Let a = (ay,...,a,) be a sequence of elements in A.
The Koszul complex K.(a; A) or its dual K*(a; A) leads to the
definition of depth:

Gr(a;A) >k <= H(a;A)=0,Vi=0,1,....,k—1
— Hi(a;A)=0,Vi=n,n—-1,....n—k+1
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The Koszul complex K.(a; A) or its dual K*(a; A) leads to the
definition of depth:

Gr(a;A) >k <= H(a;A)=0,Vi=0,1,....,k—1
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@ Gr(a;A) is less than or equal to the minimal number of
generators of (a)

Claire Téte Commutative Algebra



Let a = (ay,...,a,) be a sequence of elements in A.
The Koszul complex K.(a; A) or its dual K*(a; A) leads to the
definition of depth:
Gr(a;A) >k <= H(a;A)=0,Vi=0,1,....,k—1
<~ Hi(a;A)=0,Vi=n,n—-1,...,n—k+1

@ Gr(a;A) is less than or equal to the minimal number of
generators of (a)

° {a)=/@) = Gr(a;A)=0GCr(b;A)
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Let a = (ay,...,a,) be a sequence of elements in A.
The Koszul complex K.(a; A) or its dual K*(a; A) leads to the
definition of depth:

Gr(a;A) >k <= H(a;A)=0,Vi=0,1,....,k—1
< Hij(a;A)=0,Vi=n,n—1,...,n—k+1

@ Gr(a;A) is less than or equal to the minimal number of
generators of (a)

° V{g) =) = Gr(g;A)=0Grb;A)
@ Gr(a;A) is less than or equal to the minimal number of
generators of (a) up to radical
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Let a = (ay,...,a,) be a sequence of elements in A.
The Koszul complex K.(a; A) or its dual K*(a; A) leads to the
definition of depth:

Gr(a;A) >k <= H(a;A)=0,Vi=0,1,....,k—1
< Hij(a;A)=0,Vi=n,n—1,...,n—k+1

@ Gr(a;A) is less than or equal to the minimal number of
generators of (a)

°o V(o) =) = Gi(a;A)=GCr(b;A)

@ Gr(a;A) is less than or equal to the minimal number of
generators of (a) up to radical

@ Depth is less than the Krull dimension : Gr(a;A) < Kdim A )
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Let a = (ay,...,a,) be a sequence of elements in A.
The Koszul complex K.(a; A) or its dual K*(a; A) leads to the
definition of depth:

Gr(a;A) >k <= H(a;A)=0,Vi=0,1,....,k—1
< Hij(a;A)=0,Vi=n,n—1,...,n—k+1

@ Gr(a;A) is less than or equal to the minimal number of
generators of (a)

°o V(o) =) = Gi(a;A)=GCr(b;A)

@ Gr(a;A) is less than or equal to the minimal number of
generators of (a) up to radical

@ Depth is less than the Krull dimension : Gr(a;A) < Kdim A )
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What makes a complex exact 7

Buchsbaum-Eisenbud criterion

We assume given a complex of free modules :

05 Fp ™™ Fp1— o> F 2 F

with Fj, = Ak
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What makes a complex exact 7

Buchsbaum-Eisenbud criterion

We assume given a complex of free modules :
Um, Ul
0—=>F,—F, 11— - —F— K
with Fj, = AY*. We define the sequence (r1,...,7,,) such that
™ =Vm, Tm—-1=Vm-1—"Tm, ... T1=V1—T2

If Gr (Drk (uk)) >k for k =m,...,1, then the complex is exact.
The converse is also true.
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The three points in P?

