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Introduction : p-adic computation and precision

Motivation for p-adic algorithm

Why should one work with p-adic numbers ?

m Going from I, to Z, and then back to IF, enables more
computation ;
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Introduction : p-adic computation and precision

Motivation for p-adic algorithm

Why should one work with p-adic numbers ?

m Going from I, to Z, and then back to IF, enables more
computation ;

m Working in Q, instead of Q, one can handle more efficiently the
coefficients growth ;

m Some questions or algorithms are p-adic by nature.

Some examples of essentially p-adic algorithms

m Polynomial factorization with Hensel lemma ;
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Tracking p-adic precision

Introduction : p-adic computation and precision

Motivation for p-adic algorithm

Why should one work with p-adic numbers ?

m Going from I, to Z, and then back to IF, enables more
computation ;

m Working in Q, instead of Q, one can handle more efficiently the
coefficients growth ;

m Some questions or algorithms are p-adic by nature.

Some examples of essentially p-adic algorithms

m Polynomial factorization with Hensel lemma ;

m Kedlaya's counting-point algorithm on hyperelliptic curves with Sk

p-adic cohomology ; '
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Tracking p-adic precision

Introduction : p-adic computation and precision

Building Q,

K p-adic precision
m p-adic algorithms and precision
m Step-by-step analysis and its limits
m Our approach
m Main example : SOMOS-4
m Improvements

Precision in practice
m Return to SOMOS-4
m About implementation

Il Further applications
m Euclidean division Ueh
m LU factorization [
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Tracking p-adic precision

Building Qp

Norms over a field

A norm over a field K is a mapping |- | : K — R4, x — |x| such that :
(N|x|=0<x=0;
(i) byl = Ixllyl;
(i) [x + y| < x| + Iyl-
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Tracking p-adic precision

Building Qp

Norms over a field

A norm over a field K is a mapping |- | : K — R4, x — |x| such that :

(M) |x| =0«< x =0;
(if) [xy| = |x][lyl;
(i) |x + y| < |x| + |yl

It is called ultrametric if :

(iii") |x + y| < sup(|x], |y])-
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Building Qp

Norms over a vector space

Let K be a normed field. A norm over a K-vector space E is a mapping
||l : E— Ry, x— |x| such that :
(1) x|l =0« x =0;
(ii) lley[l = lallly
(i) llx + y I < lIxIl + llyll-
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Building Qp

Norms over a vector space

Let K be a normed field. A norm over a K-vector space E is a mapping
||l : E— Ry, x— |x| such that :
(1) x|l =0« x =0;
(ii) lley[l = lallly
(i) llx + y I < lIxIl + llyll-

It is called ultrametric if :

i) [Ix + yl| < sup([Ix]], lly]})- RE
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Building Qp

An ultrametric norm over Q

Definition

For any p prime in N, we define the p-adic valuation v, : Q — Z by :
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Building Qp

An ultrametric norm over Q

Definition

For any p prime in N, we define the p-adic valuation v, : Q — Z by :

vp(n) = max {k € N, p* | n},
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Building Qp

An ultrametric norm over Q

Definition

For any p prime in N, we define the p-adic valuation v, : Q — Z by :
vp(n) = max {k € N, p* | n},
a
vo (3) = vil(a) = vi(b):
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Building Qp

An ultrametric norm over Q

For any p prime in N, we define the p-adic valuation v, : Q — Z by :

vp(n) = max {k € N, p* | n},
vo (3) = vil(a) = vi(b):

For any x € Q,
x|p = p~ o).
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Tracking p-adic precision

Building Qp

An ultrametric norm over Q

For any p prime in N, we define the p-adic valuation v, : Q — Z by :

vp(n) = max {k € N, p* | n},
vo (3) = vil(a) = vi(b):

Definition
For any x € Q,
x|p = p~ o).

| - |p is an ultrametric norm over Q. '
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Building Qp

Definition of Q,

inition

We define Q, as "the" completion of Q for | - |,.
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Building Qp

Definition of Q,

inition

We define Q, as "the" completion of Q for | - |,.
|- |p and v, extend to Q,
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Tracking p-adic precision

Building Qp

Definition of Q,

We define Q, as "the" completion of Q for | - |,.
|- |p and v, extend to Q, | - |, is still ultrametric.

