
values are introduced: the phasic average,
<f>y, = <Xif >/<X;>, and the Favre average,
<f>x0 = <Xepif >/ <Xip;>. The average of the
phase indicator function is denoted oy = < X;>. A
Reynolds decomposition on the velocity and pressure
fields yields Uy = < Uy >xk‘,‘ + uk,-’ =U,+ uk;' and
pr=<pi>x +p'=Pc+p, where <u'>, =0
and < p,’' >; =0. From now on, the same index < >,
is used for all averaged quantities, where index k = 1
denotes the continuous phase and index k = 2 the
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discrete phase. The choice of the averaging operator has
been discussed extensively in the literature.® It can be
stated that, if the flow is homogeneous, the volume
average is a suitable operator that satisfies the Reynolds
axioms and, if the flow is stationary, the time average is a
suitable operator that satisfies the Reynolds axioms. If
the flow is homogeneous and stationary, all three
operators are equivalent (ergodicity hypothesis).

Applying the Reynolds decomposition to the local
instantaneous equations, the averaged continuity equa-
tion can be expressed as

d 9
'a—t(akpk) + a—xj(akPkUkj) =0 n
and the averaged momentum equation as
D, P, 9
P Ui = — o a_x,l - a—xj(@kij + oo My)
+ I + apigi, 2)

where the interfacial momentum transfer, /;, is given by
11,- = -—-Iz,-=a2p2U,,-/1’}2, with U,; and 1'?2 bemg the
mean relative velocity and the particle relaxation time,
respectively. The derivations for the interfacial terms
can be found in Peirano.! The mean relative
velocity is defined by U, = (U, — Uy;) — Uy, where
Ugi = <uy">, represents the correlation between the
fluctuating velocity of the continuous phase and the
instantaneous spatial distribution of the discrete phase.
This term, called the drift velocity, represents the disper-
sion of particles by the large scales of the fluctuation
motion in the continuous phase, large with respect to
the particle diameter.!’ To close the system, the drift
velocity, the stress tensors ®,; and the second-order
velocity moments My;= <uy'u,'>, in each phase
have to be modeled. The stress tensor in the gas phase
is modeled with the classical Newtonian strain-stress
relation, and therefore this matter is not discussed further
in the present work. The second-order velocity
moment of the discrete phase is modeled by the
kinetic theory of granular flow (Section 2). In this
work, Grad’s 13 moment method is used; the particle
velocity probability density function is expanded in
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series using Hermite polynomials which are written in
terms of the normal distribution function.'? This differs
from the original work of Jenkins and Savage,'> where
the particle velocity probability density function is
identified as the normal distribution function, a model
which has been numerically tested for bubbling fluidized
beds by Ding and Gidaspow.14 In the present review,
applications of the kinetic theory for dry (without an
interstitial gas) granular flow applied to gas—particle
flows (e.g. Ding and Gidaspow“) are not considered
(the reason for this is developed in Section 2). A
review of such applications is given by Sinclair.'’ The
drift velocity is modeled using a detailed study of par-
ticle dispersion in a turbulent flow field (Section 3). A
binary dispersion coefficient is introduced.'® The
second-order moment in the continuous phase is mod-
eled in terms of turbulent kinetic energy, with a modified
k—e model which takes into account the influence of the
particles (Section 4).

1.2. Characteristic Time Scales

In the formulation of the transport equations, several
characteristic time scales are defined. These time scales
are fundamental in the classification and the under-
standing of the dominant mechanisms in suspensions.
The characteristic time scale of the large eddies in the
continuous phase is defined in accordance with the k—e
model as 7| =C,k/e;, where C, = 0.09 and
ky= <uy'uy’ >, /2 is the turbulent kinetic energy
associated with the dissipation ¢;. The time of interaction
between particle motion and continuous phase fluctu-
ations is defined by

=701+ Cetp) ™', 3)

where £,=3IU,1/2k, and C; is a constant which
depends on the type of flow, but also on the direction.
This time scale is the Lagrangian integral time scale seen
by the particles (computed along the trajectory of the
particle). It depends mainly on the loss of correlation
due to the mean relative movement of the particles, or
the so-called crossing trajectories effect.'” Practically,

x
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1;‘2/11 coupling | two-way coupling . four-way coupling
) ’
2] 1 : . |
104101 | particles enhance .
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101 0% offectson | -—--—--------
| .
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Fig. 2. Classification of flow regimes for gas—solid flows according to Elgobashi.'
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this means that the time spent by a virtual fluid particle in
an eddy is not the same as the time experienced by a solid
particle, because of the mean relative velocity between
the two phases. The particle relaxation time is defined by

_ 4dp02
30y < Cp >, < lu >,

) @
where < Cp > , is the averaged drag coefficient for a
single particle in a suspension. It is calculated using
< Cp >, =f(<Re>,), where the mean Reynolds
number is defined by <Re >, = <lu,|>,d,/v,. The
norm of the instantaneous relative velocity is, according
to He and Simonin,'® approximated to < lu.|>% =
U.U;+ <u,;'u,;'>,. The particle relaxation time
represents the entrainment of the particles by the con-
tinuous phase. Therefore, the ratio 5 = 7i,/7], represents
the efficiency of turbulence to entrain particles. In the
frame of the kinetic theory, the particle—particle colli-
sion time is

d 172
B=o () ©)
24a2g0 Tz

where T, = < uy;'uy;' >, /3 is the granular temperature
and g, is a distribution function to be described later. 75
represents the time experienced by a given particle
between two consecutive binary collisions.

1.3. Classification of Gas—Solid Flows

Elgobashi'® proposed a classification for gas—solid
suspensions based on some of the previous characteristic
time scales, but also on the relative distance between the
particles, (x; —x;)/d,, and the Kolmogorov time
scale, 7¢ (Fig. 2). When the suspension is very dilute,
say o, < 1075, Fig. 2 shows that particles have no effect
on the turbulent motion of the continuous phase, but their
motion can be governed by the turbulent motion of the
continuous phase if their inertia is sufficiently small.
This is called ‘‘one-way coupling’’. When the particle
volume fraction is increased, say up to a; = 107>, the
effects of the presence of particles on the turbulent
motion of the continuous phase can be observed. This is
called ‘‘two-way coupling’’. In this region, turbulence
can be modified in two ways: it can be enhanced or it can
be damped. For a given volumetric fraction, turbulence
can be enhanced when the particle relaxation time is
increased (which means that the particle diameter is
increased; Eq. (4)). It is commonly accepted that when
the particle Reynolds number exceeds some critical
value, vortex shedding occurs and enhances (or pro-
duces) turbulent kinetic energy.?® On the contrary, when
the particle relaxation time is decreased, there is no
vortex shedding and energy is dissipated due to the work
done by the eddies to accelerate particles. Two-way
coupling has been observed experimentally.?! The two
mechanisms, vortex shedding and work done by the
eddies, are believed to be the dominant mechanisms for
turbulence modulation is gas—solid flows. In general, for
gas—solid flows, five mechanisms may be responsible for
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turbulence modulation.?? These mechanisms are (1)
dissipation of turbulent kinetic energy by the particles,
(2) increase of the turbulent viscosity due to the presence
of particles, (3) shedding of vortices behind the particles,
(4) fluid moving with the particles as added fluid mass to
the particles and (5) enhancement of the velocity
gradient between two particles. These mechanisms
may not be independent and, moreover, mechanisms
(2) and (5) might be of minor importance in very dilute
flows. When the particle volume fraction exceeds a
certain value, say o, > 1073, the relative distance
between particles is small enough so that particles
collide. This is called ‘‘four-way coupling’’. In most
fluidization applications, four-way coupling is expected
to occur, at least in the dense regions of the bed.

A systematic classification of gas—solid flows, which
does not include the turbulence modulation aspect, can
be made from the characteristic time scales. When
7}, < 715, particle motion is governed by gas phase
turbulence, whereas when 7}, > 7},, particle motion is
only slightly affected by gas phase turbulence, in a
random way. These two asymptotic behaviors are called
the scalar limit case and the coarse particle case,
respectively. When 75 < 7},, particle motion is
governed by particle collision mechanisms, whereas
when 7}, < 75 particle motion is governed by gas phase
turbulence, so that the interstitial gas influences the mean
free path. These two asymptotic behaviors are called
dense and dilute suspensions, respectively. When the
mean relative velocity is zero, it can be shown that
712~7} (non-settling particles), whereas when there is a
mean relative velocity 7}, < 7} (settling particles).

A third alternative for the classification of gas—solid
flows is given by Koch.”® This classification is limited to
dilute suspensions with particles having small Reynolds
numbers, Re < 1, and a large Stokes number, St >> 1. If
St> a5 22, very massive particles, the collisional
mechanism is dominant. If a; M stg oy ¥ mod-
erately massive particles, the fluid—particle interaction
mechanism is dominant and is similar to the one
observed in fixed beds, so that the particle velocity
does not change significantly during a fluid—dynamic
interaction. If 1 < St < ay 304 slightly massive par-
ticles, the fluid—particle interactions are dominant but
are no longer similar to the fixed bed case.

Finally, it should be noted that other scales can be of
importance, for example the integral Eulerian length
scale, L| = Cuk?’zlel. This dependency is illustrated by
Gore and Crowe,2! who classify two-way coupling as a
function of the ratio of the particle diameter to the
integral Eulerian length scale. Below a certain value of
dp/L'l, 0.1 according to Gore and Crowe, turbulence is
attenuated, whereas above this value turbulence is
enhanced.

2. KINETIC THEORY OF GRANULAR FLOW

The kinetic theory of granular flow is based on the
similarities between the flow of a granular material, a
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population of particles with or without an interstitial gas,
and the molecules of a gas. This treatment uses classical
results from the kinetic theory of gases?® in order to
predict the form of the transport equations, mass,
momentum and energy, and the corresponding specific
quantities, the mean flux of momentum and energy and
the mean rate of energy dissipation, for a granular
material. One of the most complete works in the field of
the kinetic theory of granular flow is due to Jenkins and
Richman.'? Their results are derived from the classical
results of the kinetic theory of dense gases, in
combination with Grad’s theory.25 In this review, the
method of Grad is preferred to that of Chapman~Enskog,
which has been used by Lun et al.>® to derive equations
similar to the ones proposed by Jenkins and Richman. As
a matter of fact, it will be shown in the following that the
method of Grad gives direct access to the moments,
whereas in the method of Chapman—Enskog integration
has to be performed when the probability density
function is known. The contribution of Jenkins and
Richman'? is a linear theory (perturbation analysis)
which gives analytical solutions for mean flux of
momentum and energy and for the mean dissipation
rate, but it also gives an expression for the particle
velocity probability density function. The complete
derivation of the results of Jenkins and Richman'2
requires a great many intermediary results (Section 2.1-
2.6) before the final formulation (Section 2.7). We begin
with the Maxwell-Boltzmann equation.

2.1. Maxwell-Boltzmann Equation

The probability of finding a sphere at a position x with
a velocity ¢ in the volume element dx and in the element
of volume in the velocity space de is f'(x,¢,7)dxdc, where
flx,e,p) is the particle velocity probability density
function. Considering a population of identical,
smooth, rigid spheres, a conservation equation for the
number of spheres in a volume element can be
formulated in terms of fl(x,c,?) as®*

i+—x—< ')+ (Ff)-i

ot ©

<

where F is the external force per unit of mass acting on a
sphere and 8f'/3tl . is the rate of change of the distribution
function due to particle collisions. According to Simo-
nin,?’ F; can be written as

1
Fi= —(y; —¢;) —

1
——+8: )]
s P2 0X; d

The number of particles per unit volume is defined by

n= If‘ (x,¢,de (8)

and the averaged value of a given function ¥(c) by
1
<yYle)>; = ;I¢(c)f’(x, ¢, f)de. 9)

The mean velocity of the discrete phase, U, is defined
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by Eq. (9) with ¥(c) = c;. The peculiar velocity or fluc-
tuation velocity is introduced, C; = U;; - ¢,. Multiplying
Eq. (6) by ¥(c) and integrating over the whole velocity
domain gives a transport equation for < y(c) > ,, as
proposed by Chapman and Cowling.”* The transport
equation for the mean quantity, < ¥(¢)>,, is

d J
5("<\1/>2)+ E("<\I’Ci>2)

o 3y v
(i) (ra).) =ew
(10)

where the collisional rate of change (per unit volume) for
¥, C(y), is given by

1
cw=vL

In Eq. (10), the time and space derivatives of y are not
eliminated, because in this equation y can be a function
of time and space, Y(x,f). However, it is more convenient
to rewrite Eq. (10) using the fluctuating velocity as the
independent variable: f I(x,e,1)is changed to Fx,C.p). In
this case, ¥ is a function of the fluctuating velocity, ¥(C).
The Maxwell-Boltzmann equation, Eq. (6), can be
rewritten using the chain rule on the derivative operators,
8/0t = 0/dt — (U/31)a/oC; for the time derivative,
8/0x; = d/dx; — (3U,/dx;)0/0C; for the space derivative
and 8/dc; = 9/dC; for the velocity derivative. With the
same averaging procedure as for Eq. (10), the Enskog
equation can be written (Ref. 24, Section 3.12). This
equation reads

D,

(In

c

oUy;

o n <y >, + <ny>, a—+—(n<¢C >, )
DUy [ 8¢ oy oy /[
+"( Dr <ac> <Fac> +8x,-<C8C>>
=C®). (12)

In this expression, terms involving a space or time deri-
vative of ¥ are equal to zero. We now express the colli-
sional rate of change of ¢ in a more useful form.

2.2. Collisional Rate of Change

The collisional rate of change of ¥ per unit volume is
the integral, over all possible binary collisions, of the
change of ¥ due to a binary collision multiplied by the
probability of such a collision. In order to evaluate
the probability per unit of time of a binary collision, the
pair distribution function f* is introduced, where
fz(xl,xz,cl,cz) dx; dx, dc; de, is the probability of
finding a pair of particles 1 and 2 centered at x;, X;
with a velocity ¢, ¢, in the volume element dx;, dx, and
the velocity range dc,, dc,, respectively. A particle 1
(x),c,) collides with a particle 2 (x,e,) if the center of
particle 1 is located in an elementary cylinder of volume
df,(g-k) dk dt (at this point of the derivation, x is used for
areason of expediency in order not to repeat indices with
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derivatives). The relative velocity is g = ¢, — €5, the unit
vector K is defined by d,k = x — x; with gk > 0 (this
condition means that collision is possible). The number
of probable binary collisions per unit of time between
two such particles is given by Chapman and Cowling?*
(Sections 3.4, 3.5 and 16.2) as

fix—d.k,x,¢), ¢, )d3(gk) dk dx de, de,.  (13)

Therefore, the collisional rate of change for a property
¥, of particle 2, which is changed into ¥, after col-
lision, can be written

CW)= L,bo(wz' — Y202 (x — dpk, X, €1, €2, ) (k)

X dkdcl dc;. (14)

Due to the symmetry of a collision, the problem can be
reformulated for a particle 2 (x,,¢,), which will collide
with a particle 1 (x,¢;). Changing k in — Kk, the col-
lisional rate of change for a property ¥, of particle 1,
which is changed into y,’ after collision can be written
as

cw) = L.M(w ~ YA x+dk, €1, ¢ N2 (k)

X dkdcl d02. (15)

According to Jenkins and Richman,'? a more symmetric
expression of C(y) is written as half the sum of Egs (14)
and (15). In order to express this half sum in a more
useful way, the following Taylor series expansion is
used, where the velocity and time dependence are
dropped for the sake of simplicity:

FAx—dk, %) =f*(x,x +d,K)

3 d,
_dpk,-ggi-(l z'k,a )

X f2(x, X + dpk). (16)

Inserting Eq. (16) in Eq. (15), Jenkins and Richman'?
rewrite the collisional rate of change as

0 - (2% ).

C)=x(¥)— = i\ 3

an

In the derivation of this expression, several transforma-
tions are made. The chain rule is applied and the integral
operator and the derivative operator in Eq. (16) are com-
muted. The latter manipulation is valid because the
Taylor series expansion is written for a fixed point in
space, which allows the commutation of both operators.
The fluctuating velocity is then introduced to obtain the
third term in Eq. (17). The source term, x(¢), is defined
by

1
X(\P) = 'i jg~k>0 A\bfz(xhxb €y, €2, t)dg(g'k) dk dcl dc2!
(18)
=dpkand AYy =" +¥1") = (V2 +¥1).

where x; — X,
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The flux term, 8,(y), is defined by

d dy,
_7.,Lk>o "‘)k( 2ffa +e )

X f1(%), %9, €1, €5, 2 (g'k) dk de, de,.  (19)

0,(¢)=

The flux term, 8,(y), represents the transfer of ¥ during
collision, whereas the source term, x(¥), represents the
loss of ¥ caused by inelastic collisions. To calculate the
integrals defining the source term and the flux term,
appropriate expressions for the pair distribution func-
tions, Ay and ;" — 4y, have to be found. We begin
with Ay and ¥, — ¥;.

