The Cech complex

Let @ = (ay,...,ay) be a sequence of elements of A. Its Cech
complex C;(A) is :

0 —= CYA) —= CLA) C

(A) —= 0

n
a
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The Cech complex

Let @ = (ay,...,ay) be a sequence of elements of A. Its Cech
complex C;(A) is :

0 —= CYA) —= CLA) C

(A) —= 0

n
a

Cg(A) = @ A, where aj = Hai
Ic{1,...,n} el
#1=k

and
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The Cech complex

Let @ = (ay,...,ay) be a sequence of elements of A. Its Cech
complex C;(A) is :

0 —= CYA) —= CLA) C

(A) —= 0

n
a

CS(A) = @ A, where aI:Hai

Ic{1,...,n} el
#I1=Fk
and
d: @Aal — @ AaJ, $[r—>@ x[ Ivi
#I=k #J=k+1 ¢l

where €;(I) is the number of elements of I less than i.
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The Cech complex

Forn =3

A — Aa1 @D Aag b Aa3 ——— Aa1a2 S Aa1a3 @D Aa2a3 I Aa1a2a3
b (z,2,2)
(w1, 2, 73) > (22 — 71, T3 — X1, T3 — T2)

(z12, 13, T23) "> T23 — T13 + T12
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The Cech complex measures, like the Koszul complex, the depth of
(a). In other words

Gr(a;A) >k < Hi(A)=0,Vi<k
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The Cech complex measures, like the Koszul complex, the depth of
(a). In other words

Gr(a;A) >k < Hi(A)=0,Vi<k

H'(a;A)=0,Vi<k & H)(A)=0, Vi<k
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What is a bicomplex ?

Let (KP%), qczx7z be a collection of modules with horizontal and
vertical morphisms d’ : KP* — KPtL* and 4" : K% — K*9t!
such that d od' =0, d" od’ =0and d od" =d" od'.
We say that

(K."7d/,d//)

is a bicomplex.
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What is a bicomplex ?

Let (KP%), qczx7z be a collection of modules with horizontal and
vertical morphisms d’ : KP* — KPtL* and 4" : K% — K*9t!
such that d od' =0, d" od’ =0and d od" =d" od'.
We say that

(K."7d/,d//)

is a bicomplex. To this bicomplex is associated a total complex
(T°,d) with
™ — @ KP4
p+g=n

and

Vap, € KM, daye) = d(apq)+ d"(ap,q)
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What is a bicomplex ?

Let (KP%), qczx7z be a collection of modules with horizontal and
vertical morphisms d’ : KP* — KPtL* and 4" : K% — K*9t!
such that d od' =0, d" od’ =0and d od" =d" od'.
We say that

(K."7d/,d//)

is a bicomplex. To this bicomplex is associated a total complex
(T°,d) with
™ — @ KP4
p+g=n

and

Vapg € KM, d(ap,q) = d/(ap,q) + (=1)P d”(ap,q)
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Now, assume that KP9 =0 if p <0 or g <0, i.e. the bicomplex is
concentred in the first quadrant.
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Now, assume that KP9 =0 if p <0 or g <0, i.e. the bicomplex is
concentred in the first quadrant.

In the following results, the hypothesis focuses on
row-exactness or/and  column-exactness

on one (or two) diagonal(s).
Rmk: the vertical direction (i.e. column-exactness) is favored.

The conclusion focuses on the cohomology of the total complex,
ie. HY(T*) := Kerd,/Imdy1.

From cohomological informations on the bicomplex (in a given
direction: row or column), we can obtain information about the
cohomology of the total complex.
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Diagram chasing

Le lemme de I'escalier

Let n € N. If there is column-exactness on the diagonal n, then the
total complex is exact in degree n. In other words:

Vp+q=n, H(K?*)=0 =— H"(T")=0
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Diagram chasing

Le lemme de I'escalier

Let n € N. If there is column-exactness on the diagonal n, then the
total complex is exact in degree n. In other words:

Vp+q=n, H(K?*)=0 =— H"(T")=0

Rmk. We have the same result with the rows:

Vp+q=n, HP(K*?") =0 =— H"(T*)=0
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Diagram chasing

Le lemme de I'escalier

Let n € N. If there is column-exactness on the diagonal n, then the
total complex is exact in degree n. In other words:

Vp+q=n, H(K?*)=0 =— H"(T")=0

Rmk. We have the same result with the rows:

Vp+q=n, HP(K*?") =0 =— H"(T*)=0

For the proof, let's take n = 3. Let @ = apz ® a12 D ag B asg € T?
such that d(a) = 0. With the hypothesis of column-exactness, we
want to find b € T? such that a = d(b).
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Diagram chasing

a"’

i
ay > +d'"(ay,)

o — > d'(ay )—d"(ay,)
@21

o — > d'(ay,)
30
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Diagram chasing