We write :

Zp={x € Qp, vp(x) > 0} = {x € Qp, |x], <1} = B@p(oa 1).
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Tracking p-adic precision

Building Qp

Definition of Q,

We define Q, as "the" completion of Q for | - |,.
|- |p and v, extend to Q, | - |, is still ultrametric.

Definition
We write :

Zp={x € Qp, vp(x) > 0} = {x € Qp, |x], <1} = B@p(oa 1).

Zp is a sub-ring of Q. uehn
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Tracking p-adic precision

Building Qp

Working with Q,

Propositi
If x € Zp, we can write ©= .
’ X = Z aip'.
i>0
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Building Qp

Working with Q,

Propositi
If x € Zp, we can write ©= .
’ X = Z aip'.
i>0

o +oo
If x € Qp, we can write 1 ;
X = E E aip .

i>0
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Tracking p-adic precision

Building Qp

Working with Q,

If x € Zp, we can write ©= .
’ X = Z aip'.
i>0
If x € Qp, we can write 1 2 ;
X =% Z aip-
p
i>0

Let x =...66666667 = Y_;=p 6 x 7.
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Building Qp

Working with Q,

If x € Zp, we can write ©= .
’ X = Z aip'.
i>0
If x € Qp, we can write 1 2 ;
X =% Z aip-
p
i>0

Let x = ...66666667 = f>°§ 6 x 7'. Then x € Z7. We remark that
x+1=0. B
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Tracking p-adic precision

Building Qp

Working with Q,

If x € Zp, we can write ©= .
’ X = Z aip'.

i>0

o +oo
If x € Qp, we can write 1 ;
X = x E aip .

P =0

Example

Let x = ...66666667 = f>°§ 6 x 7'. Then x € Z7. We remark that

x+1=0. B 1

We also have : ... 44445, — = € Zy, ~ u@h
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Tracking p-adic precision

Building Qp

Working with Q,

If x € Z,, we can write =
i X = Z aip'.
i>0
If x € Qp, we can write 1 2 ;
X = — aip .
pk

i>0

Example

Let x = ...66666667 = ,EOS) 6 x 7'. Then x € Z7. We remark that

We also have : ... 44445, = 3 € Zq, e
. )
And, ... 444467 = —

21°
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Tracking p-adic precision

Building Qp

Topology and ultrametricity

Proposition

If E is an ultrametric vector space, then any point in a ball of E is its
center.
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Building Qp

Algebraic point of view

Zp/PLy = Z/pZ.

More precisely,
Vk € N,Z,/p*Z, = 7./ p*Z.

Q, R Ly — Zp
\ / j Q0 l "Gk
Q Z - Z/p*Z 'v
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Tracking p-adic precision
p-adic precision

[

p-adic algorithms and precision

Table of contents

Building Q,

B p-adic precision
m p-adic algorithms and precision

Precision in practice

B Further applications uehn

Tristan Vaccon (with X.Caruso & D.Roe) Tracking p-adic precision



Tracking p-adic precision
p-adic precision
Lp-al‘li\: algorithms and precision

Definition of the precision

Finite-precision p-adics

Elements of Q, can be written 37°°, a;p’, with a; € [0,p — 1], / € Z
and p a prime number.

While working with a computer, we usually only can consider the
beginning of this power serie expansion: we only consider elements of the
following form Zf’:_,l aip’ + O(p?), with | € Z.
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Tracking p-adic precision
p-adic precision

[

p-adic algorithms and precision

Definition of the precision

Finite-precision p-adics

Elements of Q, can be written 37°°, a;p’, with a; € [0,p — 1], / € Z
and p a prime number.

While working with a computer, we usually only can consider the
beginning of this power serie expansion: we only consider elements of the
following form 27:_,1 aip’ + O(p?), with | € Z.