2.3. Binary Collisions

Let us consider an inelastic collision between two
smooth identical spherical particles 1 and 2, of mass m
and diameter d,,. If J is the impulse of the force exerted
by particle 1 on particle 2, the momentum conservation
over a collision gives

me,=me’ —J, me;=me," +], (20

where ¢;’, ¢,’ are the velocities of the particles after
collision and ¢, ¢, those before collision, It is stated
that the relative velocity component normal to the
plane of contact, g-k (before collision) and g’k (after
collision), satisfies

g'k= —e(gk), 2n

where the relative velocity after collision is defined by
g =c,'—¢,’ and e is the restitution coefficient. The
restitution coefficient varies form zero to one: if it is equal
to one, the collision is elastic, which means that there is no
energy loss during collision, otherwise the collision is inelas-
tic, which means that there is energy dissipation during col-
lision. With Egs (20) and (21), the impulse of the force
exerted by particle 1 on particle 2 is given by

Ji= 51+ gk @
Expressions for the change in the velocity moments can
now be derived from Egs (20)-(22). The change in the
first, second and third velocity moments of particle 1 are
defined by d(c))=c);' — i deyicy) =cyi'cy’ —eicy;
and 5(c1,-c|jcl,,,) = C“’CU'CIM, - cl,-cljclm, respectively.
The change in the first moment is of course &(c,) = -J;
(Eq. (20)) and the change in the second and third moments
is, where the index 1 is dropped for the sake of simplicity,

d(cicj) = —;-(1 + e)(gmkim)
X (%(1 + e)(@mkn)kik; — (cik; + cik,-)) ,
Beiciem = = 5(1+€Xgnky)
X [kicjcmy — :1—2(1 + e)(g,,k,‘)k(,-kjcm)

~ 31+ gk ikl 23)
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The notation with parentheses as an index stands for the
sum of all possible permutations, kicicpy =
k;iCjCm + KiCC; + kcic;.  Similar expressions can be
derived for the change in the velocity moments of parti-
cle 2. The total change in the first, second and third
moments are defined by A(c;)=46(cy;)+6(c2),
Alcicy) = b(cyicp) + 8(caicyy) and  A(cpiccyp) =
8(ciicjc1p) + 8(cyicyicn,),  Tespectively.  The  total
change in the first, second and third moments is
expressed by

A(c;) =0,
1
Algicy) = 3 (14 e)(@mkm)((1 + &)(gmkm)k:k;

~ (gik; + gik;)),

A(C,’Cjcp) = Q(iA(Cij)), (24)
where Q,-=%(cl,»+c2,-). These expressions are also
valid for the fluctuating velocities. Ay and 6y have
been expressed in terms of the velocity parameters
before collision and the restitution coefficient.

2.4. Pair Distribution Function

In the kinetic theory of dilute gases, molecular chaos
can be assumed and the velocities of two colliding
particles are uncorrelated. The pair distribution function
f2(x|,x2,c1,c2,t) can then be expressed simply as the
product of the two particle velocity probability density
functions f l(xl,c,,t) and f l(xz,cz,t). In the case of a
very dilute suspension, this hypothesis can be applied if
the particle inertia is high enough so that the particle is
not transported by the velocity fluctuations of the
continuous phase. In dense suspensions, the velocities
of two colliding particles are correlated and the pair
distribution function can be expressed, according to
Chapman and Cowling24 (Chap. 16), by

1
fz(xl’ X2,€y, €y, t) =gO(x)fl(x - Edpks C, t)

X flx+ %dpk, e t), (25)
where the radial distribution function, ge(x) = 1, repre-
sents the increase of the binary collision probability
when the suspension becomes denser. The position of
the point of collision, X, is now defined by x; + x; =
2x. An empirical expression for go(x) is discussed in
Section 2.9.

2.5. Transport Equations

The pair distribution function has now been expressed
in terms of the particle velocity probability density
function. To proceed, an expression for the particle
velocity probability density function has to be found. Let
us leave this problem for a moment and formulate the
transport equations, and show that the second- and third-
order moment (velocity moment) equations can be used
to find an expression for the particle velocity probability
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density function. The transport equation for the moment
of order p, My; ,= < CC;...C, > ,, can be obtained
from Eq. (10) in combination with Eq. (17) with ¢ =
CC;...C,. In this case, the time and space derivatives of
¥ in (10) must be kept because the mean velocity is a
function of time and space, U,(x,r), and therefore the
fluctuating velocity is a function of x,c,z. Noticing that
ap; = nm, the general transport equation has the final
form

a d
g <>, )+ — <y, >
at(amﬂz Y>>+ axi(Olsz ve; >7)

) Uy, (Y
= - 5;0,‘("’"//) - '5;;01' (m a_c,>
oy o 8y
con((5), (o3, (73).)

+x(my).

The transport equations for the different moments can
also be obtained from Eq. (12) in combination with
Eq. (17). In this case, the independent variable is the
fluctuating velocity, and therefore all time and space
derivatives of ¢ are equal to zero. This form is
more convenient than Eq. (26), especially for the
moments of order 2 and higher, because all terms
appear naturally. This general transport equation has
the final form

(26)

oo, <Y> <>, A
D202 Y>>y Happ, <y > o,

a i}
+ c9—Jr,~(a2p2 <YC;>)= - 0—/“0.'(”1\//)

_ 9&<ﬂ _<F.ﬁ‘£
“f2{ “pr \ac, /.~ \''aC/,

aly; Wy W
- ﬁ(azpz <Ci B—C,>2 +6; <m5(,_‘) ) + x(my).

27

In the following sections, the source term of the colli-
sional rate of change is written, x(mC;C;...C) = Xy, >
and the flux term of the collisional rate of change is
denoted, 6,(mC;C;...C,)=0; .

2.5.1. Continuity equation
The continuity equation is obtained from Eq. (26) with

y=1

9 i}
52P2) + é;j(azpz Uy)=0. (28)

2.5.2. Momentum equation

The momentum equation is obtained from Eq. (27)
withy = C,,

Dz BPI } a0
@0y =2Uni= — ty —— — 2 3 — ——2Uyi + zp28i
Dt ox; <Y A" !

(29



268

where zz,-j =0 + azp,My; is the effective stress tensor
and x; = 0 (see Eqgs (18) and (24)). The second term on
the right-hand-side (RHS) represents the transport of
momentum by velocity fluctuations and by collisions,
whereas the remaining terms on the RHS represent the
influence of the forces acting on the particles. Pressure
fluctuations have been neglected, which is a correct
assumption for gas—solid flows according to Bel Fdhila
and Simonin.?®

2.5.3. Second-order moment equation

The transport equation for the moment of order 2 is
obtained from Eq. (27) using ¥ = C,C; and neglecting
the pressure fluctuations as done for the momentum
equation. The equation for the second-order moment is

9 Uy, Uy,
0P gy Mzu 5;;5.7," = Loim E;—J —Zyim ?m'
200
—23(M2., - My +xii (30)

where Ej;, = 0y, + @202M;5,- The third-order moment
is defined by My, = < C;C;C,,>>; and the fluid-particle
velocity correlation tensor is given by 2Mjy;=
<u";Cy>,, where u',;=ity; —~ <>, represents
the fluctuating velocity of the continuous phase seen
by the particle phase. The first term on the RHS rep-
resents the transport of stress by velocity fluctuations
and collisions. The second and third terms represent
the production of stress by the mean velocity gradient.
The fourth term represents the interaction with the
continuous phase (a production or a destruction term).
The last term represents the interactions due to
collisions. The fourth term, 125, can be split mto
two terms, nzu HZU+H2'J The first term, qu
—2a2p2M2,j/1"2, represents the dlss1pat10n due to the
drag force, and the second term, 1'[2,] = 20009 M 1351712,
production due to the interaction with turbulence.

2.5.4. Energy equation

The transport equation for the granular temperature T,
is obtained from Eq. (30) by summing up the diagonal
terms, i = j, and changing indices, or from Eq. (27) with
¥=CnCy

D ad U,
3azp, F::Tz =- a_xiEmmi —2Lyim WZIM
20‘202

(312 — My2m) + Xonm- 31

™
A transport equation for the turbulent kinetic energy of
the discrete phase, k,, can also be written with 2k, = 3T,.
The first term on the RHS represents the transport of
energy by velocity fluctuations and collisions. The sec-
ond term represents the production of energy by the
mean velocity gradient. The third term represents the
interaction with the continuous phase (a production or
a destruction term). The last term represents the loss of
energy due to collisions.

E. Peirano and B. Leckner

2.5.5. Third-order moment equation

The transport equation for the moment of order 3 is
obtained from Eq. (27) using ¥ = C;C;C,, and neglecting
the pressure fluctuations,

D, 3 oUy; aUy
20, EMZUm = - EEijmn —Eipnn gx—:' — Ejmn _ax—,,l
aU.
~ Ejp 2" 2m "+ My, ey 2
+ My, —‘22,';: + My, EEZM
30,0
#(Mz,,m = Myzjm) + Xijms  (32)

where Ejy, = 0jjnp + 202Mym, and where the fourth-
order moment is defined by My, = < C;C;C,,C,>,.
The fluid—particle velocity correlation tensor is defined
by 3Mypn = < t",GC;Cpy> 2. The first term on the RHS
represents the transport of the third-order moment by
velocity fluctuations and collisions. The six following
terms on the RHS represent the production by mean
velocity gradients and by second-order moment gradi-
ents, respectively. The two remaining terms on the RHS
represent the interactions with the continuous phase and
the interactions due to collisions, respectively.

2.6. Grad’s Theory

The transport equations have been written up to the
third-order moment. We use these equations with a third-
order approximation of the particle velocity probability
density function to express a closed set of equations.
Following the idea of Enskog, Chapman and Cowling?*
(Section 7.1), Grad®® wrote the particle velocity prob-
ability density function as a series of Hermite poly-
nomials, Hf")(c), as

F&en=xc1 Z fxOHNE),  (33)
where the tensors af (X,t) are symmetric in all of their
indices and where the Hermite polynomials can be
expressed in terms of jo(x,c,t), the Maxwellian distribu-
tion function,

%, ¢, 1) = ———mexp( — CX2T,).

QT (34

Here, C; —(c, U2,~) and the granular temperature, T,
have been used in analogy with the kinetic theory of
gases. In the frame of the kinetic theory of gases, the
Maxwellian distribution function is the solution to the
Maxwell-Boltzmann equation under the following
assumptions: a gas at uniform steady state, whose
spherical molecules possess only energy of translational
motion and are subject to no external forces. This is
called the Maxwellian state. Equation (34) simply
means that for a uniform gas in which density, mean
velocity and temperature are assigned, there is only
one possible mode of distribution of the molecular vel-
ocities (Ref. 24, Section 4.1). Grad proposed to make a
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third-order approximation in Eq. (33), which is a reason-
able assumption if the flow is not varying too quickly
(this assumption is not valid, for instance, in strong
shock waves). The particle velocity probability density
function can then be written

f! =f0<H0+aiHil

where the Hermite polynomials are defined in terms of
the derivatives of the Maxwellian distribution function,

8.1, 1 N

1

={1- -, ———|f°,
f ( %ise, 3! ‘f'"ac,-ac,-ac,,,>f0

1 1
2'a,jH,3 + ya,,,,,Hg,,,) (35)

2‘ % ac;0c; ac;
(36)
and
H =1,
1of°
Hl = == — C/T,,
i ]‘0 6c,~ [
18
2 2
H}= = e~ — 84/, + C,C)IT3,
H = 19 s
0 8c¢i9ci0C,
= (Cidjm + Cibim + Cud T3 — C,C;CIT;.  (3T)

With Egs (9) and (36), the velocity moments and the
coefficients of the series expansion, a;, a;;, @;m, can be
related. For the velocity moment of order O (Eq. (8)), no
constraint is put on Grad’s approximation, whereas for
the velocity moment of order 1, we find of course that
a; =0. Furthermore, it can be shown'? that the second-
order velocity moment is defined by

My =8;T, +a; = a; =0, (38)
the third-order velocity moment by
My = Qi 39)
and the fourth-order velocity moment by
Mojimn = 3T38(, 8y + 6T 2, By, (40)

In theory, with a third-order truncation, the 20 unknown
variables oy, Uy;, T, ay, ajj, are determined by 20 dis-
tinct transport equations: the continuity, momentum,
granular temperature equations and the second- and
third-moment equations. Grad proposes to simplify this
system of 20 unknown variables to 13 unknown vari-
ables by making a contraction on the third-order tensor:

t .
um g(amn‘sjm + ajnn‘sin + amnnsij) + Bijm with Bijm =0.
41

This decomposition is similar to that of a second-order
tensor in a deviatoric and an isotropic part. This gives a
physical meaning to the coefficients a;; and a;,,. The first
one is the deviatoric part of the ﬂuctuanon stress tensor
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(see Eq. (38)) and the second is the transport part of the
energy flux vector (see Eqs (31) and (39)). The particle
velocity probability distribution function can then be
written as

1_] almm C2
fl= <1 + 2T2€C + 10T2< 5>c,-)f°. (42)
The system of 13 unknowns can be solved with the
continuity equation (Eq. (28)), the momentum eguation
(Eq. (29)), the energy equation (Eq. (31)) and a transport
equation for a; and for ;. The transport equation for
a;; is written usmg Egs (30), (31), (38), (39) and (41).
This yields

D,
5125 Dtay + ( ijm Bnnmaq/:;)
aUzj 6U2,~ 2 6U2,,
Eim - E‘m - 3E 3
+< ax, "ox, 3 ™ ox, !

1 ]
+ 5( (a2p2 1mm)+ (a2p2 mm)

= 3% 2(azpzanmm)5.,) +20,0,T58;
_ 2050y

= (a; — (M2 — M2 03/3))
12

= Xij + Xmmaij/3» (43)

where E;=0;+ay0,a; and where 32,-]- =8 —
Symm8;/3 is the deviatoric part of the strain rate tensor
SZij, which is defined by 252’] = U2i,j + U2j,i~ The trans-
port equation for a,,,, is written using Eqs (32), (38)-
(41). This yields

(Olzpsz) +7—

D,
o207 Eaimm P (szpz Tyay)

7

9

1
X (0202 T2 + Ej) + 30202

oy Ay Uy,
<7aj,,,,,, =+ 2y —5# + 28imm —a—;i

ij '
8U2 6U2 3(!202
20, 5% 1. 09, S22 20202
+ 2By L 2 =
X (Mo — MlZijj) = Xj- (44)

These equations are identical to the ones proposed by
Jenkins and Richman,'? except for the coupling terms
which represent, in both equations, the interactions
between the continuous and discrete phases (see
Eqs (30) and (32)). Let us find expressions for a;; and
a;;m, and before this, expressions for the source and flux
terms in the collisional rate of change.

2.7. Linear Theory (Jenkins and Richman)

Consider a population of spheres in the Maxwellian
state, fl =f°, with a; = ag, U, = Ugand T, =Ty A
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perturbation analysis is carried out in the vicinity of the
Maxwellian state with small perturbations (linear
domain), f'=f°(1+e),dc,/0x;~¢,8Uy/0x;~¢ and
dT,/ox;~¢, where € is small. The particle velocity
probability density function is expanded in Taylor series
as

1 <x— ﬁk c, ) =fi(x,c,1)— d"k f x,¢,0+..
2 27 ox;
(45)
In the rest of the analysis, fi(x,c,?) is denoted fi
and fi(x,c,.t) is denoted le. Equations (25) and (45)
can be combined using a first-order approximation
to yield

fz(xleZ’cl’cb t)=g0(x)fll.f2l (1 + Ed k ln(fZ/fl )

(46)

As mentioned by Jenkins and Richman,'? this order of
approximation (first-order truncation) is justified in the
frame of the perturbation analysis, when the spatial gradients
of the mean fields are small. This approximation should be
remembered as it is a limiting one. Using Eq. (18), x(¥)
can now be written, with the differential part
dZ(gk)dkde, dc, denoted as dX for reasons of expediency,

1 d, 9
x91= 3800 [y 207 (14 Bt ity )

47)
and with Eq. (19), 6(¢) becomes
d
6:¥) = — —&0(x) L.m W' —VOkAf
d,
X (1 + ipk, a—x—jln(fz'/fl‘)>dx 48)

These two integrals can now be written in their final form
using Grad’s third-order approximation (see Eq. (36)). In
Eq. (36), the derivative terms, af"/acz,acz, .9cy,, are

denoted f,‘,) p for the sake of simplicity. The product

fifiis given by
—fofo+ u(fofou+fo,f0)
ﬁaﬁm(f?fgjm +f8 umf? ).

To obtain Eq. (49), the non-linear terms have been
neglected (non-linear in a,, and a;m). Furthermore, if
the terms a;/T, and a,j,,,/Tz are small (low level of
anisotropy) and have the same order of magnitude,
which means that only flows whose state is close to the
uniform steady state are considered, the following
approximation can be made: In( i) = ln(f°/f°)
Using Eqs (47) and (49), Jenkins and Richman'? pro-
posed writing the following expressions for the source
term of the collisional rate of change:

x(¥) =EW) + F(¥) + a;F () + ajmFiym(¥),  (50)
where E(Y), F(¥), Fi{¥) and F,(y) are given by the

(49)
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following integrals:

1
E(¥) = 280(x) LN AYfRAX, 51
d
F(¥)= /(%) L,M AR InGRUTIAX,  (52)
1
Fj¥)= 780(x) Lm MR+ A, (53)

1
= 7780 Lm AV i + 1 ijmf2 )X
(54)

Fm($)=

In Eq. (50), some terms have been neglected. These
terms are the products -of a;; and a;,, with integrals
similar to Eq. (52). One of these terms is

d 9
a5~ 80(%) LM TR ey LGS
(55)

In order to understand when this approximation is valid,
let us define the following dimensionless quantities: Uy,
Lq and T, which are characteristic values of velocity,
length and granular temperature. If integral (52) is an
order of magnitude less than integral (51), then integral
(55) will be a term of second order. The previous
assumption is true if the ratio d/L, is small and the
ratio \/TTOI Uy, the non-dimensionalized spatial gradients
of the granular temperature and the mean velocity are all
of the order of unity.

