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This morning: the Koszul complex, regular sequence, depth

Tomorrow: the Buchsbaum & Eisenbud criterion and the
equality of Aulsander & Buchsbaum through examples.

Wednesday: some elementary results about the homology of a
bicomplex
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I will begin with a little example. . .

Let us consider the ideal a = 〈X1,X2,X3〉 of A = k[X1,X2,X3].
What is "the" resolution of A/a as A-module? (the question is

deliberatly not very precise)
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I will begin with a little example. . .

Let us consider the ideal a = 〈X1,X2,X3〉 of A = k[X1,X2,X3].
What is "the" resolution of A/a as A-module? (the question is

deliberatly not very precise)

We would like to find something like this

· · · Fm
dm

Fm−1
dm−1

· · · F1
d1

F0 A/a

with A-modules Fi as simple as possible and s.t. Im di = Ker di−1.
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I will begin with a little example. . .

Let us consider the ideal a = 〈X1,X2,X3〉 of A = k[X1,X2,X3].
What is "the" resolution of A/a as A-module? (the question is
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· · · Fm
dm

Fm−1
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· · · F1
d1

F0 A/a

with A-modules Fi as simple as possible and s.t. Im di = Ker di−1.

We say that F· is a resolution of the A-module A/a
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I will begin with a little example. . .

Let us consider the ideal a = 〈X1,X2,X3〉 of A = k[X1,X2,X3].
What is "the" resolution of A/a as A-module? (the question is

deliberatly not very precise)

We would like to find something like this

0 Fm
dm

Fm−1
dm−1

· · · F1
d1

F0 A/a

with A-modules Fi as simple as possible and s.t. Im di = Ker di−1.

We say that F· is a resolution of the A-module A/a of length m.
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The Koszul complex of a sequence a = (a1, . . . , an)

Let a = (a1, . . . , an) be a sequence of n elements in a commutative
ring A.
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The Koszul complex of a sequence a = (a1, . . . , an)

Let a = (a1, . . . , an) be a sequence of n elements in a commutative
ring A.
The Koszul complex K·(a ;A) of a with coefficients in A is given
by:

0 Kn
∂n

Kn−1 · · · K1
∂1

K0 0
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The Koszul complex of a sequence a = (a1, . . . , an)

Let a = (a1, . . . , an) be a sequence of n elements in a commutative
ring A.
The Koszul complex K·(a ;A) of a with coefficients in A is given
by:

0 Kn
∂n

Kn−1 · · · K1
∂1

K0 0

Kd = A
(n
d
) =

⊕

I⊂{1,...,n}
#I=d

A eI
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The Koszul complex of a sequence a = (a1, . . . , an)

Let a = (a1, . . . , an) be a sequence of n elements in a commutative
ring A.
The Koszul complex K·(a ;A) of a with coefficients in A is given
by:

0 Kn
∂n

Kn−1 · · · K1
∂1

K0 0

Kd = A
(n
d
) =

⊕

I⊂{1,...,n}
#I=d

A eI

∂(eI) =
∑

i∈I

ai eI\i
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The Koszul complex of a sequence a = (a1, . . . , an)

Let a = (a1, . . . , an) be a sequence of n elements in a commutative
ring A.
The Koszul complex K·(a ;A) of a with coefficients in A is given
by:

0 Kn
∂n

Kn−1 · · · K1
∂1

K0 0

Kd = A
(n
d
) =

⊕

I⊂{1,...,n}
#I=d

A eI

∂(eI) =
∑

i∈I

(−1)εi(I) ai eI\i
εi(I) = number of elements

of I less than i
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The Koszul complex of a sequence a = (a1, . . . , an)

Let a = (a1, . . . , an) be a sequence of n elements in a commutative
ring A.
The Koszul complex K·(a ;A) of a with coefficients in A is given
by:

0 Kn
∂n

Kn−1 · · · K1
∂1

K0 0

Kd = A
(n
d
) =

⊕

I⊂{1,...,n}
#I=d

A eI

∂(eI) =
∑

i∈I

(−1)εi(I) ai eI\i
εi(I) = number of elements

of I less than i

It is a complex, that is to say: ∂ ◦ ∂ = 0, i.e. Im∂d+1 ⊂ Ker∂d.
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The Koszul complex of a sequence a = (a1, . . . , an)

Let a = (a1, . . . , an) be a sequence of n elements in a commutative
ring A.
The Koszul complex K·(a ;A) of a with coefficients in A is given
by:

0 Kn
∂n

Kn−1 · · · K1
∂1

K0 0

Kd = A
(n
d
) =

⊕

I⊂{1,...,n}
#I=d

A eI

∂(eI) =
∑

i∈I

(−1)εi(I) ai eI\i
εi(I) = number of elements

of I less than i

It is a complex, that is to say: ∂ ◦ ∂ = 0, i.e. Im∂d+1 ⊂ Ker∂d.
If Im∂d+1=Ker ∂d, we say that the complex is exact in degree d.
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Here is the Koszul complex for a sequence of length 4 (where, for
every degree d, the basis (eI)#I=d is ordered lexicographically)

A





−a4

a3

−a2

a1





−−−−−→ A
4











a3 a4 . .