Definition

The order, or the absolute precision of 25—1 aip’ + O(p?) is d.
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Tracking p-adic precision
p-adic precision

[

p-adic algorithms and precision

Definition of the precision

Finite-precision p-adics

Elements of Q, can be written 37°°, a;p’, with a; € [0,p — 1], / € Z
and p a prime number.

While working with a computer, we usually only can consider the
beginning of this power serie expansion: we only consider elements of the
following form 27:_,1 aip’ + O(p?), with | € Z.

Definition

The order, or the absolute precision of 25—1 aip’ + O(p?) is d.

m_ uek
The order of 3% 771 + 4«70+ 57 + 6«72 + O(73) is 3.
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p-adic precision

[

p-adic algorithms and precision

p-adic algorithms : an example

Hensel factorization
We would like to factor Q € Z[X] :
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[

p-adic algorithms and precision

p-adic algorithms : an example

Hensel factorization
We would like to factor Q € Z[X] :
Chose a p that is well-suited to the problem ;
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[

p-adic algorithms and precision

p-adic algorithms : an example

Hensel factorization
We would like to factor Q € Z[X] :

Chose a p that is well-suited to the problem ;
Factor @ € Z/pZ[X] ;
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p-adic precision

[

p-adic algorithms and precision

p-adic algorithms : an example

Hensel factorization
We would like to factor Q € Z[X] :
Chose a p that is well-suited to the problem ;
Factor @ € Z/pZ[X] ;
B Lift the factors into Z/p“Z[X] (with Hensel's lemma) ;
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Tracking p-adic precision

p-adic precision

[

p-adic algorithms and precision

p-adic algorithms : an example

Hensel factorization
We would like to factor Q € Z[X] :

Chose a p that is well-suited to the problem ;
Factor @ € Z/pZ[X] ;
B Lift the factors into Z/p“Z[X] (with Hensel's lemma) ;

@ If p¥ is big enough (Mignotte's bound), we can obtain a
factorization over Q (up to the recombination of some factors).
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Tracking p-adic precision
p-adic precision
LStep-by-step analysis and its limits

Table of contents

Building Q,
B p-adic precision

m Step-by-step analysis and its limits

Precision in practice

B Further applications uehn
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p-adic precision

LStep-by-step analysis and its limits

p-adic precion vs real precision

The quintessential idea of the step-by-step analysis is the following :

Proposition (p-adic errors don't add)
Indeed,

(a+0(p k) +(b+0(p X)) =a+b+0(p¥).

That is to say, if a and b are known up to precision O(p¥), then so is
a+b.

uehn
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The quintessential idea of the step-by-step analysis is the following :

Proposition (p-adic errors don't add)
Indeed,

(a+0(p X))+ (b+0(p X)) =a+b+0(p ¥).

That is to say, if a and b are known up to precision O(p¥), then so is
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p-adic precision

LStep-by-step analysis and its limits

p-adic precion vs real precision

The quintessential idea of the step-by-step analysis is the following :

Proposition (p-adic errors don't add)
Indeed,

(a+0(p X))+ (b+0(p X)) =a+b+0(p ¥).

That is to say, if a and b are known up to precision O(p¥), then so is
a+b.

Remark
It is quite the opposite to when dealing with real numbers, because of

Round-off error :
(1+5%1072)+(2+6%1072)=3+1%10"1 +1% 1072 G
That is to say, if a and b are known up to precision 10~", then a + b is '

known up to 10" +1 ),
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p-adic precision

LStep-by-step analysis and its limits

p-adic precion vs real precision

The quintessential idea of the step-by-step analysis is the following :

Proposition (p-adic errors don't add)
Indeed,

(a+0(p X))+ (b+0(p X)) =a+b+0(p ¥).

That is to say, if a and b are known up to precision O(p¥), then so is
a+b.