Applying a similar reasoning and with Eqs (48) and
(49), Jenkins and Richman'? propose for the flux term of
the collisional rate of change:

01(‘#) =A((\") + Bl("’) + aijjm(\b) + ajmnBijmn('p)i (56)
where A;(¥), Bi(¥), Bjr,(¥) and By,,(V) are given by the

following expressions:

d
A¥)= — F2o®) L_bo SYfLf kidX, (57)

2
B = = Lao) [ o0/l 0,
7

(58)
d
Bijm(¥) = — F80(X) LM SV S m + fi 2 )AX,
(59)
Bijn(¥) = 12go(x) L 0 SV L2 o + £ juf )X,
(60)

These integrals can be evaluated analytically by means
of known integrals and the corresponding expression in
Eqs (23) and (24).12 By definition, the source term in the
momentum equation is equal to zero, x; = 0 (Eqs (24)
and (47)). The source term in the second-order moment
equation is

8 T.
Xj=— d—agngo(l - 82)\/ 2128,
A n
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24 T
- ga%ngo(l +eOB-e)/ ;Za.,-

6
— Sepag0(1 +€)(2e = 25y

The source term in the third-order moment equation is

1
Xijim = ga%ngou +€)(13 = 9e) T, Ty, Bjm)

2 T
+ —05p80(1 + €)(33e — 49)4 [ (7)
5dp T

The source term in the granular temperature equation is

12 ,
Xmm = — 'd—azngo
P

T
X (1 - e/ ;}Tz +303p280(1 — E2Spmm.  (63)

The flux term in the momentum equation is

4
8; = 2002801 + €)T2; — gagpzdpgo(l +e)

T 4
X A 2225+ Sanndy) + zoior80(1 + €)ay. (64)

The flux in the second-order moment equation is

1
oijm = 5“%"230(] + e)(4aijm + ainnéjm + ajnnaim)

4, T\ 2
— c0p2dp80(1 +€) (;) Ty, iBjmy- (65)

5

The flux in the granular temperature equation is

6 T
0= ga%ngo(l + €)ay; — 4o5p,dp80(1 + e/ 72T2,i~
(66)

2.8. Determination of the Moments

The moments a;; and a;; are fully determined by a
numerical solution of the set of non-linear equations
given by Eqs (43) and (44), or Egs (30) and (32).
However, simplified forms of a;; and a;; can be obtained
employing the assumptions already made and a term-by-
term order of magnitude analysis,'> and also other
closure assumptions to simplify the coupling terms (see
Eqs (43) and (44)). The derivation begins by defining
some additional dimensionless quantities, pg, a, and a3,
which are typical values for p, a;; and a ;. A preliminary
remark is that the time derivatives in Eqs (43) and (44)
can be neglected if d,Uy/L+/Ty is small.'> This is
consistent with the previous assumptions. Let us rewrite
Eqs (43) and (44) in a dimensionless form as multiples of
d,Uo/L\/To, /Ty, a3/Ty+/T, and dy/L. These terms
are all small. If it can be assumed that they have the same
order of magnitude, only terms which are linear in these
quantities will be kept (first-order approximation).

2.8.1. Determination of a;;

The present determination of a;; is different from the
original work of Jenkins and Richman, because of the
coupling term which appears in Eq. (43),

200,

(ay — (M g5 — M2 0/3)).

(67)
Ti2

The second-order moment is written using a Boussinesq
approximation27 as

— Moy =208y — T8 = ay= — 2058, (68)
The turbulent viscosity is denoted »3. The Boussinesq
hypothesis is valid when 75l0U,/dx;] <1, which
means that the stresses react rapidly to a change in the
mean flow.?° In a similar way, the fluid—particle velocity
correlation tensor is expressed with a Boussinesq
approximation consistent with the limit tracer case?’ as

— Mgy =058 — %kl26ijs (69)
where SIZU =S12,'j —Slz,,,mﬁ,j/3 is the deviatoric part of
the strain rate tensor S);; which is defined by
8125 ="Uy;j+ Uy;,;. The turbulent fluid-particle vis-
cosity is given by ¥}, =k ,7{,/3. If the assumption of
equal mean velocity gradients in both phases can be
made, U}; ; = Uy; ;, the previous equation can be rewrit-
ten as

4 1
- M12,:,' = 21/[1252,‘1* - §k125,} (70)

The coupling term (Eq. (67)) can then be written as

2000 N
Tf 2(alj + 2”‘12521'1')'
12

(7D

With Eq. (71) in Eq. (43), in the frame of the order of
magnitude analysis defined above, Eq. (43) reduces to
Eq. (68), where the turbulent viscosity, v5, is given by

27 2 B
t 12
vy = ‘—k12+T2(1+a280A)) (—+ —.)- (72)
(37'72 /T’fz 5

The constants A and B are defined in terms of the
restitution coefficient, e, as A= g (14+e)3e—-1)
and B= % (1 +€)(3 —e). This derivation, proposed by
Boélle e al.,*® is very similar to that of Jenkins and
Richman, but two additional terms appear. The first
term in the numerator represents the contribution of the
fluctuating motion of the continuous phase, while the
first term in the denominator represents the contribution
of particle inertia to the turbulent viscosity. The latter
parameter is important; when particle motion is con-
trolled by the aerodynamic forces, 7}, < 75, the behavior
of the kinetic and granular stresses is significantly
affected.>’ When there is no interstitial gas, Eq. (72) is
identical to the results of Jenkins and Richman. With Eqs
(64), (68) and (72), the collisional stress tensor can then
be expressed in terms of a collisional viscosity, »5, as
6

mm CQ
0 = 70, — 20009¥252,

3 (73)
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Fig. 3. Comparison of radial distribution functions.

where the collisional viscosity is given by

4 T.
V5= gozzgo(l +e) (v'z +dp\/%). 74)

These results can be summarized writing the definition
of the effective stress tensor, L,; (Eq. (29)). It can
be written in the conventional form L,; = (P; — £,5:m)
o — 2#232,';,29 where the so-called particle pressure is
defined by

Py=0p(1 +20280(1 + )13, 75)
and the bulk viscosity is given by
4d T
£r= —Todoago(l +e)y/ 2. (76)

The dynamic
2Py (V3 +v3).

viscosity is expressed as py=

2.8.2. Determination of a;;

The coupling term in Eq. (44) is defined by
3
2P2(

712 aw l2w)

an
A similar analysis, as done in the previous section, can be
applied to Eq. (44). Retaining the linear terms and
neglecting the terms proportional to the mean concentra-
tion of solids, da;/dx;, the contracted third-order moment
can be written as

aw = - 2Kr ak2

2 a_x," (78)

where the turbulent diffusion coefficient, K3, is given by

(32 ) (L b
Kz—(%k|2+T2(l+angC) / te) O

The constants C and D are given by 3(1+e)2
(2e — 1)/5and (1 + €)(49 — 33e)/100, respectively. The

influence of the interstitial gas can be observed in
Eq. (79) as in Eq. (72). When there is no interstitial
gas, Eq. (79) is identical to the results of Jenkins and
Richman. A simple shear flow analysis in the case of
no interstitial gas shows that the terms proportional to
the mean concentration of solids are negligible, provided
that the quantity 1 — e is small, i.e. nearly elastic par-
ticles. The collisional energy flux can be written in the
form 0= — 20,0,K3k, ;, where the collisional diffu-
sion coefficient, K3, is defined by

6 4 T.
K5 =op80(1 +€) (EKQ + §dp\/g) . (80)

The effective energy flux vector, E;, can then be written
Eji= —20,0,(K; + K3)ks, ;.

2.9. Radial Distribution Function

In the frame of the kinetic theory, the radial
distribution function, go, accounts for the increase of
the probability of collisions when the gas becomes
denser (a deeper insight into the meaning of the radial
distribution function can be found, for example, in Smith
and Henderson®?), In a rare gas, where molecular chaos
can be assumed, g, is equal to unity, whereas g, tends to
infinity when the molecules are closely packed, so that
motion is almost impossible. For a rare uniform gas
consisting of rigid spherical molecules, it can be shown
(Ref. 24, Chap. 16) that the radial distribution function is
given by

go(0y) =1 +2.5a, + 4.5903 + 7.0603 +9.8805 + ...
(81)

Another classical expression for go(cey) is given by
Carnahan and Starling®® for a fluid of identical hard,
non-attracting spheres, go=(2— a;)/2(1 —a;)’. Other
equations for the radial distribution function (expressed
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as a function of the volume fraction and the compress-
ibility factor) can be found in Camahan and Starling.*?

However, these equations are not consistent with the
asymptotic behavior of dense gases at extreme high
concentration (a; — o). An improved equation of state
is given by Ma and Ahmadi,>* based on the results of Ree
and Hoover (numerator) and a correction factor for
highly dense cases (denominator):

(14 2.5a; +4.590402 + 4.515439a3)
(] _ (a2/am)3)0.678021 ’

8olog) = (82)

where the maximum solid fraction for a random packing,
«,, is given by a, = 0.64356. Equation (82) is in very
good agreement with the numerical simulations of Alder
and Wainwright,*® involving 500 elastic spheres at
equilibrium conditions using periodic boundary con-
ditions (Fig. 3).

Lun and Savage®” proposed an empirical expression:

2.5ap, . (83)

go=(1—oalay,)”
This equation is believed to give good results for
shearing of small finite systems at high concen-
tration. A similar expression is the one of
Ogawa et al.®

8= (1 = (arfer,)") ™. (84)
Ding and Gidaspow'* proposed multiplying this equation
by a factor 3/5 for a better fit of the numerical data of
Alder and Wainwright. This correction is not valid (1)
because the expression is not consequent for the dilute
case, go(0) = 3/5, and (2) the data of Alder and
Wainwright are given for equilibrium conditions.
Figure 3 displays Eqs (83) and (84).

2.10. Concluding Remarks

Expressions have been given for the momentum and
energy fluxes as functions of the granular temperature
provided that certain assumptions are fulfilled. Before
summing up these assumptions, the dissipation rate of
energy due to collisions will be written under the
assumptions made previously. Using Eq. (63), the
dissipation rate of energy due to collisions reduces to

2
% Xmm = Q207 (—85'7‘2‘_1)]‘2' (85)
All results obtained so far are valid for flows with small
spatial gradients of mean velocity and granular tempera-
ture, nearly elastic particles (1 — e small) and low level
of anisitropy (a;;/T, small). In the case of a restitution
coefficient for which 1 — ¢ is not small, terms such as
da,/ox; should appear in the expression of the energy
flux.

As far as the particle velocity probability density
function is concerned, Boélle er al>' showed, by
comparing the present theory (Eqs (36) and (37)) with
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numerical results of the isovalues of the distribution
function, obtained by a Lagrangian simulation, that the
third-order truncation does not give a correct shape in the
case of high anisotropy. In this case, a generalized
distribution function proposed by Richman,*®

Flo e, 0= @iak") ) exp (— %c,-(My)' ‘C,-) :
(86)

where K = det(M,;;), shows a shape which is similar to
the numerical distribution function. Boglle er al.>' tried
to recalculate the expressions of Jenkins and Richman'?
with such a distribution function, but no results could be
derived in the general case. An expression for the source
term of the collisional rate of change is given for a simple
case by Richman.*®

The difficulty in rendering the present theory more
general illustrates, for gas-solid suspensions, the
superiority of Lagrangian simulations to model particle
collisions.*® Lagrangian models allow more general
collision models; for example, one can introduce a
friction coefficient and consider particle rotation,*' or a
variable normal force during collision,*? or a restitution
coefficient which depends on the particle impact
velocity.®” In the present work, only smooth spheres in
translational motion are considered, and therefore
collisions are described with a single constant coef-
ficient, e. In reality, particles are rough and are rotating.
This implies that an accurate model should be based on
at least three coefficients, normal and tangential resti-
tution coefficients and Coulomb friction, in order to be
valid for a large number of incident angles (sticking and/
or sliding contacts).*> Foerster et al.*? also give some
values of these coefficients for two types of patticles for
particle—particle and wall-particle collisions. Other
measurements of particle—particle and wall—particle
collisional properties can be found in Dave and
Rosato** and Massah et al.*® Lagrangian simulations
involving collisions, in the case of simple dry (a granular
flow without an intertitial gas) granular flow (simple
shear flow), are discussed by Lun*® and Lun and Bent.*!
From these simulations, several observation can be
made. (1) When the particle concentration is high, the
binary collision model might not be accurate, as multiple
collisions are likely to occur. High density microstruc-
tures are formed, and the correlation in particle velocity
increases (influence of g¢). Indeed, at a critical solid
concentration, about 0.52 for smooth inelastic spheres,
abrupt changes in the fiow properties are observed. This
matter is discussed by Lun and Bent. (2) Anisotropy of
the normal stresses increases with decreasing e. (3)
Formation of inelastic microstructures at low solid
concentrations with a low restitution coefficient is
consistent with the observations of Hopkins and
Louge.*® The previous observations suggest that the
major drawbacks of the kinetic theory of granular flow,
presented in this work, are due to the simple collision
model (no particle rotation, no friction) and the moment
method, f! =f0(1 + &), where € is small (low level of
anisotropy).



274

However, it is possible to generalize the theory
presented here by removing one of these limitations.
Such an improvement is due to Lun,*® following the
work of Jenkins and Richman.*’ In this work, collisions
between slightly inelastic, slightly rough spheres are
modeled, and therefore additional transport equations are
given for the angular momentum and rotational kinetic
energy. Applying the moment method presented in
this paper with a modified normal distribution function,
expressions for the rotational energy flux, the rotational
energy dissipation and the spin viscosity can be added
to the quantities defining translational motion. More-
over, particle rotation is important in dry granular flow,
but it might also be important in turbulent gas—solid
flows, as a result of aerodynamic forces.'® More
research is needed to render the kinetic theory of
granular flow more general for an improvement of the
Eulerian/Eulerian formulation.

3. FLUID-PARTICLE FLUCTUATIONS

In the previous sections, it has been demonstrated that
the closure problem formulated in Section 1.1 is not
limited to the interfacial terms, the stress tensors and the
second-order velocity moments. Indeed, in the formulation
of the interfacial momentum transfer term, a closure
model has to be found for the ‘‘drift velocity’’,
<uy;'>,, and, in the formulation of the transport
equation for the second-order velocity moment of the
particle phase, a closure model has to be found for the
‘‘finid-particle velocity correlation tensor’’, M,,;.
The drift velocity'"'® is defined by Eq. (9) using
Y¥(c)=uy;’. In the following sections, various proposals
for closure equations are given for this velocity and for
the fluid—particle velocity correlation tensor (Eq. (30)).

3.1. Closure Model Based on Tchen’s Theory

3.1.1. Dispersion in homogeneous turbulence

According to the general definition of a diffusion
coefficient,*® the transport (or flux) of particles (fluid or
solid particles) is defined as the product of a coefficient
and the concentration gradient. Since particles are
transported by the mean flow and are dispersed by the
turbulent motion, the dispersion (or diffusion tensor),
Djj, is defined by

o U= — Dj (87)

é)ak
ax]'
D;a-j is given by the displacement tensor < y,y, >  as
Djyi = 1 d/dt < yy,;>y, where y,; is the displacement
of a particle in direction i. For long-time diffusion, the
dispersion tensor is written in terms of the Lagrangian

correlation tensor,
Ryi(1) = <y’ (Duy' (¢ + 7)>4

K<uy >, <uy*>)",  (88)
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and the Lagrangian integral time scale, 15“-j=
I Rij(n)dr, as

, 2 2 IR
Diyj=(<uy'"" > <uy'™ >) " riy. (89)

3.1.2. Eulerian model

We now study ‘‘steady homogeneous turbulence’’,
where the mean velocity of the gas phase satisfies
U,; =0 for “‘very dilute suspensions’’, «; < 1, so that
two-way coupling and particle—particle collisions can be
neglected. According to Simonin,'! the particle flux can
then be written as

Uy = (Ui + Uyy). (90)

For very dilute suspensions, when the collisional effects
may be neglected, the interfacial momentum transfer
term can be obtained by averaging the local force
acting on a particle. The interfacial momentum transfer
is Iy = <X,f,; > = ay <fy; > ,, where f5; is the force
exerted by the fluid on a particle per unit volume.
This force can be written as'® fi= —pauil7ia +
p1dity;/dt — p, g;. Inserting this expression in the Eulerian
momentum equation and noticing that d/dt is the Lagran-
gian derivative, following a particle, an expression can
be found for the mean relative velocity:'®

Uy=7h(— <wuy'uy’ >3 +b<uy'uy’ >;)
da
x 222

b
ox, '

€2))

where b = p,/p,. This expression is valid if the the
buoyancy force is equal to the mean aerodynamic force
(drag force based on the free fall velocity, U; — U,). In
other words, the mean relative velocity is the sum of two
mechanisms: a free fall velocity and a dispersion
velocity (drift velocity). The free fall velocity can be
found from the Lagrangian equation of motion with an
average over the particle cloud, and is defined by
712(1 — p1/p2)g;. An expression for the drift velocity
can be found using the following procedure.'® A conser-
vation equation for the mass fraction of particles per unit
volume, Y, = ay0,/p,,, can be written from the discrete
phase continuity equation and Eq. (90) as

d ]
5ent) + 5 onTalUnd)

i)
=- —(————«"‘“""‘2"2 Ui+ Ud.-)>, (92)
a-xi Pm

where the mixture density is p,, = a;0; + o0, and the
mixture velocity is p,,U,,; = a0, Uy; + ap,Uy;. In the
limiting case of particles whose diameter converges to
zero, the relative velocity converges to zero. In such a
case and with stationary conditions, the drift velocity can
be written using Eq. (92) as

1 doypy 1 301292) ©93)

Ugi=D'gi( —
@ lzu(alpl ox;  appy ox;

where the binary dispersion coefficient or turbulent



Turbulent gas—solid flows 275

fluid—particle interaction dispersion coefficient is
defined in analogy with Eq. (87),
_p, 0

12ij ax]' .
With Eqs (87), (91) and (93), the discrete phase disper-
sion coefficient can be expressed as

YyUpi = (94)

I !
Dby = Dy + 7ia( < ugi'uy'>,

~-b< uli'uzj’ >2 ) (95)

The dispersion coefficient of the discrete phase is there-
fore the sum of two terms. The first term is the binary
dispersion coefficient and the second term is the sum of
two mechanisms: one due to the random motion of par-
ticles and the other due to the fluid—particle velocity
correlation tensor. In the case of small particles, the
relaxation time converges to zero and the discrete
phase dispersion coefficient reduces to the binary
dispersion coefficient.