Example : S=k[X,Y, 7], a= (XY, XZ, YZ)
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Hilbert-Burch

Let M = (a;j) € M, ,—1(A) be a matrix. We define Ay,..., A,
which are, up to sign, the minors of M of size n — 1:

X1 ann - aip—1
X9 ao1 -+ azp—1

= A1 X+ AKX,
Xn ap1 o Gpp—1

Since [A; -+ Ay]M =[0 --- 0], we have the complex of free
modules :

0 —= A1 M_pAn 217 A

When is this complex exact ?
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Hilbert-Burch

Let M = (a;j) € M, ,—1(A) be a matrix. We define Ay,..., A,
which are, up to sign, the minors of M of size n — 1:

X1 ann - aip—1
X9 ao1 -+ azp—1

. :A1X1++Aan
Xn ap1 o Gpp—1

Since [A; -+ Ay]M =[0 --- 0], we have the complex of free
modules :

0 —= A1 M_pAn 217 A

When is this complex exact ?

Corollary of the Buchsbaum-Eisenbud criterion

If Gr ((A1,...,Ay);A) > 2, then the complex is exact.
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The quartic rational curve in P

S = k[Xo, ..., X3],
o= (X} - X2Xy, XoX2-X2X3 X3-X1X2, X1Xo— XoX3)
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The quartic rational curve in P

S = k[Xo, ..., X3],
o= (X} - X2Xy, XoX2-X2X3 X3-X1X2, X1Xo— XoX3)

0 s HB.ogt B gt B_g S/a

X3 X2 X3 0 0

—Xo | Xe Xi Xo —X3
b =1x and - h=1y 0 X, X,

Xo X? XoX; —X1X3 X2
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Context and notation

Let k be a field, S = k[X},..., X,,] and a a homogeneous ideal.
We focus on the graded finitely presented k-algebra

S/a = K[zi1,...,x,]

where z; = X; = X; mod a.
An ideal will play an important role. It is (x1,...,x,).
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Context and notation

Let k be a field, S = k[X},..., X,,] and a a homogeneous ideal.
We focus on the graded finitely presented k-algebra

S/a = K[zi1,...,x,]

where z; = X; = X; mod a.

An ideal will play an important role. It is (x1,...,x,).

e Pd(S/a): projective dimension of the S-module S/a. In the
previous context, it is a well-defined integer according to the
Hilbert's Syzygy Theorem
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Context and notation

Let k be a field, S = k[X},..., X,,] and a a homogeneous ideal.
We focus on the graded finitely presented k-algebra

S/a = K[zi1,...,x,]

where z; = X; = X; mod a.

An ideal will play an important role. It is (x1,...,x,).

e Pd(S/a): projective dimension of the S-module S/a. In the
previous context, it is a well-defined integer according to the
Hilbert's Syzygy Theorem

e Gr(z;S/a): the depth of the graded k-algebra S/a
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Context and notation

Let k be a field, S = k[X},..., X,,] and a a homogeneous ideal.
We focus on the graded finitely presented k-algebra

S/a = K[zi1,...,x,]

where z; = X; = X; mod a.

An ideal will play an important role. It is (x1,...,x,).

e Pd(S/a): projective dimension of the S-module S/a. In the
previous context, it is a well-defined integer according to the
Hilbert's Syzygy Theorem

e Gr(z;S/a): the depth of the graded k-algebra S/a

e Kdim(S/a): the Krull dimension of S/a
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Auslander-Buchsbaum equality

Let a be a homogeneous ideal of S = k[X7,...,X,,] where k is a
field. Then

n = Gr(z;S/a) + Pd(S/a)

where Pd(S/a) is the length of the minimal graded free resolution
of S/a.
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Auslander-Buchsbaum equality

Let a be a homogeneous ideal of S = k[X7,...,X,,] where k is a
field. Then

n = Gr(z;S/a) + Pd(S/a)

where Pd(S/a) is the length of the minimal graded free resolution
of S/a.

Examples :
1) a= (XY, XZ, YZ) C k[X,Y,Z]
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Auslander-Buchsbaum equality

Theorem

Let a be a homogeneous ideal of S = k[X7,...,X,,] where k is a
field. Then

n = Gr(z;S/a) + Pd(S/a)

where Pd(S/a) is the length of the minimal graded free resolution
of S/a.

