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CLASSICAL CONCEPTS

f: X — X continuous function on a compact metric space.

Invset(f) :={SC X |f"(S)=SVneZ"} invariant sets
Slnvset(f) :={S C X | f"(S)=5Vne€Z} strong invariant sets
Invset™ (f) :={S C X | f*(S)C SVneZ"} forward invariant sets
Invset™ (f) := {S CX|f"(S)cSVneZ } backward invariant sets
Invset™ () := Invset™ (f) N Invset™ (f)

Because f Is not assumed to be invertible, these can all
be different
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A=w(U f)=(] ] rw)

n>0m>n

Prop: Given A € Att(f) its dual
repeller is

<D
A ={re X |w(z, f)NA=0} € Rep(f). \'/

Theorem: (Conley)

R(X, ) = (AUA)
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A lattice is a set L with the binary operations V,A : L x L — L
satistying the following axioms:

(i) (idempotent) a Aa=aV a=a forall a €L,
(ii) (commutative) aAb=bAaand aVb=>bVa forall a,be L,
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(iv) (absorption) a A (aVb)=aV (a Ab)=a for all a,b € L.



A lattice is a set L with the binary operations V,A : L x L — L
satistying the following axioms:

(i) (idempotent) a Aa=aV a=a forall a €L,
(ii) (commutative) aAb=bAaand aVb=>bVa forall a,be L,

(iii) (associative) aA(bAc) = (aAb)Acand aV (bVe) = (aVb)Vc
for all a,b,c € L,

(iv) (absorption) a A (aVb)=aV (a Ab)=a for all a,b € L.
A distributive lattice satisfies the additional axiom

(v) an(bVe)=(aNb)V(aAc)and aV (bAc) = (aVD)A(aVc)
for all a,b,c € L.



A lattice is a set L with the binary operations V,A : L x L — L
satistying the following axioms:

(i) (idempotent) a Aa=aV a=a forall a €L,
(ii) (commutative) aAb=bAaand aVb=>bVa forall a,be L,

(iii) (associative) aA(bAc) = (aAb)Acand aV (bVe) = (aVb)Vc
for all a,b,c € L,

(iv) (absorption) a A (aVb)=aV (a Ab)=a for all a,b € L.
A distributive lattice satisfies the additional axiom

(v) an(bVe)=(aNb)V(aAc)and aV (bAc) = (aVD)A(aVc)
for all a,b,c € L.

A lattice is bounded if there exist elements 0 and 1 such that 0 Aa =
0, OVa=a, 1ANa=a, and 1Va=1"torall ael.



A lattice is a set L with the binary operations V,A : L x L — L
satistying the following axioms:

(i) (idempotent) a Aa=aV a=a forall a €L,
(ii) (commutative) aAb=bAaand aVb=>bVa forall a,be L,

(iii) (associative) aA(bAc) = (aAb)Acand aV (bVe) = (aVb)Vc
for all a,b,c € L,

(iv) (absorption) a A (aVb)=aV (a Ab)=a for all a,b € L.
A distributive lattice satisfies the additional axiom

(v) an(bVe)=(aNb)V(aAc)and aV (bAc) = (aVD)A(aVc)
for all a,b,c € L.

A lattice is bounded if there exist elements 0 and 1 such that 0 Aa =
0, OVa=a, 1ANa=a, and 1Va=1"torall ael.

A Boolean algebra is a bounded, distributive lattice B with the
additional complementation relation a — a® € B which satisfies
the axiom:
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2% is a Boolean algebra with1 = X,and 0= 0, V= U an@: N.

Prop: Invset™ (f) and Invset™ (f) are bounded, distributive sublat-
tices of 2.

Prop: Invset™(f) is a Boolean sub algebra of 2%

Example: Invset(f) is a bounded distributive lattice with 1 = X,
and 0 = (), Vv = U, and

(A Y = mv(sn s, )= J{K € Invset | K € SN 5}

Prop: Att(f) Is a bounded, distributive sublattice
of Invse(f ).

)| These are ditferent operations!
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Not practical for computations
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Prop: For an attractor A, the dual repeller A* is a repeller,
and for a repeller R, the dual attractor R* is an attractor.

Moreover (A*)* = A and (R*)* = R.

Theorem: For A,R C X the following statements are
equivalent.

(i) (A, R) is an attractor-repeller pair.

(ii) A and R are disjoint, compact sets with A € Invset(f)

and R € Invset™ (f) such that for every z € X \ (AU
R) and every backward orbit v through x we have

ao(v,) C R and w(zx) C A.

Remark: attractor-repeller pairs have a natural ordering.
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Prop:

ANbhd( f) <— RNbhd(f) vv\gv:tetroev\\//voerk
w(’af) &(°7f)
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where both ¢ and * are involutions.
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Fact: We can compute finite sub lattices of ANbhd(f).

Therefore, we can identify finite sub lattices of Att(f)

Question: Given a finite sublattice of Att(f) is there a
finite sublattice of ANbhd(f) which identifies it?



Theorem: (W. Kalies, K.M., R. Vandervorst) Let : denote the
iInclusion map. (i) For every Pnite sublattice A C Att(y), there
exists a lattice monomorphism k£ such that the following diagram
commutes.