=0

a"’

—_—> +d"(ay,) =0
@12

° > d/(a21 )7d//<a30> =0
@21

o — > d'(a,,) =0
230
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Diagram chasing

=0

a"’

—_— +d"(ay ) =0
02

° > d/(a21 )7d//<a30> =0
@21

o — > d'(a,,) =0
230
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Diagram chasing

=0

a"’

—_— +d"(ay ) =0
02

’ —d"(a,.) =
by, “;1 >d (a21) d (a.)o> 0

o — > d'(a,,) =0
230
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Diagram chasing

=0

a"’

—_— +d"(ay ) =0
02

° > d/(a21 )7d//<a30> =0

by @21
° o — > d'(ay,) =0
bag 230

Claire Téte Commutative Algebra



The (Oz)-complex (K, d’), The (Oy)-complex (K*°,d")

If there is column-exactness on the diagonals n and n + 1 except
perhaps on the (Oy) axis, then H*(K*°) ~ H"(T").
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The (Oz)-complex (K, d’), The (Oy)-complex (K*°,d")

If there is column-exactness on the diagonals n and n + 1 except
perhaps on the (Oy) axis, then H*(K*°) ~ H"(T").

If there is row-exactness on the diagonals n and n + 1 except
perhaps on the (Oz) axis, then H*(K"*) ~ H™(T*).
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The (Ox)-complex (K%, d"), The (Oy)-complex (K*°,d")

If there is column-exactness on the diagonals n and n + 1 except
perhaps on the (Oy) axis, then H*(K*°) ~ H"(T").

Row

If there is row-exactness on the diagonals n and n + 1 except
perhaps on the (Oz) axis, then H*(K"*) ~ H™(T*).

Column and Row

If there are column-exactness and row-exactness on the diagonals n
and n + 1 except perhaps on the (Oz) and (Oy) axis, then
H*(K%*) ~ H*(T*) ~ H*(K*").
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The Koszul-Cech bicomplex

Cech-depth < Koszul-depth

H:(A)=0, Vi<k < H'(a;A)=0, Vi<k

We prove =-.
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We introduce the bicomplex K”(a; A) @ CL(A)

Ca(A)

|

0—K' @9’ —-K'@o(?——-K*’0(?*—->K 0 (?—...
0—K' @' —-K' o' —-K*’0(C' —K3 @l ——. ..

0—K’ @ C'—=-K'® C°—=>-K*® C"—=>K* ® (°—>=---  K'(a;A)

Claire Téte Commutative Algebra



We introduce the bicomplex K”(a; A) @ CL(A)

Ca(A)

|

0—K' @9’ —-K'@o(?——-K*’0(?*—->K 0 (?—...
0—K' @' —-K' o' —-K*’0(C' —K3 @l ——. ..

0—K’ @ C'—=-K'® C°—=>-K*® C"—=>K* ® (°—>=---  K'(a;A)

0 0

Row direction: If there is row-exactness on the diagonals i and i + 1 except
perhaps on the (Oz) axis, then H'(a; A) ~ H*(T").
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We introduce the bicomplex K”(a; A) @ CL(A)

Ca(A)

|

0—K' @9’ —-K'@o(?——-K*’0(?*—->K 0 (?—...
0—K' @' —-K' o' —-K*’0(C' —K3 @l ——. ..

0—K’ @ C'—=-K'® C°—=>-K*® C"—=>K* ® (°—>=---  K'(a;A)

0 0

Row direction: If there is row-exactness on the diagonals i and i + 1 except
perhaps on the (Oz) axis, then H'(a; A) ~ H*(T").

Column direction: If there is column-exactness on the diagonal ¢, then
HY(T*) = 0.
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The X* complex, The Y* complex

Column

If there is column-exactness on the diagonals n and n + 1 except
perhaps on the (Ox) axis, then H"(X*) ~ H"(T"*) where

Kp1
XP = Ker T
K0
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The X* complex, The Y* complex

Column

If there is column-exactness on the diagonals n and n + 1 except
perhaps on the (Ox) axis, then H"(X*) ~ H"(T"*) where

KP!
XP = Ker T
KPO
If there is row-exactness on the diagonals n and n + 1 except
perhaps on the (Oy) axis, then H*(Y*) ~ H"(T") where

Y7 =Ker (K% — K1)

Claire Téte Commutative Algebra



The X, complex and Y. complex

Column and Row

If there are column-exactness and row-exactness on the diagonals n
and n — 1 except perhaps on the (Oz) and (Oy) axis, then
H,(X.) ~ ~ H, (Y.) where
Kp1
X, = Coker 1l and Y, = Coker (K, < Kg1)
Ky
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The X, complex and Y. complex