Examples :
1) a= (XY, XZ, YZ) C k[X,Y,Z]

2) a= (X} — X2Xo2, XoX2 - X}X3, X5 - X1X2, X1X2 — XoX3)
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Krull dimension and Noether normalisation

There exists an explicit way to compute the Krull dimension of
S/a: the Noether normalisation, i.e.

d homogeneous elements hy, ..., hg of S/a such that

(i) hi,...,hy are algebraically independent over k

(ii) S/a is integral over k[hy, ..., hg] (equivalently, S/a is a
k[h1, ..., hg]-module finitely generated)

In these conditions, we have Kdim(S/a) = d.
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Krull dimension and Noether normalisation

There exists an explicit way to compute the Krull dimension of
S/a: the Noether normalisation, i.e.
d homogeneous elements hy, ..., hg of S/a such that

(i) hi,...,hy are algebraically independent over k

(ii) S/a is integral over k[hy, ..., hg] (equivalently, S/a is a
k[h1, ..., hg]-module finitely generated)

In these conditions, we have Kdim(S/a) = d.

Remark :
(i) & k[Hy,...,Hg)Na=0 where H; € S such that H; = h;

(II)<:> <h1,...,hd>:<l‘1,...,1‘n>
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Krull dimension and Noether normalisation

There exists an explicit way to compute the Krull dimension of
S/a: the Noether normalisation, i.e.
d homogeneous elements hy, ..., hg of S/a such that

(i) hi,...,hy are algebraically independent over k

(ii) S/a is integral over k[hy, ..., hg] (equivalently, S/a is a
k[h1, ..., hg]-module finitely generated)

In these conditions, we have Kdim(S/a) = d.

Remark :
(i) & k[Hy,...,Hg)Na=0 where H; € S such that H; = h;

(II)<:> <h1,...,hd>:<l‘1,...,1‘n>
We say that (hi,...,hq) is a homogenous system of parameters
(h.s.0.p.) of S/a.
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The three points in P?

a= (XY, XZ, YZ)
What is the Krull dimension expected for S/a ?
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The three points in P?

a= (XY, XZ, YZ)
What is the Krull dimension expected for S/a ?
a is the ideal of three points in P?, so

Kdim(S/a) = 0 + 1
T T

points projective

geometry
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The three points in P?

a= (XY, XZ, YZ)
What is the Krull dimension expected for S/a ?
a is the ideal of three points in P?, so

Kdim(S/a) = 0 + 1
T T

soints projective

geometry

Remark referring to Claude's presentation : a is a monomial ideal. Its simplicial
complex of Stanley-Reisner consists of three isolated points.

Claire Téte Commutative Algebra



The three points in P?

a= (XY, XZ, YZ)
What is the Krull dimension expected for S/a ?
a is the ideal of three points in P?, so

Kdim(S/a) = 0 + 1
T T

boints projective

geometry

Remark referring to Claude's presentation : a is a monomial ideal. Its simplicial

complex of Stanley-Reisner consists of three isolated points.
We have
Kdim(S/a) = 1

We find a homogeneous element h € S/a such that S/a is integral
over k[h].
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The three points in P?

a= (XY, XZ, YZ)
What is the Krull dimension expected for S/a ?
a is the ideal of three points in P?, so

Kdim(S/a) = 0 + 1
T T

soints projective

geometry

Remark referring to Claude's presentation : a is a monomial ideal. Its simplicial
complex of Stanley-Reisner consists of three isolated points.
We have

Kdim(S/a) = 1

We find a homogeneous element h € S/a such that S/a is integral
over k[h].
What about Gr ((,y,2);S/a) < Kdim(S/a) ?

Claire Téte Commutative Algebra



The rational quartic curve in P3

0= (X} — X2Xo, XoX2—X?X5, X3—X1X2, X1Xo— XoX3)
What is the Krull dimension expected for S/a ?
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The rational quartic curve in P3

0= (X} — X2Xo, XoX2—X?X5, X3—X1X2, X1Xo— XoX3)
What is the Krull dimension expected for S/a ?
a is the ideal of a curve in P3, so

Kdim(S/a) = 1 + 1
T T

curve projective

geometry
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The rational quartic curve in P3

