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We have the
posets, we do
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descriptions
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We have a region N C X defined
in terms of a finite collection of

orid elements and we want to un-
derstand the structure of Inv (N, f).

Classical example: Prove the
existence of g ! N such that

f(.il?o) — X0.

Our input data: F: X" X.
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To obtain the dynamics generated by f we need to apply
the function Inv(-, f): 2 = Invset(f).

Our reconstruction techniques must be sufficiently robust
that we provide the same description of dynamics for
Inv(N, f) and Inv(N, g) if F is an outer approximation for
f and g.

An isolating neighborhood is a compact set N ! X such
that Inv(N, f) ! int(/NV)

The set of isolating neighborhoods forf Is denoted by
INbhd(X, f ).
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Recall: Al X Is an attractor if F(A) = A.
Proposition: If A ANbhd(X,F), then |A|! INbhd(X, f).

Cor: If M is a Morse set for F, then |[M]| € INbhd (X, f).

Remark: This demonstrates that there are elcient ways of
identifying isolating neighborhoods. From now on | assum:
that we have identiPed a setN/ C X such that |[NV]| €
INbhd( f).
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Given compact sets P = (P, Py) with Py C P; C X define
fp: P1/Py — P1/Py by

maximal

_J f(x) ifx f(x) e P\ P
fp(x) = .
Py]  otherwise
Py
o | | i
P Is an index pair for f if index Map
Pl/P() Pl/PO

¥ fp IS continuous

¥ cl(P1\ Pg) Is an isolating neighborhooc (J. Robbin, D. Salamo

Remark: Dynamics of fp Is the OsameO as dynamics i
on P \ Fy.
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Theorem: Let F: X =% X be an outer approximation of f.
If M C X is a Morse set for F, then (|F(M)]|,|M]) is an

index pair for f.

Remark: This demonstrates that there are eflicient ways
of identifying pairs.

There exist a variety of techniques for constructing
index pairs in alternative settings due to S. Day,
M. Mrozek, P. Pilarczyk, A. Szymczak, ...
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Theorem: (Conley, Easton, Mrozek, Robbin, Salamon, Szym-
czak, Franks, Richeson) If no iterate of an index map
fp: (P1/Pg,|Po|) — (P1/P o, [Pg]) is homotopic to the triv-
ial map on (P1/P g, [Po]), then Inv(cl(P; \ Py),f ) # 0.
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_ CONLEY INDEX _

Theorem: (Conley, Easton, Mrozek, Robbin, Salamon, Szym-
czak, Franks, Richeson) If no iterate of an index map
fp: (P1/Pg,|Po|) — (P1/P o, [Pg]) is homotopic to the triv-
ial map on (P1/P g, [Po]), then Inv(cl(P; \ Py),f ) # 0.

Corollary: If PR
fp! : H!(Pllpo,[Po]) | H!(Pllpo,[Po])
IS not nilpotent, then

Inv(cl( Py \ Po), )% #



Remark: Assume our grid elements are ‘nice,’” e.g. simpli-
cies, cubes, etc., then we can compute

fp«: Ho(P1/Po, [Po]) — Hi(P1/ Py, [Po))

from F.



Remark: Assume our grid elements are ‘nice,’” e.g. simpli-
cies, cubes, etc., then we can compute

fp«: Ho(P1/Po, [Po]) — Hi(P1/ Py, [Po))

from F.

Remark: We have an existence theorem:
Inv(N,f ) E ",

We want structure theorems, I.e. descriptions about the
behavior of Inv(N, f ).
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Given a grid X and a numerical
scheme we can compute an oute
approximation F: X = X, the as-
sociated Morse decomposition, an

iIndex pairs.
o><>

If we change the grid X or nu-
merical scheme thenF is dilerent
and we should expect dilerent In-
dex pairs.

Cannot expect fpi for a given in-
dex pair P = (P, Py) to be an

invariant.
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Choose a category.

Let f: V —V and g: W — W be endomorphisms.

f and g are shift equivalent if there exist morphisms r and
s such that the following diagrams commute

o o
v —L y v —L vy
" "
I I S S
w —L W w —L W

and a positive integer [ such that

fl=sor and ¢ =ros
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The Conley Index of an isolated invariant set is the homo-
topy shift equivalence class of an index map fp.

Way too difficult to compute!

We restrict our attention to the shift equivalence class of

fP*: H*(Pl/P()v [P0]§k) | H*(Pl/P()v [P0]5k)

Using Peld coelcients, to determine shift equivalence it Is
sulcient to compute the rational canonical form.