Column and Row

If there are column-exactness and row-exactness on the diagonals n
and n — 1 except perhaps on the (Oz) and (Oy) axis, then
H,(X.) ~ H,(T.) ~ H,(Y.) where

Ky
X, = Coker 1 and Y, = Coker (K, < Kg1)
Kpo
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The Tor foundation

Let M be a A-module and P. a projective resolution of M

Ps P P Py M
Let N be a A-module and Q. a projective resolution of NV

Q3 Q2 Q1 Qo N

Consider the bicomplex K, ;, = P, ® Q.
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The Tor foundation

Let M be a A-module and P. a projective resolution of M

Ps Py Py Py M

Let N be a A-module and Q. a projective resolution of NV

Q3 Q2 @1 Qo N
Consider the bicomplex K, ;, = P, ® Q4. We have
X.=P.®N and Y.=M®Q.
The previous proposition says :

H;(P,® N) ~ ~ H;(M @ Q.)
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The Tor foundation

Let M be a A-module and P. a projective resolution of M

Ps Py Py Py M

Let N be a A-module and Q. a projective resolution of NV

Q3 Q2 @1 Qo N
Consider the bicomplex K, ;, = P, ® Q4. We have
X.=P.®N and Y.=M®Q.
The previous proposition says :

H;(P,® N) ~ Tor®(M,N) ~ Hy(M ® Q.)
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The Hochster-formula

Let a be a monomial ideal of S = k[X},..., X,]. Consider the
graded (for fine grading) minimal free resolution of S/a

0 Ln s L1 Lo S/a

@S /Bza

aeN”

with

Claire Téte Commutative Algebra



The Hochster-formula

Let a be a monomial ideal of S = k[X},..., X,]. Consider the
graded (for fine grading) minimal free resolution of S/a

0 Ln s L1 Lo S/a

@S /Bza

aeN”

with

The Hochster's formula computes the multigraded Betti numbers
of S/a via simplicial cohomology.

Hochster's formula

Bia = dimy HF"PPOIZ=L(K, (a) 1 k)
where K, (a) = { J C supp(a) | X*swPP(@) X7 ¢ g}
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The graded minimal free resolution of S/a:

0 Ly, e Ly Ly 0

The Koszul complex of X = (X1,...,X,):

0 K, K Ko 0
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The graded minimal free resolution of S/a:

(0L Lt —— Ly —=0 ) ©8/(X)

The Koszul complex of X = (X1,...,X,):

0 K, K Ko 0
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The graded minimal free resolution of S/a:

(0L Lt —— Ly —=0 ) ©8/(X)

The Koszul complex of X = (X1,...,X,):

(0 K, K, Ko 0)®S/a
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The graded minimal free resolution of S/a:

(0L Lt —— Ly —=0 ) ©8/(X)

0——Ln/XLy——+—L1/XL1 ——Lo/XLo—=0
The Koszul complex of X = (X1,...,X,):

(0 K, K, Ko 0)®S/a
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The graded minimal free resolution of S/a:

(0L Lt —— Ly —=0 ) ©8/(X)

0——Ln/XLy——+—L1/XL1 ——Lo/XLo—=0
The Koszul complex of X = (X1,...,X,):

(0 K, K, Ko 0)®S/a

0—K,/aK,, —— - ——= K /aK; —= Ky /aKy ——=0
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0——Lyp/XLyp——-—L1/XLi — Lo/XLo——=0

0—K,/aK,, —— - ——=K;/aK; —= Ky /aKy ——=0

The previous result says that homology of this two complexes are
isomorphic.
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0——Lyp/XLyp——-—L1/XLi — Lo/XLo——=0

0—K,/aK,, —— - ——=K;/aK; —= Ky /aKy ——=0

The previous result says that homology of this two complexes are
isomorphic.

e As L, is minimal, the homology of L./ X L, is reduced to its
terms. Thus H;(L./XL.)o = (Li/ X L;)o = kP,
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0——Lyp/XLyp——-—L1/XLi — Lo/XLo——=0

0—K,/aK,, —— - ——=K;/aK; —= Ky /aKy ——=0

The previous result says that homology of this two complexes are
isomorphic.

e As L, is minimal, the homology of L./ X L, is reduced to its
terms. Thus H;(L./XL.)o = (Li/ X L;)o = kP,

e What is the composant of degree a € N™ of the complex
K./aK, = K.(X ;S/a) 7 We have

(Ki/aKi)o = €P an

#1=i

where I C supp(«) is such that %7 gé a
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