3.1.3. Tchen’'s theory

The work of Tchen*® is one of the first attempts to
study the diffusion (or dispersion) of discrete particles in
a turbulent flow field. Tchen showed that it is possible to
express the particle turbulence intensity, the particle
diffusion coefficient and the particle Lagrangian corre-
lation function in terms of the fluid turbulent motion (the
fluid Lagrangian correlation function, R,(7)). With a
given expression for the Lagrangian correlation function
of the fluid turbulent motion, an analytical expression for
the characteristics of particle motion can be obtained.
Tchen made the following assumptions in his deriva-
tions: (1) turbulence is steady and homogeneous, (2)
particles are spherical and follow Stokes’ law of
resistance, (3) particles are small compared to the
smallest length scales of the fluid flow, and (4) during
the motion of the particles, their neighborhood is formed
by the same fluid. As pointed out by Hinze*® and later by
Deutsch and Simonin,'® the last assumption is the most
questionable. It is known that, in a turbulent flow, the
fluid elements are distorted and stretched, so that a given
fluid element should not always contain the same
particle(s). This remark is enhanced when considering
heavy particles which do not follow Stokes’ law of
resistance and therefore have a significant relative
velocity. Consequently, as stated by Deutsch and
Simonin, the Lagrangian correlation function of the
fluid turbulent motion must be expressed in terms of the
fluid velocity fluctuations seen by the particles, which
means it must be computed along particle trajectories:

Ri(n) = <u (O’ ¢ +7>,
H<wyi™ > <uy?>7)"%, (96)
where the integral scale of the fluid fluctuation seen by a
particle is (see Eq. (3))

7"l2ij = _[0 mlij('r)d‘r' 97)

With these definitions, it is possible to generalize
Tchen’s theory by eliminating assumptions (2) and
(4).'® The discrete phase dispersion tensor, D'zij, can be
defined in terms of the Lagrangian correlation function
of the fluid turbulent motion as

‘ 2 2 112
Dy =7 <uy'* >, <uy?>;)"% (98)

If the the buoyancy force is equal to the mean aerody-
namic force (see Eq. (91)), the equation for the discrete
phase fluctuating velocity is

d—‘:i?—+au2,»’ =a121,<' +bg%,
where the coefficients are given by a=1/r, and
b=p,/p,. Let us find a suitable form for the Lagrangian
correlation function of the fluid turbulent motion. The
displacement of particles is controlled by the mean flow,
while the dispersion is controlled by the turbulent
motion. Furthermore, if the mean flow velocity is large
enough, the eddy decay mechanism is negligible compared
to the spatial change of correlations, and thus the Lagrangian
correlation tensor becomes a spatial Eulerian tensor:

(99)

mlij(T) =< ulil(x)ulj,(x +7U)>,

(<uy*> <uy? > (100)

where the assumption < uli’z > =< u,,~’2>2 can be
made, provided that the displacement of the particles is
governed by the mean flow, and thus the turbulent kinetic
energy of the continuous phase and the local instan-
taneous distribution of the discrete phase must be uncor-
related. According to Csanady17 and Deutsch and
Simonin,'$ for ‘‘homogeneous isotropic turbulence’’,
R;(7) can be written, in the direction of the mean flow, as
R, (1) =exp( — t/7};), where 7{, is defined by Eq. (3).
Using a Fourier transform of Eq. (99) and the classical
results of turbulence (Hinze,*® pp. 464—467), the follow-
ing equation is obtained in the direction of the mean
flow, for the particle correlation function:

<w'uy > = <uw' >, B +9)(1+n), (10D

where 1= 71,/7},. The fluid-particle correlation func-
tion (Hinze,*® pp. 62-64) is obtained with the same
procedure:

<u'uy' >y = <w'u' >y (b+p)(1+9). (102)

A direct consequence of the previous results and assump-
tions is

D5IDY = 7,/7. (103)

When the relative mean velocity is very small, 7}, = 7{,
the original result of Tchen can be expressed: the long-
term dispersion coefficients of the discrete particles and
the fluid particles are the same. In addition, from
Eqgs (98), (101) and (102) inserted in Eq. (95),

D‘12=1"|2<u1'u2’>2. (l04)

The results derived so far for the direction of the mean
flow can be generalized to the other directions if one
accounts for the continuity effects. According to
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Csanady,” this can be achieved by Eq. (3), where the
coefficient C4 depends on the direction which is con-
sidered. Possible numerical values for this coefficient
can be found in Wells and Stock.’® If the above ex-
pression is generalized to non-isotropic cases, D’,2,~j=
T’mj <u);'uy;">, and Eq. (93) give a closure equation
for the drift velocity.

The results presented in this section have been tested
by numerical simulations using large eddy simulation
with a particle tracking algorithm.'® In these simulations,
one-way coupling was assumed. The results showed
good agreement with Tchen’s theory for heavy particles
(0, > p;). The results also showed that, for heavy
particles, there is an optimal ratio 7i/7}, or Stokes
number St = 7},/7}, which gives a maximal dispersion of
the particles, where D} = Dj. Furthermore, the results of
Deutsch and Simonin show that, even for heavy
particles, there is an intermediate time scale domain
for 7},/7}, where particles gather in low vorticity regions.
Outside this time scale domain, small particles follow the
fluid turbulence and coarse particles have a random
motion (scalar and coarse cases). This phenomenon has
been observed by Squires and Eaton,”* who found a
concentration of particles in regions of low vorticity and
high strain rate in an intermediate range of Stokes
numbers (St = 0.15), but their observations also showed
sensitivity to the volume fraction of particles. Heavy
particle concentration in regions of low vorticity and
high strain rate has also been observed by Maxey.>?

In the following section, attention is paid to other
closure models which give results similar to the ones of
the generalized Tchen theory.

3.2. Closure Model of Derevich and Zaichik

Assuming that the velocity fluctuations in the
continuous phase are represented by a Gaussian
random field, Derevich and Zaichik> gave an expression
for the probable net acceleration of a particle from
interactions with turbulent eddies. This expression is

Lo 1 of! o
Eu“f = - Flz'fuMlija_cj“guMlija_xj‘a (105)
where the second-order moment in the continuous phase
is Mj;= <uy;'u;;'>,. The functions f, and g, are
defined as functions of the integral of the fluid Lagran-
gian integral time scale measured along a particle path,
7{,, and the Lagrangian correlation tensor of the con-
tinuous phase computed along particle trajectories,

Ri;(7),

fi= % jo R, ;(r)exp( — /71,)dr,

1 t
g“=;x; jom”j(T)dT—f;‘. (106)

Using Eq. (9) with Yy =u,;’, in combination with Eqs
(105) and (106), a closure equation for the drift velocity
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is obtained:
1 do
Ugy= — g M ———=. 107
di 128u lya2 ax]- ( 0 )
If the Lagrangian correlation tensor is written

exp( — t/7}5), for long diffusion time, the function g, is
given by 1/(1 + 7). Tchen’s theory for heavy particles,
p1/p> < 1, inserted into Eqs (93) and (107), gives a result
consistent with Eq. (104).

Inserting ¥ =uy;'uy;’ in Eq. (9), in combination with
Egs (105) and (106), a closure equation for the fluid—
particle velocity correlation tensor is obtained:

Uy,

<uy'uy' >, =f,My; — 7128,Mim .
m

(108)

If the Lagrangian correlation tensor is written as
exp( — t/7{,), for a long diffusion time, the function f,
is given by »/(1 4 »). If the term involving the gradient
of the mean velocity of the discrete phase can be
neglected, Eq. (108) is consistent with Tchen’s theory
for heavy particles, p/p; < 1. Simonin®’ pointed out
that, in the case of a simple stationary shear flow, Eq.
(108) is not consistent with the asymptotic scalar case.

3.3. Closure Model of Koch

Koch® gave algebraic expressions for the fluid—
particle velocity correlation tensor and its trace if
isotropy can be assumed. These expressions are based
on the kinetic theory applied to a monodisperse gas—
solid suspension under the following assumptions:
collisions are elastic (¢ = 1), very dilute suspensions
so that the hypothesis of molecular chaos is valid
(80 =1) and small particle Reynolds number, Re < 1.
For very massive patticles, St > a5 32 where the Stokes
number is St =2mU, /31rp.1d§, the velocity distribution is
dominated by collisions, so that the fluid—particle
velocity covariance reads

dp 1 v
47}y o /7T,

where 7], 5 is the particle relaxation time based on
Stokes flow, 7], s,=p2d§/18p.l. When the particle
Reynolds number is greater than one, Louge et al.>*
proposed the use of Eq. (109) with the corresponding
particle relaxation time, 7},. For moderately massive
particles, a; ¥ < 8§t < a; *?, the velocity distribution
is determined by fluid-particle interactions. In the
present case, a gas—solid suspension in a vertical
column (z direction), the velocity distribution is aniso-
tropic, whereas for very massive particles it is
modeled by the Maxwellian distribution function. The
velocity fluctuations in the vertical direction are defined
by <uy'uy’ >, =M,, and in the directions
normal to the vertical one by <uy uy' >, =
<up,'uy,' >, =M,,, where the turbulent stress
tensor is determined by <uy'uy' >; =M, 6;+
My — M, )1, 1 is the unit vector in the vertical direc-
tion. According to Koch’s analysis, the distribution

(109)

” !
Suyly > =
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function is
f©) = (1122 My, MyPlexp( — CH2My,
—(C2+CH2My ). (110)

With this distribution function, Koch?® gave algebraic
expressions for the fluid—particle velocity correlation
tensor, < uy;"up;’ >, =Fyd;+ (Fy— F)LI;, where Fy
is defined by Fy = Afi(8), where A=(3dy/
327%, o) U\ /TMy, and F | is given by F, = Af (B).
The functions fi(B) and f, (B) are functions of the dimen-
sionless parameter g2 = Myl/My —M,,),

fi® =B +B8)In((B + /(B - 1)) — 2813 - 2%,
fLB)=(B = BHIn((B+ 1B - 1)2 - 2843+ 8.
(111

These expressions are limited to small Reynolds num-
bers and large Stokes numbers, but they are algebraic.
Therefore, for suspensions where these conditions are
fulfilled, one does not need to solve a transport equation
for the fluid—particle velocity correlation tensor.

3.4, Closure Model of Reeks

Before discussing transport equations for the fluid—
particle velocity correlation tensor and its trace, another
mode]l similar to the previous ones is presented.
Reeks>>® proposed a closure model describing the net
acceleration of a particle from interactions with turbulent
eddies. This acceleration is based on the Lagrangian
history direct interaction approximation (LHDI),*” and
can be written as

1 a 9 1 9 1 1

'TEulif =~ a—cj(#jif )~ gx‘j()\jif Y=y, (112)
where pj;, Aj; and +y; are diffusion tensors, which are
functions of x;, ¢; and £.3%® Using a reasoning similar
to that of the closure model of Derevich and Zaichik®®
and neglecting the dependency on local particle velocity,
a closure equation for the drift velocity can be derived.
This expression reads

1 30:2 akjl

U, = — Ny — = L .
di 12( i o axj + ax]- 71)

(113)

The fluid—particle velocity correlation tensor is defined
by

al,;
<u)'uy’ >y =1, (#ji - )‘mi"i>~ (114)

ax,,
For stationary homogeneous turbulence, it can be shown
that”’ y; = O and that the tensors can be written
wi = <uy'wy' > fl7 and Ni= <wglwy > g,
provided that < u,;'u;;' >, = <uy;'u;;">,. Equations
(113) and (114) are then equivalent to Eqs (107) and
(108), respectively.

3.5. Final Remarks on the Closure Models

Closure equations based on different physical

27

considerations have been presented to model the drift
velocity and the fluid-particle velocity correlation
tensor. These algebraic expressions are derived for
specific cases and their validity should be tested against
experimental data if possible. It is worthwhile noticing
that, in the case of stationary homogeneous turbulence,
the models of Tchen, Derevich and Zaichik, and Reeks
are equivalent. In the case of practical gas—solid flows,
most assumptions of the previous models are too
restrictive and a more general formulation is necessary.

This general formulation, transport equations for the
drift velocity and the fluid—particle velocity correlation
tensor, is now given. In the following, a transport
equation for the fluid—particle velocity covariance will
first be derived, with a mathematical derivation which
is analogous to the single-phase flow derivation for the
transport equation of the second-order velocity
moment. Secondly, transport equations for the drift
velocity and the fluid—particle velocity correlation
tensor will be expressed from a formulation of the
fluid-particle joint probability density function. In this
formulation, an equation of the Maxwell-Boltzmann
type is derived with a method similar to the one
adopted in the kinetic theory of granular flow. To close
this model, the acceleration of a virtual fluid particle
along the discrete particle trajectory is needed. This is
done with a generalized form of the Langevin
equation.

3.6. Transport Equations

3.6.1. Fluid-particle velocity covariance

A transport equation for the fluid—particle velocity
correlation tensor can be derived from a procedure
similar to the one used in single-phase flows.>® Let
Ni(u;;) = 0 symbolize the local instantaneous momen-
tum equation for the continuous phase, where N, denotes
the Navier—Stokes operator. Accordingly, the local
instantaneous momentum equation for the discrete
phase can be written as Ny(u,;) = 0, where N, is the
corresponding Navier-Stokes operator. The local instan-
taneous momentum equations are, for the continuous
phase,

X 6 +u 9 u
2P2 Y 1j 8xj I
Xo0,( 8
= X_‘zlpf(a_x(xlalij)"'alijnljb] +X1p1g,-), (115)
)

and for the discrete phase,

X a+u 9 u
202 at ZJaxj 2i
ap, 1
=—-X,—+Xop—u, +X ;. (116
zax,-+ 2021,{2” +Xo0,8;.  (116)

In this formulation, Eq. (115) has been rearranged for the
derivation of the transport equation of the fluid—particle
velocity correlation tensor. The local instantaneous
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momentum equation for the discrete phase (Eq. (116)) is
written without particle—particle interaction terms. This
means that, strictly speaking, only ‘‘dilute suspensions’’
are considered, a; < 1, and the effect of particle—-
particle collisions on the fluid—particle velocity
correlation tensor is not included. The derivation of
Egs (115) and (116) can be found in Peirano.'® In
order to derive the transport equation of the fluid-
particle velocity correlation tensor, the quantity
< uy"Ny(y)) + ;' Ny (uy;) > =0 is evaluated. Empha-
sizing the transport by the particulate phase, we obtain,
after some algebra,

D2 n,o d
Py —= < Uy Uy >3 = ——Digjjm + Pray + $125
Dr M ax, 1 i T P12y

+T 12y~ Eray

where the terms on the RHS are similar to the single-
phase flow case: diffusion, production, pressure strain,
phase interaction (specific to two-phase flows) and
destruction. The detailed expression of these terms can
be found in Peirano.®® The fluid—particle velocity co-
variance is defined as kjp = <u);"uy;'>,. A transport
equation for fluid—particle velocity covariance can be
obtained from Eq. (117) with i = j, modeling the
diffusion term as

4
viz\ kg2
Diiw =a )=
12iim 2P2( Uk\) ax,,

a1n

(118)

and the destruction term as FE)y; = aypy€);, where
€12 =k,/7}; contains the eddy-particle interaction
time. Destruction is caused by viscous effects in the
continuous phase and by crossing trajectories effects.
Neglecting the trace of the pressure strain (this term is
not traceless as for single-phase flows), the fluid—particle
velocity covariance transport equation reads

D2 3 l‘tn aklg

P2 7 k2 = ™ (azpz on 3%,
oUy;
ij
oUy;
axj

t
— a0y <uy"uy' >

—appp <uyj'uy' >,

+1T 12— wmenn, 119

where the phase interaction term, I1,,, is given by

o
1= — 22220+ X,p)kyy ~ 2X 10k, — 2k).

(120)
Ut

The quantity X;, is defined by Xi=ayp)/ayp0,.
Equation (120) is obtained by assuming statistical inde-
pendence between the local instantaneous spatial dis-
tribution of particles and the turbulent kinetic energy
of the continuous phase, so that one can write
<uy"u" >, = <y; 'uy;’>,. The transport equation is
closed using a Boussinesq approximation consistent with
the limit tracer case:

. e 1 N
<uuy' >, = §k125ij — ¥128124s (121

E. Peirano and B. Leckner

where $,5; = S — %Sn,,,,,,a,.j is the deviatoric part of the
strain rate tensor S;; which is defined by 15 = Uy;; +
U The turbulent fluid—particle viscosity is given by
V2 =kp7haf3.

3.6.2. Maxwell-Bolizmann type equation

Transport equations for the drift velocity and the
fluid—particle velocity correlation tensor can be obtained
using a method similar to the one adopted in the kinetic
theory of granular flow. This can be done®’ by
introducing the fluid—particle joint probability density
function, fi,(c,uy,Xx,7), where fi,(c,uy, x,Hydedu,dx
represents the probable number of particles located in
the volume dx centered at x, having a velocity in the
velocity space ¢ + dec and viewing a locally undisturbed
fluid velocity in the velocity space u, + du;,. A correspond-
ing fluid—particle Maxwell-Boltzmann equation can be
written as was done for the kinetic theory of granular flow:

%o

i} a du i
v + 5;‘_(02")(12)"' ‘—< 2 (c,,c,fn)

(96‘2,' dr
i} du1~ 5f12
A e = Iz
+acli( dt cl.c;fl2> ot cy

where the term af; /a1l is the rate of change of the fluid—
particle joint probability density function due to par-
ticle—particle collisions. The notation du/dtl;, ., rep-
resents the acceleration along the particle trajectory
with a conditional expectation that ¢); =#; and cy; =
uy;. The term duz,-/dtl‘.,hc2 equals the force acting on the
particle per unit mass, F; (Eq. (7)). The term du,/dtl,, .,
is more difficult to evaluate. It represents the acceleration
of a virtual fluid particle along the discrete particle tra-
jectory, which is the force per unit mass exerted on the
virtval fluid particle following the discrete particle
trajectory. According to Simonin,”’ this acceleration
can be evaluated by a generalized form of the Langevin
equation.