TABLE OF CONLEY INDICES
(f : St1 Standk = Zs)

Invariant set Conley index (Hy , Hq)
0 (trivial , trivial)
stable Pxed point (x — 1, trivial)
unstable Pxed point, orientation preserving (trivial , x — 1)
unstable Pxed point, orientation reversing (trivial , x +1)
stable period-T orbit (x? — 1, trivial)
unstable period-T orbit, orientation preserving (trivial , x* — 1)
unstable period-T orbit, orientation reversing (trivial , x* + 1)

St underf (§) =206 (Xx—1,x—2)

St under f () = —20 (Xx —1,x+2)
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TABLE OF CONLEY INDICES
(f : St1 Standk = Zs)

Invariant set Conley index (Hy , Hq)
0 (trivial , trivial)
stable Pxed point (x — 1, trivial)
unstable Pxed point, orientation preserving (trivial , x — 1)
unstable Pxed point, orientation reversing (trivial , x +1)
stable period-T orbit (x? — 1, trivial)
unstable period-T orbit, orientation preserving (trivial , x* — 1)
unstable period-T orbit, orientation reversing (trivial , x* + 1)

St underf (§) =206 (Xx—1,x—2)

St under f () = —20 (Xx —1,x+2)

Warning:Implications only go from left to right!

Proposed Description of Dynamidso from right to left
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Let f : X | X Dbe continuous. A nonempty isolated In:
variant set S" X Is a T-cycle setif there exist T disjoint
compact regionsNy,..., N7 such that N = #/, N; is an
Isolating neighborhood forS and

F(NJSN " Ny, i=0,...,T (No= Nrp)

f(N1) (Ns)
s ) + ‘
Nl N2

N 3
S is an attracting T-cycle set if f(N;) C N;11,i=0,...,T

Theorem: At a minimal node in the graph the nonzero eigen-
values of the index map on the 0-th level of homology is either

k

| or {e%iﬂk:o,...,T" 1}.

In the latter case the associated invariant set S is an attracting
T-cycle set.
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The Problem




NEWTON’S METHOD

Consider smooth f: R? — R? such that f(0) = 0.

If ||zo| is sufficiently small, then NewtonOs metho

Tn+l — Tp — Df(xn)_lf(mn)
produces a seguence such that
im ||z,|| =0
n— o0

and the rate of convergence Is quadratic.
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Let d = 1.

The convergence of x,, is monotone and is

determined by f”(0)/f'(0).

Let d! 2.

T. Dupont & R. Scott: Is there a unique angle of conver-
gence’?
For some nonlinearities yes, for others no.

Goal: Give aquantitative answer to the more general que:
tion:

What is the asymptotic direction of convergence fo
NewtonOs method? (d = 2)
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MODEL FOR THE ASYMPTOTIC DYNAMICS

Assumptions: f : R* — R? smooth f(0)=0 Df(0) = I

Prop: If A Is an Invertible matrix, then the iterates of
Newton applied to f and Af are equal.

Pay) =Y pilz,y)
k=2

Pk, qr, homogeneous
polynomials degree £

Qa,y) =Y il y)
k=2

Drop higher order terms:

2

2011 7Y + a2y”

Q(z,y) = boox?® + 2b112y + booy?

P(QIZ‘,:y) — A204

Parameter space is R
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PARAMETER SPACE REDUCTION

T
aiip aop2 511 502 v Bv

bog b ol A
Set A:<a20 CL11> B:<2O 11) Then f(v)= v+ v Av =041 ag (v)

Prop: For any nonzero pair of 2 x 2 real, symmetric matri-
ces A and B, there exists an invertible linear transforma-
tion 7 : R? — R? and a pair of real, symmetric matrices

A" and B’ such that

Uprgr =T toWUpp oT

Y
(o)

with |c| < 1, and the spectral radius of B’ is at most 1.



PARAMETER SPACE REDUCTION

__[a20 Qa11 o bao D11 _ o' Av _ ,
Set A= <a11 04)2) B = <b11 boz) Then f(v)= v+ T By - v+ ! apg (V)
Prop: For any nonzero pair of 2 x 2 real, symmetric matri-
ces A and B, there exists an invertible linear transforma-
tion 7 : R? — R? and a pair of real, symmetric matrices

A" and B’ such that

T_l O \IfA,B o]

(o 7

with |c| < 1, and the spectral radius of B’ is at most 1.

\IJA’,B /

A/

Parameter Space:Z = {(a,b,c,@) ! [* 1, 1P # S'}

angle of eigenbasis with

eigenvalue respect to standard basis
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MODEL REDUCTION

q: S' xZ — St

(bi0) st (2O D40 9)

Ccos2 @ + sin® 0

Prop: Let (a,b,c,¢) € Z and § € St. The value ¢(0;a,b, c, ¢)
is not defined if and only if

((a + be) cos® ¢ + (b + ac) sin” ¢)* = 4abc (1)

and
sin® @ = —ccos® 6.