Remark
It is quite the opposite to when dealing with real numbers, because of

Round-off error :
(1+5%1072)+(2+6%1072)=3+1%10"1 +1% 1072 G
That is to say, if a and b are known up to precision 10~", then a + b is '

known up to 10" +1 ),

Tristan Vaccon (with X.Caruso & D.Roe) Tracking p-adic precision



Tracking p-adic precision
p-adic precision
LStep-by-step analysis and its limits

Precision formulae

Proposition (addition)

(x0 + O(p*)) + (31 + O(p")) = xo + x1 + O(p™"tke-k))
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p-adic precision
LStep-by-step analysis and its limits

Precision formulae

Proposition (addition)

(x0 + O(p")) + (x1 + O(p*)) = x0 + x1 + O(p™nlko:ka))

Proposition (multiplication)

(x0 + O(p")) * (x1 + O(p")) = x0 * x1 + O(pmntkotvel) kv (x0)))
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p-adic precision

LStep-by-step analysis and its limits

Precision formulae

Proposition (addition)

(x0 + O(p*)) + (31 + O(p")) = xo + x1 + O(p™"tke-k))

Proposition (multiplication)

(x0 + O(p)) * (x1 + O(p")) = xo % x1 + O(pmntkotvsla)katvs(xa))y

Proposition (division)

xp° + O(pb) —1 _a—c min(d+a—2c,b—c)
——— o =x*xy p" +0(p ’
ype + O(p9) ( ) y
ueh
In particular, 1 1 e d—oc =
—————~=y p “+0(p )
pcy + O(p?) '
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p-adic precision

LStep-by-step analysis and its limits

Optimality

Step-by-step analysis is not optimal.
2 2
Qp — QP

Let f:
(Xay) = (X+y>x_)/)'
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LStep-by-step analysis and its limits

Optimality

Step-by-step analysis is not optimal.
Q - Q3
(xy) = (+y.x—y).
We would like to compute f o f(x, y) with

(x,y)=(1+ O(p™) ,1+ O(p)).

Let f :
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LStep-by-step analysis and its limits

Optimality

Step-by-step analysis is not optimal.
2 2
Let £ : Q5 - Q5
(xy) = (+y.x—y).
We would like to compute f o f(x, y) with

(x,y)=(1+ O(p™) ,1+ O(p)).

m If we apply f two times, we get :

fof(x,y)=(24+ O(p) ,2+ O(p)).
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LStep-by-step analysis and its limits

Optimality

Step-by-step analysis is not optimal.
Q - Q3
(xy) = (+y.x—y).
We would like to compute f o f(x, y) with

(x,y)=(1+ O(p™) ,1+ O(p)).

m If we apply f two times, we get :

Let f :

fof(x,y)=(24+ O(p) ,2+ O(p)).

m If we remark that f o f = 2/d, we get :

fof(x,y)=(2+ O(p®) ,2+ O(p)). '
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p-adic precision

LStep-by-step analysis and its limits

Optimality

Step-by-step analysis is not optimal.
Q - Q3
(xy) = (+y.x—y).
We would like to compute f o f(x, y) with

(x,y) = (1+[0(p™) ], 1+ O(p)).

m If we apply f two times, we get :
fof(x,y) = (2+(0(p) ]2+ O(p

m If we remark that f o f = 2/d, we get :

fof(x,y)= (2+,2+0(p)). )

Let f :
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p-adic precision
LStep-by-step analysis and its limits

Non intrinsic

X.Caruso (12) : Step-by-step analysis is algorithm-dependent.

Let M € My(Z,) be a random matrix whose all entries are known up to
precision O(p").
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p-adic precision
LStep-by-step analysis and its limits

Non intrinsic

X.Caruso (12) : Step-by-step analysis is algorithm-dependent.

Let M € My(Z,) be a random matrix whose all entries are known up to
precision O(p").

We would like to compute M = LU the LU factorization of M. Then :
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p-adic precision
LStep-by-step analysis and its limits

Non intrinsic

X.Caruso (12) : Step-by-step analysis is algorithm-dependent.

Let M € My(Z,) be a random matrix whose all entries are known up to

precision O(p").

We would like to compute M = LU the LU factorization of M. Then :
m If we apply Gaussian elimination, the average precision on L is

O(p" #1).
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Tracking p-adic precision
p-adic precision
LStep-by-step analysis and its limits

Non intrinsic

X.Caruso (12) : Step-by-step analysis is algorithm-dependent.