The increment over a time dr of the virtual fluid
particle velocity following the particle trajectory is

Ui (X (2 4 dr), 1+ dr) = i11,(x, (1), 1)
+ b (X (¢ +do), 1+ d) — @y (x, (0, 1)
+ Uyi(Xa(t +de), £+ do) — Uy(x, (£ + dn), £ +dr)
+uy (%ot +df), £+ de) —u), (%, (¢ + dt), 2 + dp),
(123)

a22)

where the terms on the second line represent the trajec-
tory of the virtual fluid particle in the turbulent field,
which is the solution to the Navier—Stokes equation for
the undisturbed turbulent flow field of the continuous
phase. The terms on the third line represent the incre-
ment of the mean fluid velocity due to the mean relative
velocity between the virtual fluid particle and the dis-
crete particle. Using a first-order approximation, this
term can be written as (ug, — i1, )(U);/0x,,)dt. The
terms on the fourth line represent the increment of the
fluctuation velocity due to the mean relative velocity
between the virtual fluid particle and the discrete
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particle, i.e. the crossing trajectories effect. The terms on
the second line can be evaluated using the work of
Pope,®'%? and Haworth and Pope.5® For single-phase
flow, in an infinitesimal time interval dt, the velocity of
a fluid particle changes by

(%, (t +do), 1+ dr) =i (xy, 1)

1oP, & [ aUy,
(== (5, 22 ar
P1 6)(,‘ axj Bx]

1 dp,’ 9 ouy;’
p( o2 2, M N Vg (124)
P 6x,~ ax] Bx]
where the Navier-Stokes equation has been used with
ay=U;+u;’ and p;=P +p,'. A generalized
Langevin equation can then be written:

(X (t +dn), £+ de) = i1;(x,, 1)

19P, 9 [ aUy
[ = =L+ —p, ==L} Jdr
P1 Bx,v 6xj axj
+ Gyity; — Uyj)dt + (Coey) 2dWy,.  (125)

Comparing Eq. (124) with Eq. (125) makes clear that
Gy and Cy account for the effects of viscosity and
fluctuating pressure gradient. Haworth and Pope® give
Cy = 2.1. According to Haworth and Pope, the last term
in Eq. (125) represents a random walk in velocity space.
The random vector, dW,,, is characterized by a zero
mean, < dW; > | = 0, and a covariance defined by
< dW,dW,; > | = 6,dt. As stated by Haworth and Pope,
there are limitations to Eq. (125): the infinitesimal time
increment must be smaller than the dissipation time scale
(actually it is sufficient that the time increment corre-
sponds to the inertial range®), the turbulence structure
is described only by local mean quantities (if G,;; is
modeled in terms of local mean quantities) and the
small scales of the flow are isotropic. To close Eq. (125),
an expression for G ;; has to be found. Haworth and Pope®
proposed the following closure model:
Uy,

Glij=Glij( < ulm,uln’ >, -—,E‘).

5x, (126)

The study of such a closure expression in the general case
is not given, but instead a model is proposed for ‘homo-
geneous turbulent flows’’. Haworth and Pope give

1 1
Guj=a 715./ +a; 7117,'; + Hijmn e
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where 7| =k, /¢, the normalized anisotropy tensor, b; j» 18
defined by b= <upw, >/ <wu'uy' > -
8,.,/3 and the tensor H ;,,, is given in terms of the normal-
ized anisotropy tensors and the Kronecker symbol.
Equation (127) includes 11 model coefficients (a,, a;
and nine coefficients in the expression of H ). How-
ever, for practical applications, Haworth and Pope®
simplified this model by introducing the simplified and
intermediate models. These models are not presented
here, but instead their extension to two-phase flows by
Simonin?’ is given.

To carry on in a practical way, Simonin et al.%

proposed generalizing Eq. (125) to two-phase flows. An
equation was given for the infinitesimal increment of the
local undisturbed velocity of a fluid particle along the
particle trajectory. This equation reads

(X, (t + dD), 2 + dt) = it (X(0), 7)

1oP, 8 [ aUy,
= =T S 2 ar
P é)x,- ij axj
- aUl,' .
+(uzj—"u—dax' t+ Gy, — U,yy))de
£l

+(Coer) AWy, (128)

where, as for the single-phase flow case, dW,,; is a
random vector characterized by a zero mean,
< dW,,; >, =0. The form of this equation remains an
open question.®’ Simonin er al.% and Simonin®’ gave
models for the tensor G ,;; which account for the same
effects as for single-phase flows, but also for the crossing
trajectories effect. This extension of the Langevin
equation is valid for ‘‘dilute’’ two-phase flows, other-
wise Eq. (128) should include terms for the particle—
particle collision mechanism and terms for the influence
of the surrounding particles on the particle considered
(two-way coupling). In other words, this expression is
only valid for one-way coupling. In addition, the form of
the mean velocity gradient of the continuous phase, 3U, /
dx;, in Eq. (128) could well be replaced by the mean
velocity gradient of the continuous phase seen by the
particle, 3 < u,; > ,/0x;. In order to continue in a
more practical way, Simonin et al.%® proposed models

for G,3;j. The first model, or simplified model,*® is given
by
G LI LRI 19" (129)
12§ = — i— | =—— 5—
Y Ty 0 A\ Ty T

where I; is the unit vector defined by I, = U,;/|U,l. The
eddy-—particle interaction time in the direction of the
mean flow is 7},, and the eddy—particle interaction
time in the direction perpendicular to the mean flow is
712, . These interaction times are defined according to
Eq. (3), where the constant C;; takes a value depending
on the direction in the flow. The second model, or inter-
mediate model,%” is given by

1

3
ij-

i
This model neglects the anisotropy caused by the cross-
ing trajectories effect. To fully understand the form of
these models, comparisons must be made with the
single-phase flow models of Haworth and Pope.®
As was done in Eq. (9), an averaging operator, < > ,,
is defined for a given function ¥(c,,c;):

n<y(e;,¢) >y, =If,2¢(cl,c2)dc|dc2. (131)

The fluid—particle joint probability density function can
be defined in terms of the conditional probability
distribution function, fin, as fip(e)ley, x,0)=f,
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(c), ¢, X, )/f5(c5, X, 1), where fy(e,x,f) is the particle
velocity probability density function (Section 2). As
for the pair distribution function (Section 2), the fluid—
particle joint probability density function is not the
product of the particle velocity probability density func-
tion and the standard fluid velocity probability distribu-
tion function, fi(c;,X.f), and f;2(x,c;,¢2,t) is different
from f;(x, ¢),t)f2(X,€2,¢). This means that, along the par-
ticle path, the fluid velocity and the particle velocity are
correlated variables. From the previous definitions, it is
obvious that the particle velocity probability density
function, f,, and the fluid—particle joint probability den-
sity function, f),, must satisfy

ﬁ=jf12dcl- (132)
With these definitions, it can be shown that
<Y(e;,€)>1 = < Y(eg,ey) > 5. This is used for
writing the transport equations for the drift velocity
and the fluid—particle velocity correlation tensor. Multi-
plying Eq. (122) by the function y(c;,c;) and applying
the averaging operator < >, an averaged equation can
be derived. This equation is written assuming a ‘‘dilute
suspension’’, so that the rate of change of the fluid-
particle joint probability density function (Section 2)
can be neglected. The resulting equation is, using
Q07 = hmy,

0 a
5(012132 <y>)+ 5;;(012»02 <cu¥>7)
_ W oy 3y
carent((50),+ (ena), +(Puss),
Y
* <F“a>z)’

where F,; is the external force per unit of mass acting on
a discrete particle and F; is the external force per unit of
mass acting on a virtual fluid particle following the tra-
jectory of the corresponding discrete particle. F»; is
given by Eq. (7), whereas F; is given by the generalized
Langevin equation (Eq. (128)). The equation for the
external force per unit of mass acting on a virtual fluid
particle which follows the trajectory of the correspond-
ing discrete particle reads
, au 1,)
0x;

aUy;
+ (ul] - Ul])GlZU

(133)
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12 AWy
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(134)

3.6.3. Drift velocity

With Eq. (133) with ¢ = u,;’ and Eq. (134), a transport
equation can be derived for the drift velocity. This
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equation reads

ap; 9'2'Udi =- i(sz»oz <uy'uy' >;)
Dt ax]

d
- X2 5—(‘1101 <uy'wy' >p) =Xl
Xj

aUy;
— 0P, Ud- + @02G 12Uy (135)

The first and second terms on the RHS represent the
transport of the drift velocity by velocity fluctuations.
The third term is a result of the interaction of the discrete
phase with the continuous phase. The fourth term is a
production term caused by the mean velocity gradients
of the continuous phase. The fifth term on the RHS
accounts for the effects of the fluctuating pressure
gradients, viscosity and crossing trajectories. A simpli-
fied expression of this transport equation was given by
Simonin,”’ for ‘‘dilute flows’> where the interfacial
term, X,,/,; can be neglected as well as the gradient
of the mean volume fraction, dc,/dx;.

3.6.4. Fluid—particle velocity correlation tensor

From Eq. (133) with y=u;;'uy;" and Eq. (134), a
transport equation can be derived for the fluid—particle
velocity correlation tensor. This equation reads

D,
azpzb <uy"uy' >y

0
= - 5;“(012!32 <"ty U’ >7)
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Ut
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The first term on the RHS represents the transport of the
fluid-particle velocity correlation tensor by the particle
velocity fluctuations. The second term on the RHS re-
presents the production caused by the mean velocity
gradients of the discrete and the continuous phase, and
the interaction between the second-order velocity
moment in the discrete phase and the gradient of the
drift velocity. The third term is a production or destruc-
tion term caused by the interaction of the discrete phase
with the continuous phase. The fourth term on the RHS
accounts for the effects of the fluctuating pressure gra-
dient, viscosity and crossing trajectories.

3.6.5. Final remarks on the transport equations

Equations (119) and (136), taking { = j, should be
equivalent as they both give the transport equation for
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the fluid—particle velocity covariance. It is quite
straightfoward to observe that these two equations are
not equivalent for two reasons: the production and
interaction terms differ. However, two points must be
emphasized (Simonin, personal communications). (1) In
the generalized Langevin equation (Eq. (128)), the term
(uy; — #,;)U,,;/9x; should rather be written (u — &)))
8 < uy; >, /6x;. (2) In the formulation of Eq. (134), two-
way coupling is neglected. To account for the effect of
the surrounding particles, an additional drag term must
be included. This term reads

%uli(xzy N=o z—fé(u;i(xz, D —ui(x2, 1)), (137)
where o is the local concentration of the surrounding
particles and u3;(x, f) is the characteristic velocity of the
surrounding particles. Using Eq. (133) with ¢ =u,;'uy;’
and the modified form of Eq. (134), a transport equation
can be derived for the fluid—particle velocity correlation
tensor and the fluid—particle velocity covariance, taking i
= j. For dilute flows, this equation is then almost equiva-
lent to Eq. (119). The interaction term is the same, the
production terms differ by the mean gas velocity
gradient, 8 < u);>,/dx; instead of AU,/dx; and the
dissipation term @07Gygim < Uy, Uy;' >, becomes
ayp.k2/7, using a simplified Langevin model (Eq.
(129)).

The form of the transport equation for the fluid—
particle velocity correlation tensor is a key point in the
formulation of the models. Indeed, when solving the
transport equations for the second-order velocity
moment, the fluid—-particle velocity correlation tensor
appears in the coupling term (Eqgs (30) and (139)). In the
present section, all derivations were made assuming
dilute suspensions, so that the collisional term,

Cuth= vz

de,de,,
3 1482

<

(138)

could be neglected in the transport equation of the drift
velocity (Y =u,;") and the fluid—particle velocity corre-
lation tensor (Y =u;;'uy;’). We shall see later that the
models can be extended to dense suspensions by treat-
ment of the collisional term (Section 7).

4, CONTINUOUS PHASE FLUCTUATIONS

In the previous sections, various closure models for
the stress tensor and the second-order velocity moments
in the particle phase, the drift veloicty and the fluid—
particle velocity correlation tensor have been given. To
complete the closure problem, the second-order velocity
moment of the gas phase, M,; = < uj;'u);">, has to be
modeled. In this section, we start by giving a deeper
insight into two-way coupling and discuss models which
can describe gas phase turbulence. Then, we formulate a
transport equation for M,;; and a complete closure for a
two-equation model (k-e model). Problems specific to
the k—e model are discussed.

([
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Fig. 4. Spectral distributions for E(k), D(k) and T(k) without
gravity field. Solid line: without particles; dashed line: with
particles.

4.1. Two-way Coupling

Two-way coupling was briefly mentioned in Section 1,
where some basic principles and explanations on the
nature and the mechanisms of two-way coupling were
presented, based on semi-empirical models and well-
known experiments. This description is, however,
insufficient and needs to be discussed together with
direct numerical simulation (DNS) results. Indeed, it is
generally considered®® that particles with a small
Reynolds number damp turbulence, whereas particles
with large Reynolds numbers enhance turbulence due to
vortex shedding. As a matter of fact, it has been shown
by Elgobashi and Truesdell,%® using direct numerical
simulation of grid turbulence (homogeneous isotropic
turbulence), that small particles (smaller than the
Kolmogorov scale) could enhance turbulence in a
specific range of wavenumbers. As stated by Elgobashi
and Truesdell, the modulation by particles of E(k), the
three-dimensional spectrum of energy, and D(k), the
three-dimensional spectrum of energy dissipation, fol-
lows a pattern of selective ‘‘spectral redistribution’’
rather than a uniform attenuation or augmentation.

A first set of results was presented by Elgobashi and
Truesdell for zero gravity (no crossing trajectories
effect). It is observed that, at low wavenumbers (large
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scales), the values of E(k) and D(k) for a turbulent field
with particles are smaller than the corresponding
quantities of a turbulent field without particles below a
critical wavenumber, k., above which the contrary is
seen (Fig. 4(a, b)). As a decrease of the time-dependent
turbulent kinetic energy and an increase of the time-
dependent dissipation were observed, it can be con-
cluded that, globally, for the kinetic energy, the
production at high wavenumbers is dominated by the
destruction at low wavenumbers. For the dissipation,
attenuation at low wavenumbers is dominated by
enhancement at large wavenumbers. According to
Elgobashi and Truesdell, a possible explanation for this
spectral redistribution is that particles transfer their
energy to the small scales, with a corresponding increase
in dissipation. This rise in dissipation is detected by the
large scales, which increase their supply of energy to the
small scales (Fig. 4(c)), and this results in the reduction
of E(k) at large scales. The detection by the large scales
is due to non-local triadic interaction of T(k), illustrated
in Fig. 4(c), the rate of energy transfer to wavenumbers
of magnitude k. A discussion of these mechanisms can be
found, for example, in McComb’® and Domaradzki and
Rogallo.”! A second set of results was given by
Elgobashi and Truesdell for non-zero gravity. A similar
behavior for the spectral redistribution was observed, but
the critical wavenumber, k., decreased with time. This
seems to indicate that energy transfer from particles
starts at high wavenumbers and propagates to lower
wavenumbers, which gives a reverse cascade phenom-
enon. The main feature of gravity is to produce
anisotropy at high wavenumbers. The excess of energy
in the gravity component is transferred to the other
directions at the same wavenumber by the pressure strain
term, and to other wavenumbers by triadic interactions.

The results of Elgobashi and Truesdell were con-
firmed experimentally by Tsuji et al’® for dilute
suspensions in the case of homogeneous isotropic
turbulence. The measurements of Tsuji et al. for the
one-dimensional spectrum showed the same trend as in
Fig. 4(a); the energy spectrum of the turbulent field with
particles takes smaller values than the energy spectrum
of the turbulent field without particles below a critical
wavenumber, above which the contrary is observed. The
measurements of Tsuji et al. were done for very dilute
suspensions in pipe flows and the smallest particle size
used in this experiment was greater than the Kolmogorov
scale by a factor of two. In the experiment, the existence
of the critical wavenumber is more pronounced in the
core region, where turbulence can be assumed to be
isotropic, than in the wall region. In addition, the
experiment showed that for large particles (3 mm),
turbulence is increased throughout the whole cross-
section, while for small particles (200 um), the contrary
is observed. For medium-sized particles (500 um and
1 mm), turbulence is enhanced in the core region but
damped near the walls. Moreover, the tendencies
observed by Tsuji ez al.” have been predicted theore-
tically by Derevich,*® whose model compares favorably
with the measurements of Tsuji et al. The computations
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of Elgobashi and Truesdell, together with the theoretical
results of Derevich and the measurements of Tsuji et al.,
seem to prove the uncertainty of the early measurements
of Hetsroni and Sokolov’® and the theoretical results of
Baw and Peskin,’® which predict a decrease of the
spectral components at high wavenumbers due to the
presence of particles.

As a conclusion, three-dimensional spectra of turbu-
lent kinetic energy and energy dissipation in dilute
suspensions are governed by ‘‘spectral redistribution”’
mechanisms rather than by uniform mechanisms over the
whole range of wavenumbers.