0= (X} — X2Xo, XoX2—X?X5, X3—X1X2, X1Xo— XoX3)
What is the Krull dimension expected for S/a ?
a is the ideal of a curve in P3, so

Kdim(S/a) = 1 + 1
T T

curve projective

geometry

We have
Kdim(S/a) =2

We find two homogeneous elements hq, ho € S/a such that S/a is
integral over k[hy, ho).
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The rational quartic curve in P3

S/a = k[.l‘(), X1, X2, .1‘3] with
3 2 2 2 3 2
T = Tnx2, Ty = T3, Ty = T1T3, T1T92 = T3

We propose hy = x¢ and hy = x3 as h.s.o.p of S/a.
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The rational quartic curve in P3

S/a = k[.l‘(), X1, X2, .1‘3] with
3 2 2 2 3 2
T = Tnx2, Ty = T3, Ty = T1T3, T1T92 = T3

We propose hy = x¢ and hy = x3 as h.s.o.p of S/a.
We have \/(h1, ha) = (z). What about Gr (z;S/a) =?
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The rational quartic curve in P3

S/a = k[.l‘(), X1, X2, .1‘3] with
3 2 2 2 3 2
T = Tnx2, Ty = T3, Ty = T1T3, T1T92 = T3

We propose hy = x¢ and hy = x3 as h.s.o.p of S/a.
We have \/(h1, ha) = (z). What about Gr (z;S/a) =?

Here, we have 1 = Gr (z;S/a) < Kdim(S/a) = 2.
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A last example

S :k[l‘l,...,aj‘ﬁ]

a=(r1 2223, T2T3T4, T1T2T5, T1T4Ts, T3T4Ts,
T1T3L6, T1L4Te, LT2T4Te, T2T5Te, L3TsTe)

Resolution of S/a 7
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A last example

S :k[l‘l,...,aj‘ﬁ]

a=(r1 2223, T2T3T4, T1T2T5, T1T4Ts, T3T4Ts,
T1T3L6, T1L4Te, LT2T4Te, T2T5Te, L3TsTe)

Resolution of S/a 7
If characteristic(k) # 2, for example k = Q, then

0 S6 St5 S0 S S/a
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A last example

S :k[l‘l,...,aj‘ﬁ]

a=(r1 2223, T2T3T4, T1T2T5, T1T4Ts, T3T4Ts,
T1T3L6, T1L4Te, LT2T4Te, T2T5Te, L3TsTe)

Resolution of S/a 7
If characteristic(k) # 2, for example k = Q, then

0 S6 St5 S0 S S/a

If characteristic(k) = 2, for example k = Fy, then

0 S S7 Sl5 S0 S S/a
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We have da(v) = 0 and 2v = d3z(w) with

T4Te
T3T¢
T2T6
]
—T4T5 6
Z5
X4
v = w =
z3
x2
x1
—X2T4 - -
12

Claire Téte Commutative Algebra



A last example

S =k[z1,...,x¢]

a=(r1 2223, T2T3T4, T1T2T5, T1T4Ts, T3T4Ts,
T1T3L6, T1L4Te, ToT4Te, T2T5Le, L3LTsTe)

Krull dimension of S/a ?
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A last example

S =k[z1,...,x¢]

a=(r1 2223, T2T3T4, T1T2T5, T1T4Ts, T3T4Ts,
T1T3L6, T1L4Te, ToT4Te, T2T5Le, L3LTsTe)

Krull dimension of S/a ?

a is a monomial ideal : its Stanley-Reisner simplicial complex is of
dimension 2, so Kdim(S/a) =2+ 1 =3.
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A last example

S =k[z1,...,x¢]

a=(r1 2223, T2T3T4, T1T2T5, T1T4Ts, T3T4Ts,
T1T3L6, T1L4Te, ToT4Te, T2T5Le, L3LTsTe)

Krull dimension of S/a ?

a is a monomial ideal : its Stanley-Reisner simplicial complex is of
dimension 2, so Kdim(S/a) =2+ 1 =3.
We have an h.s.o.p.

hi = x1+x3+x4, he = zo+a3+m6, hy = T2+ 24+ 25
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