Let M € My(Z,) be a random matrix whose all entries are known up to
precision O(p").

We would like to compute M = LU the LU factorization of M. Then :
m If we apply Gaussian elimination, the average precision on L is
O(p" #1).

m If we study Cramer-style formulae, the intrinsic precision determined

for L is O(p"~2'98x(9)).
3 uehn
A
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p-adic precision
= Our approach

Table of contents

Building Q,
B p-adic precision

m Our approach

Precision in practice

B Further applications uehn
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p-adic precision

= Our approach

The Main lemma of p-adic differential precision

Lemma
Let f: Qp — Qf be a differentiable mapping.
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Tracking p-adic precision

p-adic precision

= Our approach

The Main lemma of p-adic differential precision

Lemma

Let f: Qp — Qf be a differentiable mapping.
Let x € Qp. We assume that f'(x) is surjective.
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Tracking p-adic precision

p-adic precision

= Our approach

The Main lemma of p-adic differential precision

Lemma

Let f: Qp — Qf be a differentiable mapping.
Let x € Qp. We assume that f'(x) is surjective.
Then for any ball B = B(0, r) small enough,

f(x+ B) = f(x) + f'(x) - B.

uehn
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p-adic precision

L Our approach

Geometrical meaning

Interpretation

X+ + f(x)
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Geometrical meaning

Interpretation
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L Our approach

Geometrical meaning

Interpretation

x+8@ ' )

f'(x)
5 Q /—\ O F(x) - B
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Geometrical meaning

Interpretation
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L Our approach

Geometrical meaning

Interpretation
f(x)
X+B@ \_/ @f(x)+f’(x)~8
f'

f'(x)
= Q /\ O F(x) - B
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p-adic precision
LMain example : SOMOS-4

Table of contents

Building Q,
B p-adic precision

m Main example : SOMOS-4

Precision in practice

B Further applications uehn

Tristan Vaccon (with X.Caruso & D.Roe) Tracking p-adic precision



Tracking p-adic precision
p-adic precision
LMain example : SOMOS-4

Introduction to the Somos-4 sequence

Definition

We define the Somos-4 sequence by recursion, with :
X0, X1, X2, X3 € Z;v

2
Xn+1Xn+3 + X710

Xnt+4 =
Xn
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p-adic precision
LMalin example : SOMOS-4

Introduction to the Somos-4 sequence

Definition

We define the Somos-4 sequence by recursion, with :
X0, X1, X2, X3 € Z;v

2
Xn+1Xn+3 + X710
Xn '

Xnt+4 =

Remark

This formula comes from the Z-coordinate of [m] P + @ for some P, Q

points on the elliptic curve y? + y = x3 + x.
y UEh
A
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p-adic precision
LMalin example : SOMOS-4

Introduction to the Somos-4 sequence

We define the Somos-4 sequence by recursion, with :
X0, X1, X2, X3 € Z;v

2
Xn+1Xn+3 + Xni2
n

Remark

This formula comes from the Z-coordinate of [m] P + @ for some P, Q
points on the elliptic curve y? + y = x3 + x.

Proposition

For all n, x, € Zp, i.e. vp(x,) > 0.
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The Laurent phenomenon

Remark

If X0, x1, X2, x3 are known up to O(p™), then because of the division by
Xp, @ naive step-by-step analysis show that x,.4 is known up to

O(pmiz::o vp (i) ) .
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p-adic precision
LMalin example : SOMOS-4

The Laurent phenomenon

Remark

If X0, x1, X2, x3 are known up to O(p™), then because of the division by
Xp, @ naive step-by-step analysis show that x,.4 is known up to

O(pmiz::o vp (i) ) .

Theorem (Fomin, Zelevinsky)

Let P, be the rational fraction defined by the recursion formula defining
Somos-4 :

Xn = Pn(X0, X1, X2, X3).
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p-adic precision
LMalin example : SOMOS-4

The Laurent phenomenon

Remark

If X0, x1, X2, x3 are known up to O(p™), then because of the division by
Xp, @ naive step-by-step analysis show that x,.4 is known up to

O(pmiz::o vp (i) ) .