−a2 . a4 .

. −a2 −a3 .

a1 . . a4

. a1 . −a3

. . a1 a2











−−−−−−−−−−−−−−→ A
6





−a2 −a3 −a4 . . .

a1 . . −a3 −a4 .

. a1 . a2 . −a4

. . a1 . a2 a3





−−−−−−−−−−−−−−−−−−−−−→ A
4 [ a1 a2 a3 a4 ]
−−−−−−−−−→ A

If we want to keep in mind one key sentence: "K·(a ;A) is the
complex of the trivial syzygies of a".
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Here is the Koszul complex for a sequence of length 4 (where, for
every degree d, the basis (eI)#I=d is ordered lexicographically)

A





−a4

a3

−a2

a1





−−−−−→ A
4











a3 a4 . .

−a2 . a4 .

. −a2 −a3 .

a1 . . a4

. a1 . −a3

. . a1 a2











−−−−−−−−−−−−−−→ A
6





−a2 −a3 −a4 . . .

a1 . . −a3 −a4 .

. a1 . a2 . −a4

. . a1 . a2 a3





−−−−−−−−−−−−−−−−−−−−−→ A
4 [ a1 a2 a3 a4 ]
−−−−−−−−−→ A

If we want to keep in mind one key sentence: "K·(a ;A) is the
complex of the trivial syzygies of a".

In a more structural way, the Koszul complex is defined by the
exterior algebra

0
∧n(An)

∂n
· · ·

∧1(An)
∂1 ∧0(An) 0

and the differential ∂ is defined by

∂(x1 ∧ · · · ∧ xd) =
d∑

i=1

(−1)i−1µ(xi)x1 ∧ · · · ∧ x̂i ∧ · · · ∧ xd

where µ : An [ a1 ··· an ]
−−−−−−→ A
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Regular sequence

When is the Koszul complex exact? What measures the exactness
of the Koszul complex?
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Regular sequence

When is the Koszul complex exact? What measures the exactness
of the Koszul complex?

For a = (X1,X2,X3) and A = k[X1,X2,X3], we "saw" that
K·(a ;A) is exact (except in degree 0 of course, unless 1 = 0 in k).

More generally, the Koszul complex of a regular sequence a is exact
in degrees > 0. Rmk : exactness in degree 0 means 1 ∈ 〈a〉

Definition

We say that a is a regular sequence when
a1 is a regular element (non zero divisor in A)
a2 is a regular element modulo 〈a1〉 (non zero divisor in A/〈a1〉)
...
ai is a regular element modulo 〈a1, . . . , ai−1〉

Example : let’s take n = 3 . . .
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Warning. We have :

a regular ⇒ K·(a ;A) exact in degrees > 0

but the converse is not true.

In general, a regular sequence needs not remain regular under
permutation. Let us consider the famous example : A = k[X,Y,Z]

a1 = (Y − 1)X, a2 = Y, a3 = (Y − 1)Z,

We can prove that a = (a1, a2, a3) is regular but not b = (a1, a3, a2)
(we have Xa3 ∈ 〈a1〉 but X /∈ 〈a1〉).
Nevertheless, we have K·(a ;A) ≃ K·(b ;A).
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Proposition

a = (a1, . . . , an)
If 〈a〉 contains a regular sequence of length k, then K·(a ;A) is
exact in degrees n, n− 1, . . . , n− (k − 1)

0 Kn

∂n

Kn−1 · · · Kn−k+1 Kn−k · · ·

In other words Hi(a ;A) = 0 for i = n, n− 1, . . . , n− k + 1.
where Hi(a ;A) := Ker ∂i/ Im ∂i+1

It is often more convenient to use the dual of K·(a ;A) to measure
the regularity.

n, n− 1, . . . , n− k + 1  0, 1, . . . , k − 1
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The cochain Koszul complex K·(a ;A)

We define the cochain Koszul complex K·(a ;A) :

0
∧0(An)

δ ∧1(An)
δ

· · ·
∧n(An) 0

where δ = a ∧·. In particular, we have

δ(eI ) =
∑

i/∈I

(−1)εi(I) aieI∨i

where εi(I) is the number of elements of I less than i.
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Self-duality of the Koszul complex

Theorem

We have K·(a ;A) ≃ K·(a ;A). In other words, the Koszul
complex is isomorphic to its dual.
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Self-duality of the Koszul complex

Theorem

We have K·(a ;A) ≃ K·(a ;A). In other words, the Koszul
complex is isomorphic to its dual.