4.2. Choice of a Model

The purpose is to describe the motion of the
continuous phase turbulence for ‘‘confined’’ turbulent
two-phase flows, with application to fluidization. In
turbulent single-phase flows, two-equation models, and
especially the k—e model,”” are commonly used.
However, it is known in single-phase flow modeling
that the Boussinesq approximation yields an unsatisfac-
tory description for certain types of flows, such as flows
over curved surfaces, three-dimensional flows, flows
with boundary layer separation and flows with secondary
motions. Alternatives are possible with, on the one hand,
an increase of the mathematical and physical complexity
and, on the other, with powerful computers. Models
increasing mathematical and physical complexity are
non-linear models,”® Reynolds stress models (RSMs)77
and algebraic stress models (ASMs).”® Models requiring
computer capacity are large eddy simulation (LES)’® and
direct numerical simulation (DNS).2° In this study,
because of the complexity generated by the two-phase
problem, it is considered that the Boussinessq approx-
imation is valid in the applications to fluidization.
Therefore, the study is limited to the k—e model. The
reasons why the k—e model is preferred to the other two-
equation models can be found in Launder and Spald-
ing.8! Advantages of the low Reynolds number k—e
model over ASMs and RSMs for prediction of pipe flow
have been shown by Martinuzzi and Pollard.®? Their
study®? does not give any indications on two-phase flow
prediction, but it provides an argument which can
strengthen the choice of a low Reynolds number k-e
model. In dilute two-phase flows, DNS has been tested
by Elgobashi and Truesdell®® and LES by Simonin
et al.®®

4.3. Second-order Velocity Moment Transport Equation

The transport equations for the second-order velocity
moment of the continuous phase, My; = <uy;'uy;">,
can be obtained as for the single-phase flow equations.*®
Let N(u;) = 0 symbolize the local instantaneous
momentum equation for the continuous phase, where N
denotes the Navier—Stokes operator. To derive the
transport equations for the second-order velocity
moment of the continuous phase, the quantity
<u;'N(uyy) +uy'N(uy) > =0 is evaluated. After



Turbulent gas—solid flows

some algebra, this expression becomes

D D,
. um+P1U+¢lq+l—llxj Elu

(139)

The first term on the RHS, 6D, ,,,,/ax,,,, is a diffusion term.

It is the sum of two terms, Dl,,,,, + Dlu,,,, where D’l,j,,,
represents the transport related to the local instantaneous
viscous stress tensor which can be compared to the mole-
cular transport term in single-phase flows,

Dlljm_ <X111],,,u1, +X1T1,mull >, (140)

This term is negligible compared to D} iim» the turbulent
transport and pressure diffusion term:

'3 ’ ’ ’ ’ r
Dijm = —a1py <uy'wyi'uym’ > — ey <prlug’8m>

(141)
The second term on the RHS of Eq. (139), Py, is the
production term due to the interaction between the vel-

ocity fluctuations and the spatial gradients of the mean
velocity:

~oy <py'uy'd, >y .

. U ;
Pln’jz"alpl(<uli Upm =1 . -
xm

<uyi'uy,’ > — ). 142

+ <wuyuy, >y ax,,,> (142)

The third term on the RHS, ¢,;;, is the pressure strain
term. It is mostly responsible for the redistribution of
energy between the different terms of the turbulent stress
tensor. This term is

’ a ! ’ a
¢1ij=<P1 a_xjxluli +pi a—xixlulj'>-

The trace of this tensor is not zero as in the case of single-
phase flows. The fourth term on the RHS, I1,;;, re-
presents the work of the forces exerted on the particles,
as the particles move in the turbulent flow field. This
term can be a production term or destruction term and
is written as

20,
l-ll.,- —( 2<uw" >y + <uy"uy">,

(143)

+ <uy'uy” >y + UiUy + UuUy), (144)

where the mean relative velocity is U,; = < uy; — uy;>,
and the drift velocity is Uy = < u);">,. The fluctuating
velocity of the gas phase seen by the particles is denoted
u"=uy;; — <uy;>,. Using this definition, it is also
shown, as in Section 3, that <u,'u;”">, =
< uy"uy;">,. The fifth term on the RHS, E | , represents
the viscous dissipation at the small scales of the turbulent
flow field, as in single-phase flows, but also the pro-
duction or dissipation of energy due to the presence of
the particles (wake effects):

6u,-'
Eg=a{1 :
ij jm 3xm

In this expression, additional terms which come from
compressibility  effects have been neglected.

(145)

283

These terms are equivalent to the ones found in the
Favre- averaged Reynolds stress equation in single-
phase flow.>® This terms are — <Xuy;' > oP,/
6xj - <X1u1j' > aPllax,-.

4.4. Two-equation Model (k,—¢))

The second-order velocity moment is given by the
Boussinesq approximation,

2
Shy8;—

Mlij=3

2485, (146)
where the turbulent viscosity reads »| = C ukf/el ande, is
the dissipation of turbulent kinetic energy. The
Boussinesq approximation is valid provided that
V110U, Jax;| < k, (first-order approximation). This con-
dition states that the characteristic time scale of the fluc-
tuating motion must be much smaller that the time scale
of the mean flow, 7116U);/ox;! < 1. The equation for the
turbulent kinetic energy of the continuous phase,
ky = <uy'uy;" > /2, is obtained from Eq. (139) setting
i=j:

o l(aiDliim+P1ii+¢lii+nlii“Elii>~

xm

0‘1015"1 = 3

(147)

The transport term is modeled as for single-phase
flows,>® as

ok
D\jim =Dy, Et—l”
m

(148)
where Dy =a;p (¥ +»}/0y,) and g, is the effective
Prandtl number which relates the eddy diffusion of &,
to the momentum eddy viscosity. Neglecting the trace
of the pressure strain term, the equation for the turbulent
kinetic energy reads

D, 3 ak,
=2 (p, L
vl ax,,,( b ax,,,)
apy <uy'u,, > U,
1P 1i Uim lax,,,
+aoi[1 —ape. (149)
The interface term, IT |, is given by
[l= '2( 2<ky >y Hhp+UUp, (150)

where 2 <k, >, = <u;"u;;">, represents the turbu-
lent kinetic energy of the continuous phase seen by the
particles. As in Section 3, if statistical independence is
assumed between the local instantaneous spatial distri-
bution of particles and the turbulent kinetic energy of the
continuous phase, one can write < k; >, =k;. A trans-
port equation must now be written for the dissipation, €.
This equation is obtained with a similar procedure as for
single-phase flows.>® After some algebra, the differential
equation for dissipation of turbulent kinetic energy, €|, is
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given by
D d 661
e =—(D =L
NP1 ax,,,( € ax,,,>

U,
—Oflplk (Ce.Mn, F™ L +Ce251) +I,

(151)

where D, =a,p,(v; +»i/0,) and o, is the effective
Prandtl number which relates the eddy diffusion of ¢,
to the momentum eddy viscosity. The interaction term,

I1,,, is modeled according to Elgobashi er al.®* as

nu = e1k ﬂn (152)

This term expresses the work of the forces exerted on the
particles divided by the characteristic time of turbulence.
The system of equations is closed if the constants
0, 0, Cy C,, C, and C,, are defined. The effec-
tive Prandtl numbers are 0, = 1.0 and o, =1.3. The
other constants have been determined by applying the
model to simple turbulent flows: C, = 0.09,
C., =1.44, C,, =1.92. The constant in the term specific
to two-phase ﬂows was given by Elgobashi et al. 84 as
C,, = 1.2. The constants defined above and in Eqs (149)—
(152) define the k;—e, model derived by He and Simo-
nin.?> In this formulation (Eqgs (149) and (151)), the
effect of the velocity fluctuations produced by the
wakes is not considered. Such effects are assumed to
be in local equilibrium with the viscous dissipation
(the particle diameter is smaller than the Kolmogorov
scale in the gas phase, so that wake effects are directly
dissipated into heat). Therefore, turbulence is modeled
for the length scales of the flow which are much larger
than the particle diameter, d, < Li. A k—e model which
accounts for the wake effects was presented by Yoko-
mine and Shimizu.®

Moreover, the present k—e model, expressed by Egs
(149) and (151), is only valid for dilute, turbulent, fully
developed two-phase flows: the ‘‘high Reynolds
number’’ k—e model. The subject of interest in this
study is applications to fluidization, which means
confined flows. Near walls, regions exist where the
local Reynolds number of turbulence, Re, = C‘,kf/e, v, is
small and viscous effects dominate over the turbulent
ones. There are two methods to deal with this problem,
‘‘wall functions’’ and ‘‘low Reynolds number’’ k-e
models. Wall functions have been extensively treated for
single-phase flows, but there are few results concerning
two-phase flows. Rizk and Elgobashi®’ showed by means
of a low Reynolds number model, that, even for dilute
suspensions, the use of the law of the wall is questionable
and that a significant deviation from single-phase flow
can occur with a relatively low particle volume fraction,
for example a deviation of U* of 16% at y* = 30, for
ay = 0.004. Bolio et al.®® used a low Reynolds number
model, the k—¢ model of Myong and Kasagi,®® a choice
motivated by a comparative study of low Reynolds
number k—e models.”® The model presented by Bolio
et al. rises fundamental questions concerning the
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universality of the constants oy, o, C, and C,,.
Bolio et al. made a sensitivity analysis on their k—e
model by varying the model constants
0,» 0> C,, and C,, over an interval * 0.1 and found
that their predictions did not exhibit a significant
sensitivity to these variations. However, this does not
give any indication of the modification of the constants
due to the presence of particles.

A more systematic investigation was done by Squires
and Eaton®' based on their DNS database.’! The DNS
database is generated from particle-laden ‘‘homoge-
neous isotropic turbulence’’ and therefore the influence
of the presence of particles is investigated only for C,,
and C,,. Results are presented for the following cases: a
ratio of particle relaxation time to time scale of
turbulence, 7i,/7}, ranging from 0.14 to 1.5, and a
loading, X, ranging from 0 to 1.0. The results show
that, for example, for 71,/7{ =0.14 and X, = 1.0, C,
increases by a factor of 6 and C,, decreases by a factor of
4 compared to the single-phase flow values. For
7}2/71 = 1.5, the influence of particles does not depend
very much on the loading.

An attempt to account for particle effects on C, was
made by Cao and Ahmadi,’> who proposed correcting
the turbulent viscosity by modlfymg C,as C,=0.09C,,
where C}, is given by C; ™' =1 +(1"2/1’1)(1 —aylay,)’.
In summary, more research is needed in this field.

4.5. Low Reynolds Number k,—e, Model

There are several low Reynolds number k~e models
for single-phase flows. Reviews of these models can be
found in Patel er al.”® and Wilcox.’® In low Reynolds
number k—e models, the entire boundary layer is solved
and the viscous effects at the wall are accounted for by
means of damping functions. The study of the limiting
behavior of the fluctuating velocities near the wall leads
to two implementations of the low Reynolds number k~¢
model.

The first implementation is to modify the €, equation
and solve it instead for €, defined by €, =¢; —¢,,. Here,
€, represents the dissipation rate at the wall, which can
be defined in several ways, the most famous being
ew =2v(0 \/k_l /c?y)z.75 This solution has the advantage of
having a Dirichlet boundary condition, which reads
&(y=0)=0. The transport equation for € is

D.. @ 9%
=9 (p %
P prf ax,,,( é ax,,,)

€ U,
—alplé(fquMlq i

+f2cez€l)

+[1,+E

where f, and f, are damping functions and E accounts for
consistency at the wall. This term must satisfy

(153)

ap1v — 8y2 F+ a1 fiC, @ +nn+E 0. (154)

If the influence of particles can be neglected, E can be
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modeled as for single-phase flows. When the dissipation
rate equation (Eq. (151)) is solved for €, the transport
equation for k, reads

Dk, a ak, oUy;
— =Dy — |- M, —
o) Dt 6x,,,( k ox,, o P My ax,,

T T I (155)

where the turbulent viscosity is defined by v = C“fukf/el
(see Eq. (146)) and f, is a damping function. The low
Reynolds number model is then defined by a modified ¢,
equation, three damping functions, f,,, f| and f,, the value
of the dissipation rate at the wall, ¢, and an additional
term, E, for consistency at the wall. The boundary con-
ditions are k;, =& =0fory = 0.

The second possible implementation is to solve the
dissipation rate equation for ¢, (¢,, = 0 and E = 0) and
find a suitable boundary condition at the wall. The low
Reynolds number k—e model is then defined by the three
damping functions, f,, fi and f,, and the boundary
conditions k; = 0 and €, = »,3k?/3y* or de,/oy = 0.5
Reviews of these models can be found in Patel et al.*®
and Wilcox.*

In the two-phase flow approach, the formulation of a
low Reynolds number k—e model is quite intricate.
Damping functions and boundary conditions must
account for the presence of particles. There has been
almost no work done in this field; most researchers use
the single-phase results. In general, more research is
needed in this field.

4.6. Concluding Remarks

The formulation of a model which describes the
velocity fluctuations in the gas phase is a difficult task.
When using a k,—e, model, the main difficulties are: (1)
to find values of the constants o , o,,, C,, C,,, C,, and
C.3, which account for the presence of particles; (2) to
find an accurate form of the interaction terms, IT, and
I, if wake effects are important; and (3) to find a
proper treatment of the wall layer when particles are
present. More research is needed in this field.

5. DISCRETE PHASE FLUCTUATIONS

The models presented here are a direct application of
the kinetic theory of granular flow (Section 2) and of the
models of fluid—particle interactions (Section 3). Three
models are presented, the models of Koch?® (algebraic
models), a two-equation model and a second-order
closure model. The two-equation model, called the k,—
k> model, is based on two transport equations, one for
the turbulent kinetic energy of the discrete phase, k,, and
one for the fluid—particle velocity covariance, k;,. The
second-order closure model, similar to an RSM in single-
phase flow, is based on the transport equation for the
second-order velocity moment, M,;; (Eq. (30)).
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5.1. Algebraic Models

Koch?® gave asymptotic steady state solutions of the
energy equations for Re < 1 and St > 1 (Section 3).
For very massive particles, St > oy ¥2 in a homo-
geneous suspension at steady state, the granular
temperature is given by T, =58t"2PU,Y(36x)"", where
the Stokes number has been redefined as
St=2|U,|r,/d,. For moderately massive particles,
oy P St<ay?, ina homogeneous suspension at
steady state, the stress tensor is defined by (Section 3):
M, =0.802U,2Sr~ % and M, , =0.034U%s:~%".

Algebraic models can also be derived from the two-
equation model (see Section 5.2). These models are
based on the assumption of local equilibrium: the only
terms remaining are production, dissipation and interac-
tion terms. Examples of such models are given, for
example, by Boemer et al.®®

5.2. Two-equation Model

The transport equation for turbulent kinetic energy
of the discrete phase, k; = <uy;'uy;’ >, /2 related to
the granular temperature by k, = 5 T,, can be written
using Eq. (30) with { = j. This equation reads

Dk, 13 Uy,

2t gy 27U

202 p, 20x, W TH ox;
1)

1

12

From the previous results, Eq. (156) becomes

Dk, 8 (. ok
222_ T p 22—
%22 Dt axi( ko Bxi

2

e’ —1
—k>, 157
+ 0 3% 2 (157)
where D, = a,0,(K3 +K3), K; and Kj are defined by
Eqgs (79) and (80), respectively. The effective stress
tensor is given by Ej; =0; + appaMy;. The collisional
stress tensor, 8;;, is given by Eq. (64) and the second-
order moment, M,;, by Eq. (68). The fluid-particle
velocity covariance, k,, is given by Eq. (119),
D, 0 oky2
Zp=—(p, 12
%2P2 Dt 2 Bx/»< kia ox;

AUy

— 0y < U Uy >, —

202 1i Wi 2 Bx,-
au,;

—apy < uyj"uy’ > —%+l_l.z

ax;

— Qapa€d, (158)
where Dy, = ayp2¥],/0;,. The turbulent fluid-particle
viscosity is given by ¥}, =k;,7{,/3 and the destruction
term by e€,;=k;5/7;;. The fluid—particle velocity
correlation tensor, < u’juy'>,, is defined by Eq.
(121) and the phase interaction term, II;,, is given by
Eq. (120).
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5.3. Second-order Closure Model

The second-order moment closure is based on the
transport equations for the second-order moment of the
particle velocity fluctuations, My; = < up;'uy;'>, (Eq.
(30)), which reads

D, P Uy
a0, B;MZij - EEijm = Lam 5
Uy 20up;

= Ljm Fra Tn—(Mzij = M) + x;-
(159)

In this equation, the terms have been defined before: the
third-order tensor, Ey,, = 0, + a2p2M3jm, Where 85, is
defined by Eq. (65); the source term, x;, is given by Eq.
(61), and the fluid—particle velocity correlation tensor,
M, To close the system, closure equations for the
third-order velocity moment, My, = < uy;'uy; "ty >,
and M 3;; must be derived.

A closure equation for the third-order velocity
moment can be derived from Eq. (32), neglecting the
mean transport and mean gradient effects.?” This gives

d

0 a
EQZPZMZijm = - E(QZPZKémn E’Mﬁj) , (160)

where the diffusivity tensor is

G 7, G D
. _ (G 1y, ¢G.D
K = (1’1‘2 G,M12,1+M2,,m>/(ﬁz+ rg)’ (161)

and where D = (1 + ¢)(49 — 33¢)/100. The constants G*
and G’ are 9/5 and 3C,/2C/, respectively, where
C,’' =0.25. Various models for a transport equation for
the fluid—particle velocity correlation tensor are found in
Eqs (119) and (121) or Eq. (136).