Theorem (Fomin, Zelevinsky)

Let P, be the rational fraction defined by the recursion formula defining
Somos-4 :

Xn = Pn(X0, X1, X2, X3).

Then P, € Z[xi*, xitt, kit x5, '
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Consequence

Theorem
P GZ[ il il il ]
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p-adic precision
LMain example : SOMOS-4

Consequence

Theorem
P GZ[ il il il ]

Remark

If m is big enough,

Pa(x0 + O(p™),x1 + O(p™), x2 + O(p™), x3 + O(p™))
= Xn + Py (x0,x1, X2, x3) - (O(p™), O(p™), O(p™), O(p™))".

uehn
A
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p-adic precision
LMain example : SOMOS-4

Consequence

Theorem
P GZ[ il il il ]

Remark

If m is big enough,

Pa(x0 + O(p™),x1 + O(p™), x2 + O(p™), x3 + O(p™))
= Xn + Py (x0,x1, X2, x3) - (O(p™), O(p™), O(p™), O(p™))".

uehn
A

Coefficients of P (xo, X1, X2, X3) are in Zp.
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p-adic precision
LMalin example : SOMOS-4

Consequence

P GZ[ il il il ]

If m is big enough,

Pa(x0 + O(p™),x1 + O(p™), x2 + O(p™), x3 + O(p™))
= Xn + Py (x0,x1, X2, x3) - (O(p™), O(p™), O(p™), O(p™))".

Coefficients of P (xo, X1, X2, X3) are in Zp.

There is no intrinsic loss of precision : x, is determined up to O(p™).
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p-adic precision

= Improvements

Lattices

Lemma

Let f: Qp — Q' be a differentiable mapping.
Let x € Q. We assume that f'(x) is surjective.
Then for any ball B = B(0, r) small enough,

f(x+ B) = f(x)+ f'(x) - B.
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= Improvements

Lattices

Lemma

Let f: Qp — Q' be a differentiable mapping.
Let x € Q. We assume that f'(x) is surjective.
Then for any ball B = B(0, r) small enough, for any open lattice H C B

f(x+ H) = f(x)+ f'(x) - H.

uehn
A
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p-adic precision

L Improvements

Lattices

Lemma

Let f: Qp — Q' be a differentiable mapping.
Let x € Q. We assume that f'(x) is surjective.
Then for any ball B = B(0, r) small enough, for any open lattice H C B

f(x+ H) = f(x)+ f'(x) - H.

Remark

This allows more models of precision, like
(x,y) = (L + 0(p*°), 1 + O(p))-

{ u@h
G\
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L Improvements

Lattices

Lemma

Let f: Qp — Q' be a differentiable mapping.
Let x € Q. We assume that f'(x) is surjective.
Then for any ball B = B(0, r) small enough, for any open lattice H C B

f(x+ H) = f(x)+ f'(x) - H.

Remark
This allows more models of precision, like

(x,y) = (14 0(p"),1+ O(p)).

Our framework can be extended to (complete) ultrametric K-vector
spaces (e.g. Fp((X))", Q((X))™).
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p-adic precision

L Improvements

Higher differentials

What is small enou

How can we determine when the lemma applies ?
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p-adic precision

L Improvements

Higher differentials

What is small enough

How can we determine when the lemma applies ?
When f is locally analytic, it essentially corresponds to

+001

Hf(k)(x) - H* c f'(x) - H.
k=2
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= Improvements

Higher differentials

What is small enough

How can we determine when the lemma applies ?
When f is locally analytic, it essentially corresponds to

+oo 1
—f®(x) - H* ¢ f'(x) - H.

k!
k=2

This can be determined with Newton-polygon techniques.
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p-adic precision

L Improvements

Higher differentials

What is small enough

How can we determine when the lemma applies ?
When f is locally analytic, it essentially corresponds to

+oo 1
> Ef(k>(><) -H* C f'(x) - H.
k=2

This can be determined with Newton-polygon techniques.