Y :={z=(a,b,c,¢) € Z | z satisfies (1)} .
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THE PROBLEM

Given
q: St x 7 — St Z =[-1,1P x S*

acos?(0 + ¢) + bsin” (0 + ¢)>

ccos2 0 + sin? 0

(0;a,b,c,d) — tan™ (

Q1. At what parameter values does NewtonOs method conve
along a single direction faillinitial conditions?

Q2. At what parameter values does NewtonOs method convel
along a single direction f@omanitial conditions?

Q3. If NewtonOs method does not converge along a single
direction, then how does it converge for all or some initial
conditions? What are the associated parameter values.
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We are studying a 4 parameter family of circle m:

q: St x 7 — St Z =[-1,1P x St

The standard majs a 2 parameter !
family of circle maps:

K .
9n+1 = Hn + l l _Sln(2ﬂ-9n)
2

444444
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ccos2 0 + sin® 0

(0;a,b,c,d) — tan™ <
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The dynamical system
qg: St x 7 — St

a cos®(0 + ¢) + bsin®(6 + €b)>

ccos2 0 + sin® 0

(0;a,b,c,d) — tan™ <

Z =[-1,1P x St
We choose a grid X for S*.

We choose a grid Z for Z.

For each( € Z we compute an outer approximationf;, : X == X
that satisbes

q(|€], [€]) Cint([F (€)]) VEe L.



Compute a directed graph (outer approximation) F: X = X.

AR
Qﬂ/ v
W'
AN
A
\ Y
N



Compute a directed graph (outer approximation) F: X = X.
Compute the Morse graph MG({) ={p | p € (P,<)}.

/¢\
i l
W

YZ ™\,

*w<i /\

YV @ ®



Compute a directed graph (outer approximation) F: X = X.
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We have the associated SCPC M, = {M,(p) C X |pe (P,<)}.
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Compute a directed graph (outer approximation) F: X = X.

Compute the Morse graph MG({) ={p | p € (P,<)}.

We have the associated SCPC M, = {M,(p) C X |pe (P,<)}.

/ ¢\
¢X¢/ Y

W
W™\,

¢ /¢

w
\&Q

‘v
A

*
M(p3)

AN,
M(p2)

.’;\. .6
M(pl) M(p0)

J

(e

s éﬁi
P e
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Compute a directed graph (outer approximation) F: X = X.
Compute the Morse graph MG({) ={p | p € (P,<)}.

We have the associated SCPC M, = {M,(p) C X |pe (P,<)}.

/ ¢\ M (pg A Mfz)ﬂ) /’V\QA
XA l Mié*
h/ . .
~ I\, RA
¢/ >¢ l N (_/\/l(pZ) \,/ M(p2) {\,/ v
w \¢ - . o« . WY
D @D @ 4N P A, 9 2, 9
M(p1) M(p0) M(p1) M(p0)
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Compute a directed graph (outer approximation) F: X = X.
Compute the Morse graph MG({) ={p | p € (P,<)}.

We have the associated SCPC M, = {M,(p) C X |pe (P,<)}.

~N

o ' There ist  £°
/¢\ overlap §, T /'*\
X l o Mi?
h/ .
v\, Gl S
I M(p2) N M(p2) V\ A
w J . WY
NV @D @ AN P A9 A
M(p1) M(p0) M(p1) M(p0)
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If the bipartite graph between MG(({) and MG((*) defines
a poset isomorphism, then MG(¢) and MG(¢') belong to
the same Morse graph continuation graph.
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80 hours on 512 processor cores.
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For information about existence and frequency of Conley
Morse graphs, Conley indices, and Hasse Diagrams of t
Conley-Morse graphs:

http://chomp.rutgers.edu/Archives/Databases for the Global Dynamics/Limiting_Newton Dimension_2/Full_4D/Zool/inde;
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“CANSWERS”

Q1. At what parameter values does NewtonOs method conve
along a single direction faillinitial conditions?

&

For what parameter values does NewtonOs method have a gl
attracting bxed point.

Morse graph must have a single element and it must have
Conley index of attracting fixed point, i.e.

My : (x — 1, trivial)].

By Conley-Morse graph zoo this occurs CMGC(Q3) which
occupies more than54% of Z.

Theorem: For more than 45% of parameter space, New-
ton’s method fails to converge along a single direction for
all initial conditions.
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Region | Number of Boxes | Homology
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The inclusion map maps H; (W) onto H{(Z2).
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