5.4. Concluding Remarks

The second-order velocity moment can be modeled in
three ways: (1) algebraic models, (2) two-equation
models and (3) second-order closure models. Whenever
possible, algebraic models should be used for the sake of
simplicity. However, time and spatial derivative terms
are not always negligible: if the quasi-isotropy assump-
tion (Boussinesq approximation) holds, two-equation
models are a good alternative to algebraic models. When
the flow is highly anisotropic, for example vertical gas—
solid flows, second-order closure models should be used.

6. BOUNDARY CONDITIONS

An accurate description of the boundary conditions is
necessary. An example of the importance of the wall
boundary conditions in the discrete phase can be found in
the computations of Louge et al.>* For computations of
dilute gas-solid flows in a vertical riser, Louge et al.
noticed that, at least in their narrow rig, the overall
pressure drop was very sensitive to changes in the value
of the coefficient of dynamic friction. In the following
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section, boundary conditions at a solid wall are given for
the continuous and the discrete phases. Inlet and outlet
boundary conditions are not treated here, as these are
case dependent, but, nevertheless, their importance
should not be underestimated. In fluidization, it has
been shown®® that the pressure drop over the air
distributor gives different types of flow patterns in the
lower region of the riser, which in turn probably
influences the upper regions. Consequently, in some
applications, the inlet boundary conditions should
definitely account for the coupling between the plenum
or the pipe system and the combustion chamber. To our
knowledge, such an attempt has not been made and this
question is still open.

6.1. Continuous Phase Boundary Conditions

When local agglomeration of particles occurs in the
near wall region, the flow field is disturbed. This is why,
as mentioned by Rizk and Elgobashi87 and He and
Simonin,'® the use of the law of the wall might be
questionable. However, according to Louge et al.’ in
very dilute suspensions, the law of the wall should not be
greatly affected by the presence of particles. This might
not be the case in fluidization, but the approach is
presented as it can be used in other gas—solid flows. The
first node of the computational domain is placed in the
log-layer at 30 < y* < 100, and the tangential velocity
component is given by the law of the wall,
Ut =In(Ey)* Ik, where the dimensionless quantities
are defined by Ut = U\,/u’ and y* =yu"/v,. Kérmédn’s
constants are x = 0.41 and E = 9.0. The friction velocity
is defined in terms of the stress tensor at the wall, 7, as
7,= —p'2. In the log-layer, the solution to the
momentum equation and the k;—e; equations is
Ut =InEy* )k, ki =u'\/C, and € =u"/ky. Sol-
ving the law of the wall for u* gives the boundary
conditions for k; and ¢; and the value of the turbulent
viscosity, »} =»,y " «/In(Ey™). Boundary conditions for
the velocity components are U; = 0. If the low Reynolds
number k—e model is used, the boundary layer is solved
in its integrality. The first node is placed, for example, at
y* = 1. The boundary conditions for the mean velocity
and the turbulent kinetic energy are U, = 0 and k, = 0,
respectively. The boundary condition for dissipation
depends on the model which is used (Section 4). It can be
& =0 or »,9k%/ay or d¢,/dy =0.

6.2. Discrete Phase Boundary Conditions

Boundary conditions have to be specified at the wall
for the mean velocity, U,, the turbulent kinetic energy,
k,, the fluid—particle velocity covariance, k;,, and the
mean particle volume concentration, a;. For a; and k5,
it is customary to use doto/on = 0 and dk,,/dn =0 or ky;
= 0, where n is the direction normal to the wall. For the
velocity field and the granular temperature, a zero
momentum and turbulent kinetic energy flux at the wall,
ie. dUx/an = 0 (free slip) and dkx/on = O are often
formulated.
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In rapid granular flows, it has been observed
experimentally that the roughness of the boundaries is
a critical parameter concerning the magnitude, for
example, of shear stresses (cf. Savage and Sayed”’ and
Hanes and Inman®®). The problem of the formulation of
boundary conditions in rapid granular flows was first (in
a formal way) addressed by Jenkins and Richman®® and
Richman'® for frictionless spheres. Friction was
accounted for by Johnsson and Jackson,'®! following
the work of Hui e al,'” and by Jenkins'® using
different arguments. However, in the model of Johnsson
and Jackson, colliding particles (distinction is made
between colliding and sliding particles) are characterized
by a specularity coefficient whose physical meaning is
not obvious. As a matter of fact, attention is now
focussed on the work of Jenkins, which is based on a
more rigorous approach (probability density function
approach together with wall—particle collision proper-
ties), and in the following it is assumed that the results of
Jenkins are valid for gas—solid flows.

Jenkins derived a theory, using a simple velocity
distribution function (it is assumed that the three
components of the second-order moment of the fluctuat-
ing velocity are equal to the granular temperature at the
wall), to calculate the rate at which momentum and
energy are supplied to the flow per unit area of the wall.
From these two quantities, boundary conditions can be
derived for U,, and k,. According to Jenkins, the shear
stress, S, and the energy flux, Q, at the wall can be related
to the normal shear stress, N, wall—particle collisional
properties (normal and tangential restitution coefficient,
ew By and coefficient of friction u,) and the ratio
r= Uhlw/\/272 (here x is the direction parallel to the
wall and the normal direction will be denoted y). The
latter parameter, 7, represents the ratio of the slip velocity
and the square root of the turbulent kinetic energy for the
discrete phase. The analytical results of Jenkins are valid
for two asymptotic cases: a case where the contact point
slides (small friction/all sliding limit) and a case where
the contact point sticks (large friction/no sliding limit; in
this case it is necessary to assume r >> 1). These results
were extended by the computer simulations of Louge,'®
who gave an empirical fit. Louge noticed that, while the
shear stress was well predicted by Jenkins, the energy
flux was over-predicted in both limits.

In the following, the correlations of Louge are
presented. For wall—particle collisional properties ver-
ifying 0.1 = p,, =04,05=<e¢,=12and0 = g, =< 0.6,
the ratio of the shear stress S and the normal stress N is,
according to Louge,

S = (1~ exp(— arl), (162)

where the exponent a is defined by
a=aiexp(— ay(1 — e,))(1 — exp( — ay))(1 + o),
(163)

with @’ = a(1 — exp( — asu)). For the constants a;—as,
Louge gives a; = 0.3537,a, = 1.042, a3 = 4.453,a, =
2.068 and a5 = 0.8468. The ratio S/N is plotted in
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Fig. 5. §/N (a) and Q/N \/§T2 (b) as a function of r, with e = 0.9

and p = 0.1, 0.2, 0.3 and 0.4 (particle rotation is neglected, so
that B 0= 0)

Fig. 5(a) for e = 0.9 and various friction coefficients.
For the energy flux at the wall, @, Louge identifies two
asymptotic limits. When r — 0,

Qo
N.\/3T,

=B,r* +Byr—B;, (164)

where
B, =b /(1 +e,),
By =by(1 — ey, (1 — exp( — bypy,)),
By = B,(1 —exp(— Bsu,,)),
By =by(1 - e,)" +bs(1 — e,) +be,
Bs=by(1 —e,) + bs.

The constants b,~bg are given as b; = 0.02, b, = 0.3,
b3;=34,b, =18, bs = 1.1, bg = 0.1, b; = 4.6, and
bg =8.6. When r — oo,

179‘3}7"'“ T enhid +dy(1 — ey —da(1 — ),
(166)

where d; = 0.522, d, = 2.57 and d; = 1.08. The ratio
Q/N /3T, is plotted in Fig. 5(b) for e = 0.9 and different
friction coefficients (the transition value of r
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between the two regions is given by the positive root of
B\ + Byr—(By + di(1+epu: + dy(1—-epy,
—dy(1—ey))=0).

The boundary conditions can then be derived from
M;Z;n; and gn; = Q (cf. Jenkins'®). Here, n; is the unit
vector normal to the wall and pointing into the flow. M,
whose normal and tangential components are N and S,
respectively, is the rate of momentum supplied to the
flow per unit area of the wall, and g, is the energy flux in
the flow. The boundary conditions read
dky
3y

U,
N= E2yy’ S= (25101 4) _Zx’ Q = (!2sz2 (167)
. ay

Finally, in a recent paper, Jenkins and Louge'® have
improved the analytical results of Jenkins!® for the
energy flux in both limits, and the new expressions
agree well with the computer simulations of Louge.

7. DISCUSSION

7.1. Usefulness of the Models

We start with some final remarks on the kinetic theory
of granular flow presented in Section 2 and on the closure
models presented in Section 5, where closure models for
the collisional stress tensor, the diffusivity of the
granular temperature, and a transport equation for the
second-order velocity moments are given. These results
are almost free from empirical constants: only the
restitution coefficient, e, and the radial distribution
function, go, have to be given. According to Lun and
Savage,”’ the restitution coefficient depends, at least, on
the material of the particles and on the relative velocity
between two colliding particles. In our analysis the
restitution coefficient is constant: its value has been
measured for different cases.*> Sensitivity analyses on
the restitution coefficient have been carried out in dilute
suspensions by Bolio er al.,®® and only a minor
sensitivity in the predictions was observed. In dense
suspensions, Balzer et al.?° found a great sensitivity of
this parameter: numerical results showed that, for
relatively small values of e (approximately 0.9), the
non-stationary motion of the bed (bubbling motion) was
changed (more bubbles were observed). Low values of
the restitution coefficient decrease the granular tempera-
ture, which in turn decreases viscosity and diffusivity,
and in this way larger gradients are observed. However,
the limitations of the kinetic theory of granular flow do
not only result from the empirical factors, but mostly
from the assumptions made to derive this theory: flows
with small spatial gradients, nearly elastic particles, low
level of anisotropy, binary collisions and a simplified
model of particle—particle collision. A more general
formulation than the one of Grad®® might be needed: this
could be achieved by a more advanced particle velocity
probability density function, but mathematical diffi-
culties are encountered.®' More research is needed to derive
a general model of the particle—particle interactions. It
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should be emphasized that the model presented in this
work includes the influence of the gas phase on the
granular flow, an influence which is not taken into
account in other formulations and therefore reduces the
quantitative ability of models used by, for example, Ding
and Gidaspow'* and Bolio et al.®® to predict accurate
results in the dilute case, 75 > 7{,. To illustrate this
effect, a sensitivity analysis on the influence of an
interstitial gas on granular flows was done by Boélle et
al.' This does not mean that particle—particle collision
is not an important mechanism in dilute flows. For
example, Louge et al.>* found, in their computations for
comparisons with the measurements of Tsuji ez al.,”
positive particle velocities through the whole cross-
section of the duct, even close to the wall, where the gas
velocity is near zero, and where the particles are
consequently expected to fall. According to Louge
et al., observation of particle velocities higher than gas
velocities in the near wall region is due to the shear stress
in the particle phase. Particles located further away from
the wall have a positive velocity and they transfer
momentum through collisions with particles near the
wall. In addition, in the kinetic theory proposed in the
present work, only binary collisions were considered. It
has been shown experimentally,'® by means of a high
speed video system and a reflective type of particle
image scope, that triple or quadruple collisions occur. In
dense suspensions, the probability of multiple collisions
is expected to be relatively high, but in dilute suspen-
sions a binary collision model seems to be appropriate.
Other analyses are necessary to determine if collisions
involving more than two particles are encountered as
frequently as the binary collisions. Finally, as far as the
turbulent motion is concerned (Section 3), it seems that
the local equilibrium hypothesis (Boussinesq approx-
imation) is satisfied in the case of dense fluidization,
whereas in a dilute suspension this assumption is more
uncertain. In this case, separate equations for the
turbulent stresses have to be solved.* Anisotropy has
been observed experimentally by Azario et al.,'”” who
have reported a high level of anisotropy (about a factor
of two) in dilute suspensions.

In Section 3, closure models are given for the drift
velocity and the fluid—particle velocity correlation
tensor. Practical closure models are limited to the case
of homogeneous isotropic turbulence or homogeneous
simple shear flows, because in these cases the description
of turbulence is analytically simple. In the coarse particle
case, 1, <1 or 7%, € 7},, particle motion is only
slightly affected by the fluid fluctuations and the
modeling of diffusion caused by the drift velocity is
not critical. On the contrary, in the scalar case, 7, >> lor
{2 > 71,, particle motion is governed by the fluid
turbulence, and the influence of the drift velocity is
critical. Some models omit the drift velocity, whereas
other models, for example, those of Louge er al.>* and
Bolio et al.,*® use the simplified formulation of Koch.?®
For accurate modeling of this term, the general
formulation of Simonin,?’ using the fluid-particle joint
probability density function and the Langevin equation,
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should be used. In addition, one of the key issues of
the Eulerian/Eulerian formulation is to derive an
accurate model for the fluid—particle velocity correla-
tion tensor, as this term is very important for two-way
coupling. This term appears in the interfacial terms of
the transport equations for the fluctuating motion and
can give production or destruction of the velocity
fluctuations in both phases. More research is needed in
this field for an accurate formulation of the transport
equation of the fluid—particle velocity correlation
tensor, < u);"uy'>,. Indeed, the formulations of
Simonin are given for very dilute flows, where the
influence of particle—particle collisions can be neglected.
As the suspension becomes denser, the effect of
collisions should influence the fluid—particle velocity
correlation tensor.

In Section 4, closure models are given for gas velocity
fluctuations in the case of dilute flows with a low
anisotropy level (k,—¢; model). The limitations of this
model are numerous, and the formulation as it stands is
not satisfactory for the following reasons. (1) The values
of the constants are not known for application to two-
phase flow, and some studies in dilute flows have shown
that they are different from the single-phase flow case,”
depending on the loading and on the particles and the gas
phase turbulence properties. (2) The interaction term
represents momentum exchange between the phases;
particles are accelerated by the gas phase and can give
back some of their momentum to the gas phase in regions
where the turbulent kinetic energy of the gas phase is
small. However, this term does not represent the
interaction at the particle level, such as wakes, which
are supposed to be in local equilibrium. The present two-
equation model is written for scales of turbulence which
are large compared to the particle size, otherwise the
model becomes very crude. (3) When particles agglom-
erate in the near wall region, the flow field is disturbed.
Kaftori et al.'% studied the wall region in a horizontal
water—particle flow, with p, = 1.05kg m >, d, = 100,
275 and 900 pm, and X,, = 10™* and 2 X 107*. The
study showed that the particles do not modify the
structure of turbulence, but modify some of its
characteristics: the frequency of the coherent structures
is modified by the particles in the wall region. This has
also been observed in numerical simulations by
Komori et al.'® In addition, the particles in the wall
region follow a pattern which is directly related to the
coherent structures in the wall region. Indeed, it has been
shown that the particle motion in an horizontal wall
region can be affected by different types of wall—particle
interactions: (1) wall—particle collisions tend to lift
up particles from the wall region;llo (2) the Saffman
force also tends to lift up particles from the wall
region; (3) coherent structures, characterized by
ejection and in-sweep motions, can influence particle
motion both ways;'%® (4) if the inertia of the particles is
sufficiently high, particles can be trapped in the viscous
layer.'!! These results are valid for dilute suspensions
and they cannot be readily generalized to dense
suspensions.
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7.2. Application to Fluidization

In this section, the discussion is separated into two
parts, which correspond to two levels of understanding.
The first level, the most fundamental, is an analysis of
microphenomena, whereas the second level is an
analysis of macrophenomena. By microphenomena is
meant the mechanisms which are characteristic of the
behavior of a single particle: to carry out an analysis of
these phenomena, particle dispersion in simple turbulent
flows is discussed, as well as estimates of the
characteristic time scales in the freeboard region of a
CFBC. By macrophenomena is meant an analysis of the
mechanisms which are characteristic of the behavior of a
group of particles (mechanisms which can be visualized
by experiments): to do this, the flow pattern in a CFBC is
discussed.

7.2.1. Gas—solid flows in the frame of fluidization

In this section, an analysis of the microphenomena is
made. In fluidization, and especially in a CFB, the
motion of a particle is described by three parameters: the
particle relaxation time (drag force), gravity and
particle~particle collision time (collision mechanisms).
The particle mass loadings observed in a CFB render
difficult comparisons between available results, mostly
concerned with very dilute suspensions, and the real
situation of a CFB riser. However, these results are
presented here because they give a basic understanding
of particle motion in a turbulent flow field. Few
experimental results are available in the literature, so
that most researchers use LES and DNS to generate
turbulence in the continuous phase and a Lagrangian
description of the discrete phase in order to study the
behavior of particles in a turbulent flow field. Unfortu-
nately, most of these studies assume one-way coupling
(the flows are dilute enough to neglect the influence of
particles on turbulence and the influence of particle—
particle collisions). These studies have been carried out
in ideal cases: homogeneous isotropic turbulence (with
and without gravity) and homogeneous turbulent shear
flows (without crossing trajectory effects). For homo-
geneous isotropic turbulence, many researchers have
focussed their attention on particle dispersion. In this
case, the combined effect of particle inertia and fluid
turbulence results in a low level of particle velocity
fluctuations, below that of the gas.'® For particles in
homogeneous isotropic turbulence in a gravity field,
particle dispersion in the streamwise direction (gravity
direction in the treated case) is higher than particle
dispersion in the transverse direction due to the
continuity effect.'” A detailed study of the three-
dimensional fluctuating motion of particles in homo-
geneous isotropic turbulence has been carried out by
Hajji et al''? (the study is presented for a vertical flow,
streamwise direction, with a given mean velocity). The
computations show that, for particles in homogeneous
isotropic turbulence in a gravity field, particle velocity
fluctuations in the streamwise direction (gravity
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direction) are higher than particle velocity fluctuations in
the transverse direction, and that the particle velocity
fluctuations are lower than the gas velocity fluctuations.
Hajji et al. also made a sensitivity analysis on particle
diameter, particle density, turbulent intensity of the fluid,
Eulerian integral length scale and mean relative velocity.
The study showed that when the particle diameter
increases, the particle velocity fluctuations decrease.
The difference between the streamwise and the spanwise
fluctuations is of course smaller when particles have a
small diameter (greater sensitivity to the fluid fluctu-
ations), but converges towards a fixed value for larger
diameters. The particle density influences the fluctu-
ations in such a way that, the higher the density, the
lower the particle velocity fluctuations (increased
inertia). The rest of the study treated different particle
densities and diameters. There was no effect of the
turbulent intensity of the fluid: the ratio of the particle to
fluid turbulent intensity was unchanged in both direc-
tions. On the contrary, the fluid Eulerian integral scale
seems to be proportional to the particle velocity
fluctuations in both directions. Finally, the higher the
relative velocity, the higher the particle velocity
fluctuations, with a stronger effect in the streamwise
direction.