Remark

Concerning the Somos-4 sequence, since P, € Z[Xojcl,XlﬂE17X2jE1,X3ﬂE1]7
all the coefficients of 4 f(¥)(x) are in Z. g
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p-adic precision

L Improvements

Higher differentials

What is small enough

How can we determine when the lemma applies ?
When f is locally analytic, it essentially corresponds to

+oo 1
> Ef(k>(><) -H* C f'(x) - H.
k=2

This can be determined with Newton-polygon techniques.

Remark

Concerning the Somos-4 sequence, since P, € Z[Xojcl,XlﬂE17X2jE1,X3ﬂE1]7
all the coefficients of 4 f(¥)(x) are in Z. L
As a consequence, '“\e)’

i

p F(x) - (p™Zp)< € p™Zp.
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Precision in practice

L Return to SOMOS-4

Computation in SOMOS-4
Loss in precision in SOMOS-4 with Sage ?!

xo =1+ 0(5%)
x =1+ 0(5%)
x =1+ 0(5%)
x3 = —1+5+ 0(5%)
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Precision in practice

L Return to SOMOS-4

Computation in SOMOS-4
Loss in precision in SOMOS-4 with Sage ?!

xo = 1+ 0(5%)

x; =1+ 0(5%)

x =1+ 0(5%)

x3 = —1+5+ 0(5%)

xg =4+5+ -+ 0(5%)
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L Return to SOMOS-4

Computation in SOMOS-4
Loss in precision in SOMOS-4 with Sage ?!

xo =1+ 0(5%)

x =1+ 0(5%)

x =1+ 0(5%)

x3 = —1+5+ 0(5%)

x4 =4%5+---4 0(5%)
xg =4+ -+ O0(5")

Tristan Vaccon (with X.Caruso & D.Roe) Tracking p-adic precision



Tracking p-adic precision
Precision in practice

L Return to SOMOS-4

Computation in SOMOS-4
Loss in precision in SOMOS-4 with Sage ?!

xo = 1+ 0(5%)

x; =1+ 0(5%)

x =1+ 0(5%)

x3 = —1+5+ 0(5%)

X4 =454+ 0(52)
xg =4+ -+ O0(5")
xp0 =4+ -+ O(55)
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Precision in practice

L Return to SOMOS-4

Computation in SOMOS-4
Loss in precision in SOMOS-4 with Sage ?!

xo = 1+ 0(5%)

x; =1+ 0(5%)

x =1+ 0(5%)

x3 = —1+5+ 0(5%)

X4 =454+ 0(52)
xg =4+ -+ O0(5")
xp0 =4+ -+ O(55)

) N
ueh
~—

w
An explanation

The gain in precision in xg is invisible.
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LAbom: implementation

More on the differential method

Differential tracking of precision

x + O(p")

X+
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LAbom: implementation

More on the differential method

Differential tracking of precision

x + O(p")

X+

f'(x)
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Precision in practice

LAbom: implementation

More on the differential method

Differential tracking of precision

x + O(p")

X+

f'(x)
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Precision in practice

LAbom: implementation

More on the differential method

Differential tracking of precision

x + 0(p") : 7+ 0(p")

x+ B

£'(x)
. Q /—\ A0 B 'ugh
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LAbom: implementation

More on the differential method

Differential tracking of precision

x + 0(p") : 7+ 0(p")

x+ B \—/

f

£'(x)
. Q /—\ A0 B 'ugh
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Precision in practice

LAbom: implementation

More on the differential method

Differential tracking of precision

x + 0(p") : 7+ 0(p")

x+B \_/ f(x)?

f
F'(x)
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Precision in practice

LAbom: implementation

More on the differential method

Differential tracking of precision

x + O(p")

x+ B \—/

f
F'(x)

/\ u@h
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Precision in practice

LAbom: implementation

More on the differential method

Differential tracking of precision

x+ B \—/

f'(x)
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Precision in practice

LAbom: implementation

More on the differential method

Differential tracking of precision

F(x) + O(p")

x+ B \—/

f'(x)
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Tracking p-adic precision

Precision in practice

LAbom: implementation

More on the differential method

Differential tracking of precision

F(x) + O(p")

e D F(x) + F(x) - B

f'(x)
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L About implementation