To convince you (?) – in fact, it is not very clear (there are signs, and it is

quite laborious if you don’t know, a priori, how find an isomorphism) –, here
is the Koszul complex K·(a ;A) and below its dual K·(a ;A) :

∧4





−a4

a3

−a2

a1





−−−−−→
∧3











a3 a4 . .

−a2 . a4 .

. −a2 −a3 .

a1 . . a4

. a1 . −a3

. . a1 a2











−−−−−−−−−−−−−−→
∧2





−a2 −a3 −a4 . . .

a1 . . −a3 −a4 .

. a1 . a2 . −a4

. . a1 . a2 a3





−−−−−−−−−−−−−−−−−−−−−→
∧1 [ a1 a2 a3 a4 ]

−−−−−−−−−→
∧0

∧0





a1
a2

a3

a4





−−−−−→
∧1













−a2 a1 . .

−a3 . a1 .

−a4 . . a1

. −a3 a2 .

. −a4 . a2

. . −a4 a3













−−−−−−−−−−−−−−→
∧2







a3 −a2 . a1 . .

a4 . −a2 . a1 .

. a4 −a3 . . a1

. . . a4 −a3 a2







−−−−−−−−−−−−−−−−−→
∧3 [−a4 a3 −a2 a1 ]

−−−−−−−−−−−−→
∧4

Therefore Hi(a ;A) ≃ Hn−i(a ;A).
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H0(a ;A)

What means the exactness of K·(a ;A) in cohomological degree 0?
More generally, what is H0(a ;A)?
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H0(a ;A)

What means the exactness of K·(a ;A) in cohomological degree 0?
More generally, what is H0(a ;A)?
It is the kernel of :

0
∧0(An)





a1
...
an





∧1(An) · · ·

Thus
H0(a ;A) = Ann(a) = {x ∈ A | aix = 0,∀ i}
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H0(a ;A)

What means the exactness of K·(a ;A) in cohomological degree 0?
More generally, what is H0(a ;A)?
It is the kernel of :

0
∧0(An)





a1
...
an





∧1(An) · · ·

Thus
H0(a ;A) = Ann(a) = {x ∈ A | aix = 0,∀ i}

H0(a ;A) = 0 ⇔ Ann(a) = 0

Claire Tête Commutative Algebra



H1(a ;A)

What means the exactness of K·(a ;A) in cohomological degree 1?

∧0(An)
δ1 ∧1(An)

δ2 ∧2(An) · · ·




x1
...
xn







a1
...
an


 ∧




x1
...
xn




We have H1(a ;A) = 0 iff
∀ (x1, . . . , xn) ∈ A

n such that ∀i, j, aixj = ajxi, then
∃ y ∈ A such that xi = aiy, ∀ i.
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Depth or Grade

Definition of depth

We define the depth of a by the vanishing of the Koszul homology
(or equivalently cohomology) of a. We write:

Gr(a ;A) > k ⇐⇒ Hi(a ;A) = 0, ∀ i = 0, 1, . . . , k − 1

⇐⇒ Hi(a ;A) = 0, ∀ i = n, n− 1, . . . , n− k + 1

The depth is closely related to the notion of regular sequence
(if 〈a〉 contains a regular sequence of length k, then Gr(a ;A) > k)

but it is not the same notion:
H0(a ;A) = Ann(a) = 0 6⇒ existence of a regular element in 〈a〉
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Example

A = k[X,Y,Z] and a = (XY, XZ, Y Z).
Gr(a ;A) > ?
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K·(a ;M)

We can define the Koszul complex of a sequence a with respect
to a A-module M :

K·(a ;M) := K·(a ;A)⊗A M

Idem for K·(a ;M).
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K·(a ;M)

We can define the Koszul complex of a sequence a with respect
to a A-module M :

K·(a ;M) := K·(a ;A)⊗A M

Idem for K·(a ;M).

Tomorrow, A = k[X ] = k[X1, . . . ,Xn] and M = A/a with a an
homogeneous ideal of A. And we will focus on Gr

(
X ;k[X ]/a

)
.
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Example : A = k[X,Y,Z], a = 〈XY, XZ, Y Z〉.

Gr
(
(X,Y,Z) ;A/a

)
> ?
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