For homogeneous simple shear flows, in the absence
of an imposed bodyforce (gravity), Simonin ef al.?* have
observed that the degree of anisotropy between the
particle and the gas velocity fluctuations increases with
increasing particle relaxation time. More precisely, on
the one hand, the particle velocity fluctuations in the
streamwise direction increase with increasing particle
relaxation time, and exceed the gas velocity fluctuations.
On the other hand, particle velocity fluctuations in the
transverse direction decrease with particle relaxation
time. These resuits mean that inertia increases the degree
of anisotropy. Such observations were also reported by
Roger and Eaton,'"? Reeks®® and Kulick er al.''* This

anisotropy can be measured in terms of the dimension-
less anisotropy for the particle velocity fluctuations,
b2ij =< uz,-'uzj’ >/< u;,-'u2,~' > — 5,]/383 The study
of Simonin er al.3® gives an answer on the influence of
the first parameter (inertia) in a case where gravity
(crossing trajectory effects) and collisions are not
included. As far as collisions are concerned, they lead
to a return to isotropy, a phenomenon that can be
observed in numerical simulations of dense fluidized
beds. In the general case, where all three mechanisms
are considered, He and Simonin® presented a study
concerning gas—particle vertical pneumatic conveying,
including wall—particle bouncing. It was found that the
streamwise particle velocity fluctuations are dominant
due to the production by the mean gradient, whereas the
transverse particle velocity fluctuations are controlled by
particle—particle collisions, which act as a redistribution
mechanism.

Two-way coupling (modulation of gas phase turbu-
lence by particles) has not been included in the studies
mentioned above. Some experimental and numerical
results have been discussed in Section 4, and the
conclusion seems to be that modulation of turbulence
by particles follows a selective spectral redistribution
rather than a uniform distribution. This is strengthened
by the observations of Kulick ez al.! 14 in fully developed
channel flow (the channel is vertical and gas is flowing
downwards): turbulence modulation (destruction in this
case) is stronger in the transverse direction than in the
streamwise direction, with a particle mass loading
varying from zero to one and particles smaller than the
Kolmogorov scale, except in the near wall region.
According to the authors, this phenomenon can be
explained by the power spectra of single-phase flow,
which show that energy in the transverse direction is
contained at much higher wavenumbers than in the
streamwise direction. Heavy particles are less responsive
to the higher frequencies. In general, most studies are far
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from the flow encountered in a CFB, but they give
valuable information on the fundamental mechanisms
involved in gas-solid suspensions. More research is
needed for suspensions at higher mass loading before
one knows to what extent the present results can be
applied to fluidization.

Estimates of the time scales presented in Section 1 can
be made, more precisely estimates of the characteristic
time scale ratios, 9, = 71,/7}, and 5, = 7],/75, in the core
region of the transport zone of a CFBC. The ratios are
evaluated from algebraic models for a simple shear
flow!'> in the following case representative of the
transport zone: hot conditions (850°C), a; = 0.005, p»/
p1 = 2600 and a fluidization velocity of S m sec L. The
solution to the set of non-linear algebraic equations is
plotted in Fig. 6. If we consider the range 80 um to
I mm, which is typical for a CFBC, the results show that
in the transport zone, the ratio 77,/75 is always smaller
than one. This means that the particle mean free path is
influenced by the presence of the gas, and therefore this
effect should be accounted for in the expression of the
discrete phase viscosity (Section 2 and Boélle et al®". In
addition, the ratio 7},/7{, is larger than one for particles
smaller than approximately 100 um, and the motion of
particles is governed by gas phase turbulence. In this
case, the drift velocity is a key parameter for accurate
modeling. For particle sizes above 100 um the reverse is
observed, and the motion of particles is governed by the
mean flow.

7.2.2. Gas—solid flows applied to CFB combustors

In this section, an analysis of the macrophenomena is
made. At Chalmers University of Technology, exper-
imental studies in a 12-MW CFBC (1.7m X 1.5m X
12 m) and a two-dimensional cold rig model (0.7 m X
0.12m X 8.5 m) have given an overall picture of the
two-phase mean flow structure.’>*'''7 The riser is
divided into three distinct, but interacting regions: the
bottom bed, the splash zone and the transport zone. The
bottom bed, typically 0.5 m in height with a particle
concentration of 1000 kg m~? (the particle density is
typically 2600kgm™), is a region which has the
characteristics of a bubbling bed.’®!'® Above the
bottom bed, the splash zone, typically 1.5 m in height
with a particle concentration decreasing from 1000 to
20kgm™>, is a region with important concentration
gradients and backmixing activity. Above the splash
zone, the transport zone, typically with a particle
concentration of 10 kg m >, is a region which exhibits
a core/wall layer structure: particles are entrained
upwards in the core region and fall down along the
walls in a thin boundary layer.!!? In the transport zone,
the volume concentration of the particle phase is not
homogeneous; regions where the volume fraction is high
compared to the mean volume concentration are
characterized by particle agglomeration or clusters,
which can be defined by various criteria.'?*!2! A
detailed description of the vertical distribution of solids
in a CFBC can be found in Johnsson and Leckner.'? The

set of equations presented above to describe isothermal
turbulent gas—solid flows must be able to predict the
mean flow structure of a CFBC, and especially the bottom
bed, the particle boundary layer and the inhomogeneities.

The bottom bed is a key parameter for combustion
predictions, as it is the part of the combustor, where most
of the fuel is contained. The bubbles formed in the
bottom bed are believed to generate large scale
turbulence,'?® which in turn should be coupled to the
splash zone, where the breakdown of the gas phase
turbulent scales takes place, or in other words, where
particles are accelerated and decelerated. Comprehen-
sive numerical simulations* display the main features of
the flow field of a CFB combustion chamber. One of the
principal items of discussion is the absence of a bottom
bed in the calculations (sufficient measurements are
lacking to verify if this is also the case in the boiler
considered). There are some reasons for the lack of a
bottom bed either in the calculations or in the real
situation. (1) The total mass of particles in the
combustion chamber is not sufficient to form a dense
bottom bed (it has been observed experimentally that the
bottom bed region can disappear when the total mass of
solids in the combustion chamber is insufficient). (2) The
granularity of the suspension in the boiler’s bed differs
from that of the single particle size of the calculations.
(3) The boundary conditions: the set of equations is
sensitive to boundary conditions. Proper boundary
conditions at the wall, but also at the solid recirculation
inlet, will give an accurate value of the recirculation rate,
and this may affect the calculated bottom bed.

The particle boundary layer is a key factor for accurate
prediction of heat transfer in the combustion chamber of
a CFBC: particles in the boundary layer exchange heat
with the wall as they descend, but they also influence the
mean beam length of radiation. The mechanisms
responsible for the formation of the particle boundary
layer are believed to be (1) the gas phase boundary layer
and (2) the particle transport between the core region and
the wall region.''”"'?* In addition, the boundary layer is
not a stationary, homogeneous flow pattern, but fluctua-
tions of the volume fraction of solids can be observed,'?°
as well as backmixing of gas.'? These phenomena seem
to be predicted by preliminary numerical simulations,*
but validation is a task for further calculations.

Inhomogeneities in the particle phase represent the
non-stationary, non-homogeneous behavior of the flow
pattern in a CFBC. There are three possible mechanisms
which may cause inhomogeneities: the first mechanism
is a local modification of the collision stress tensor.*® A
deeper insight into stability of rapid granular flows can
be found, for example, in Babic'?® and McNamara.'*’ In
fluidization, particle collision is also identified as a
reason for formation of inhomogeneities.'>® The second
effect is the preference for certain particles for low
vorticity and high strain rate regions.>' The third effect
can be large scale turbulence.'”® The preferential
concentration of particles by turbulence is presented by
Eaton and Fressler'® in an extensive review article
dealing with small particles at low mass loading (less
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than unity). In such a case, two main mechanisms for
preferential concentration are identified: centrifuging of
particles away from vortex cores and accumulation of
particles in convergence zones. These phenomena
appear when the particle relaxation time is of the same
order of magnitude as the relevant time scale of gas
phase fluctuations. When considering high mass loading
and coarse particles, other mechanisms may occur, for
example coarse particles create disturbances (wakes)
which may result in the formation of inhomogeneities. >’

Finally, some comments on numerical simulations of
CFBCs should be made. The research group at the
Illinois Institute of Technology and the Argone National
Laboratory initiated two-dimensional numerical simu-
lations of CFBCs. The first simulations were performed
using constant gas and particle phase viscosities.!>!
Comparisons with measurements showed that the mean
flow parameters (profiles of ay, U,, and U,,, where y is
the vertical direction) were predicted fairly well. Later,
the simulations were improved by introducing the kinetic
theory of dry granular flow and large eddy simulation.'>
No validation of the results was made but, as explained
in Section 2, the theory of dry granular flow cannot be
accurate in dilute suspensions and, in addition, large
eddy simulation in a two-dimensional model is ques-
tionable as large scale eddies are always three-
dimensional. Additional simulations of the same type
were performed by the research group at RWTH,'*® with
an algebraic model for the granular temperature.
Different models for the drag coefficient and the radial
distribution function were tested. Comparison with
vertical and radial profiles of particle volume fraction,
o2, showed reasonable agreement. Similar computations
were also made by the research group at the Telemark
Technological R&D Centre and the Telemark Institute of
Technology,'** but with a significant improvement: the
authors presented efforts to simulate, after the work of
Syamlal,'*® two-dimensional multi-phase (three particle

sizes, four phases) fluidization, based on the theoretical
results of Jenkins and Mancini.'*® The model given by
Mathiesen er al.'>* for effective stress tensor in each
phase is, at present, that of a dry granular flow. The
simulations were compared to the measurements of
Tadrist and Azario.'*” The results seem to predict
segregation effects and the particle velocity fluctuations
quite well. The most advanced simulations were done by
the group at Electricité de France (EDF):* three-
dimensional simulations of an industrial CFBC unit
with the complete set of equations presented in this work,
Eqgs (1), (2), (93), (149), (151), (157) and (158). The
validation of the time-averaged vertical pressure profile
over a period of 30 sec showed that, generally, the model
predicted the main features of the mean flow field fairly
well. An attempt to make simplified simulations of large
CFB units has been made by Kallio.'*® The results also
gave reasonable agreement with the experimental
observations. As a concluding remark, most simulations
were performed for small CFB units (pilot plants),
except for those of the EDF group. All simulations seem
to give reasonable predictions of the main features of the
mean flow field, but a more complete review is necessary
for a closer look at these simulations, as other parameters
are of great importance, for example the drag models, the
validation procedure and so on. A more complete review
of publications on simulation of the hydrodynamics of
bubbling and circulating fluidized beds is given by
Enwald et al.®

7.3. Polydisperse Suspensions

So far, to derive the results, particles have been treated
as a population of identical, smooth, rigid, non-rotating
spheres. The influence of these assumptions has been
discussed previously, except the first one: that of
identical spheres. The kinetic theory of granular flow
(Section 2), as well as the closure models for the drift
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velocity and the stress tensors in both phases (Sections
3-5), are derived assuming that the particles have the
same diameter (monodisperse suspension). In most
engineering applications and more precisely in a
CFBC, we are dealing with ‘‘polydisperse suspensions’’,
which means that the suspension consists of particles
with different diameters and densities. In CFB appli-
cations, the particle size distribution function covers a
wide range of diameters, for a CFBC mainly particles
between 100 um and 1 mm, with a particle density
ranging from 2600 (silica sand) to 2000 kg m™> (coal).
The range of particle diameters is variable depending on
the applications: it is mainly controlled, for small
diameters, by the fractional efficiency of the cyclone,
and for large diameters it is a result of the characteristics
of the fuel particles (ash content and related properties)
and of the limestone particles (fragmentation properties).
Figure 7 displays an example of a typical particle size
distribution function.

Is it possible to draw conclusions for monodisperse
suspensions which are valid for polydisperse ones
represented by a mean diameter? This question needs
to be answered both theoretically and experimentally.
Experimentally, it can be shown that the mean diameter
is not sufficient for the calculation of the recirculation
rate in a CFBC; particle recirculation takes place for
fluidization velocities lower than the free fall velocity of
the mean particle diameter, mainly a contribution of the
small particles whose free fall velocity is lower than that
of the gas. On the contrary, it has been shown
experimentally139“4° that coarse particles (particles
whose terminal velocity is higher than the fluidization
velocity) can be fluidized and exit the combustion
chamber. Fine particles collide with coarse particles and
transfer momentum, so that the coarse particles can be
fluidized. For accurate prediction of the recirculation
mass flow rate, the particle size distribution of the bed
material should be taken into account.'*! Theoretical
descriptions of suspensions with more than one particle
size, employing the kinetic theory of granular flow
reformulated by Jenkins and Mancini,'*® seem to be able
to capture these phenomena.’>* Yarin and Hetsroni'*?
made a study of the influence of the particle size
distribution function on the turbulence of the carrier
fluid, taking into account two-way coupling. They
studied dilute bidisperse suspensions (no collision
mechanism), assuming that particles have Reynolds
numbers below 110 (no wake effects) and that particles
stay in the fluid element as long as this fluid element
persists as en entity (non-settling particles). This implies
a particle whose relaxation time and eddy-particle
interaction time are at least of the same order of
magnitude (Fig. 6). With these assumptions, Yarin and
Hetsroni showed that the turbulence intensities of a
bidisperse suspension depend on the mass fraction of
each particle size, as well as on the total loading,
diameter ratio, fluid—particle density ratio, particle
Reynolds numbers and ratio of the mixing length to
each particle diameter. They also showed that the fluid
turbulence in a bidisperse system can be higher or lower
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than in a monodisperse system, depending on the ratio of
the particle diameters and their mass contents. More
precisely, let us consider the case of equal loading for the
monodisperse and polydisperse suspensions, equal load-
ing for each particle size. The diameters of the coarse and
fine particles are denoted as d,, and d,,, respectively.
The diameter of the monodisperse suspension is noted as
dy. The modulation of the carrier fluid turbulence is
defined by M = (4, — w1, Yuy,,', where uy,," and u,,’
represent the fluctuating velocities of the continuous
phase in the bidisperse and monodisperse suspensions,
respectively. Yarin and Hetsroni found that if d,, = d,
then M increases when d,,; increases. On the contrary, if
d,1 = do, then M decreases when d,; decreases.
According to Yarin and Hetsroni, this can be explained
by an increase of the energy required to accelerate the
particles when the diameter of the fine particles is
reduced, whereas less energy is required to accelerate the
particles when the diameter of the coarse particles is
larger. In a second study, Yarin and Hetsroni'** modeled
the vortex shedding phenomenon by assuming that the
wake behind a particle is a stationary boundary layer.
Assuming a self-similar form of the turbulent kinetic
energy in the cross-section of the wake, the authors
showed that, for a polydisperse suspension of coarse
particles (index p), the turbulent kinetic energy gener-
ated by the particles per unit volume of two-phase
mixture can be written as

n 8/9
A =C D u,, (%x,,,c},-j) . (168)
p=1 2

where C is a constant which must be determined. Speak-
ing in terms of turbulent intensity, the authors refer to
this equation as the 4/9-power law. This result shows
that, for coarse particles, turbulence modulation is a
function of the gas—particle density ratio, the mass of
particles in the suspension and the aerodynamic proper-
ties. In conclusion, the previous remarks show the diffi-
culties encountered in modelling CFB flows with a single
particle diameter. More research is needed to understand
polydisperse suspensions, including the effects of par-
ticle diameter and particle density, as the CFBC consists
of several groups of particles (inert material, fuel and
limestone) which have different densities and different
particle size distribution functions.

8. CONCLUSION

In the present work, it has been shown that turbulent
non-reacting gas-solid flows can be modeled by
classical transport equations, continuity and momentum
equations, which are closed for the interfacial momen-
tum transfer, the stress tensor in the particle phase, the
drift velocity, the fluid—particle velocity correlation
tensor and the second-order velocity moments in both
phases. The derivations of the closure models were only
possible with simplifying assumptions. It is found that,
for the discrete phase (stress tensor and second-order
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velocity moment), the most limiting assumption is that of
the particles being a population of identical, rigid,
smooth spheres, with a low level of anisotropy and a
small departure from the Maxwellian state. The collision
model is based on binary collisions between particles in
translational motion. In contrast, the bed material of a
CFBC is a polydisperse suspension of rigid, non-
spherical, rotating particles, where the anisotropy level
can be high. For the continuous phase (second-order
velocity moment), the difficulty lies in the extension of
the classical single-phase flow models to two-phase
flows. Some specific problems are the value of the
constants included in the equations, the treatment of the
wall region and the form of the coupling term. For the
fluid—particle velocity moments (drift velocity and
fluid--particle velocity correlation tensor), a general
formulation (fluid—particle joint probability density
function and Langevin equation) is possibie, but two-
way coupling is omitted. Algebraic models can be
derived for homogeneous isotropic turbulence, asymp-
totic cases, but these ideal cases are far from real CFB
flows. The models formulated in this work need to be
solved by numerical methods and further validated
against experiments to see to what extent they capture
the essential physical mechanisms of turbulent non-
reacting gas—particle flows applied to fluidization.
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