Lifting techniques

ds comparison
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Lifting techniques
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L About implementation

Lifting techniques

ds comparison
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L About implementation

Lifting techniques

ds comparison
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L About implementation

Lifting techniques

ds comparison

classic

\/\/

f f2
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Lifting techniques

ds comparison
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L About implementation

Lifting techniques

ds comparison

classic

\/ ad
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Lifting techniques

ds comparison
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Lifting techniques

ds comparison
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L About implementation

Lifting techniques

ds comparison

classic

f

T

] <

differential
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Precision in practice

L About implementation

Lifting techniques

S comparison

classic

h f2

differential
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L About implementation

Lifting techniques

S comparison

classic

h f2

differential
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O Euclidean division
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Tracking p-adic precision

Further applications

O Euclidean division

Some calculus

Differential of the euclidean division
Let A, B € Q,[X]. We would like to differentiate A = BQ + R.
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Further applications

O Euclidean division

Some calculus

Differential of the euclidean division

Let A, B € Q,[X]. We would like to differentiate A = BQ + R.
We can write A+ 0A = (B+6B)(Q+ Q)+ R+ IR.

uehn
A
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Further applications

O Euclidean division

Some calculus

Differential of the euclidean division
Let A, B € Q,[X]. We would like to differentiate A = BQ + R.
We can write A+ 0A = (B+6B)(Q+ Q)+ R+ IR.

Then,
0A — QOB = B6Q + IR.

uehn
A
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Further applications

O Euclidean division

Some calculus

Differential of the euclidean division

Let A, B € Q,[X]. We would like to differentiate A = BQ + R.
We can write A+ 0A = (B+6B)(Q+ Q)+ R+ IR.
Then,

dA — Q6B = BIQ + 6R.

Therefore, 0@ and §R are determined by the division of A — Q4B by B.

uehn
A
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Further applications
L LU factorization

About matrices

Differential of LU factorizati
We would like to differentiate M — (L, U).
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About matrices

Differential of the LU factorization

We would like to differentiate M — (L, U).

M= LU
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Further applications
L LU factorization

About matrices

Differential of the LU factorization

We would like to differentiate M — (L, U).

M= LU
M+ oM = (L+6L)(U+6U)
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Further applications
L LU factorization

About matrices

Differential of the LU factorization

We would like to differentiate M — (L, U).

M= LU
M+ oM = (L+6L)(U+6U)
M+0M=LU+dLx U+ LxdU
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Further applications
L LU factorization

About matrices

Differential of the LU factorization

We would like to differentiate M — (L, U).

M= LU
M+ oM = (L+6L)(U+6U)
M+0M=LU+dLx U+ LxdU
OM=46Lx U+ LxdoU
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Further applications
L LU factorization

About matrices

Differential of the LU factorization

We would like to differentiate M — (L, U).

M= LU
M+ oM = (L+6L)(U+6U)

M+ 6M=LU+0Lx U+Lx6U
M =6Lx U+ LxéU

LYxSMx Ut =11 x6L+6Ux U™?
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Further applications
L LU factorization

About matrices

Differential of the LU factorization

We would like to differentiate M — (L, U).

M= LU
M+ oM = (L+6L)(U+6U)

M+ 6M=LU+0Lx U+Lx6U
M =6Lx U+ LxéU

LYxSMx Ut =11 x6L+6Ux U™?

_ -1 -1 S
Therefore,éL =L (T a2 0, uch
5U = (L7 x 6M x U™Y) x U )
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Conclusion

To sum up

On p-adic precision
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Conclusion

To sum up

On p-adic precision

m Step-by-step analysis : as a first step. Can show differentiability.
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Conclusion

To sum up

On p-adic precision

m Step-by-step analysis : as a first step. Can show differentiability.

m Differential calculus : intrinsic and can handle both gain and loss.
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Conclusion

To sum up

On p-adic precision

m Step-by-step analysis : as a first step. Can show differentiability.
m Differential calculus : intrinsic and can handle both gain and loss.

m New framework : differentials and lattices.

Future works

m Implement automatic computation of differentials, within the
computation.
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