ANbhd( f)

|I |

A At(F)

(i) For every Pnite sublattice R C Red f), there exists a lattice
monomorphism £ such that the following diagram commutes.

RNbhd f)

")




In the category of bounded distributive lattices, a lattice H is pro-
jective if given any diagram of lattice homomorphisms

K H
h or, equivalently - |

S $
H —# | K —# |

for which h is a lattice epimorphism and ! a lattice monomorphism,
there exists a lattice homomorphism Kk that makes the diagram
commute.



In the category of bounded distributive lattices, a lattice H is pro-
jective if given any diagram of lattice homomorphisms

K H
h or, equivalently - |

S $
H —# | K —# |

for which h is a lattice epimorphism and ! a lattice monomorphism,
there exists a lattice homomorphism Kk that makes the diagram
commute.

1. Finite distributive lattices are, in general, not projective.
2. The previous theorem is a result about dynamics.
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o A BRIEF REVIEW

Theorem: (Conley) X
| o ,
R(X, T) = (AUA)
Al Att ()
The Attractor-Repeller pairs:
\ / *
‘ . \ 7 |
ANbhd(f —L— RNbhd /) Continuous function V: X — [0, 1]
w(-, f) al-, f) 1. V(f(x)) < V(z) for all z € X.
H K

Att () ~ 1 Rep/) 2. it V(f(z)) =V (x), then x € R(X, f)
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Let L be a lattice.
¢! L is join-irreducible if

(a) ¢=0 and

(D) c=a# bimpliesc=aorc=bforall a,b! L.
J(L) denotes the set of join-irreducible elements ir_.

Given a,b! L, definea" b # a$b=a.

The set J(L) is a poset as a subset of L.

N J(L) is a contravariant function from category of
finite distributive lattices to finite posets.
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The collection of down-sets of a finite poset P generates a
finite distributive lattice denoted by O(P) with respect to

V=Uand A =nN.

p 2 O(P) is a contravariant function from category of
finite posets to finite distributive lattices.
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Theorem: (W. KallesK R Varvort)t ; denote the
inclusion map. (i) For every Pnite sublattice A C Att(y), there

exists a lattice monomorphism k£ such that the following diagram
commutes.

ANbhd( f)

B !

A — " Att(f)

(i) For every bnite sublattice R C Red f), there exists a lattice
monomorphism £ such that the following diagram commutes.

RNbhd f)

C ()
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Choose A = Att(f)
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o Our proof is by induction
1 using the order of P.

B Choice of element of
1 ANDbhd( f)
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Lifting Theorem implies that there is no inherent
obstruction to computing lattices of attractors and
repellers and hence to approximating Conley’s
decomposition theorem.

Show that we can actually carry out the calculations
iNn an effective manner.



COMBINATORIAL DYNAMICS



Directed Graph

Vertices: States



Directed Graph

Vertices: States
Edges: Dynamics



Directed Graph

Don’t know exact current state,
\ / so don’t know exact next state

Vertices: States
Edges: Dynamics



Directed Graph
Multivalued Map

° ° Don’t know exact current state,
\ / so don’t know exact next state
o

AN

VFi X=X

1X1/]

Vertices: States
Edges: Dynamics



Directed Graph
Multivalued Map

'\ /’ Don’t know exact current state,
o

A=Y

so don’t know exact next state

/l\ Invariant Dynamics must

o o o have a past and a future
[X1/]

Vertices: States
Edges: Dynamics



Directed Graph

Multivalued Map 1 7+ X = &

Don’t know exact current state,

so don’t know exact next state
e )
/l\ Invariant Dynamics must
IXI/I have a past and a future
o ® ®

Vertices: States
Edges: Dynamics



Directed Graph

Multivalued Map 1 7+ X = &

Don’t know exact current state,

so don’t know exact next state
e )
/l\ Invariant Dynamics must
IXI/I have a past and a future
o ® ®

N Simple decomposition
< o of Dynamics:

\ 4
L

Nonrecurrent

Vertices: States , ,
(gradient-like)

Edges: Dynamics



Directed Graph

Multivalued Map 4 7+ ¥ = &

Don’t know exact current state,

so don’t know exact next state
e )
/l\ Invariant Dynamics must
IXI/I have a past and a future
o ® ®

G Simple decomposition
< o of Dynamics:

\ 4
L

Strongly connected

o
/' \ * path components

Nonrecurrent
(gradient-like)

Vertices: States
Edges: Dynamics



Directed Graph

Multivalued Map 1 7+ X = &

Don’t know exact current state,
Q so don’t know exact next state
o

AU\, Inariane Dynamics muse 7T
Pedvg |XL/
|/ N

Simple d iti
/ \‘ Imple decomposition

of Dynamics:

\ 4
L

Strongly connected

/ ‘\ * path components

Nonrecurrent
(gradient-like)

Vertices: States
Edges: Dynamics



Directed Graph

Multivalued Map 1 7+ X = &

Don’t know exact current state,
so don’t know exact next state

/|
]
|

Invariant Dynamics must l

<)

\0 have a past and a future o o ‘e
7} <11
/ N
N\

/

Simple decomposition

o of Dynamics:

| /LN

- .

\./ \l Strongly connected N\
‘/ \‘ * path components

Y ——

<
®

Nonrecurrent

Vertices: States , ,
(gradient-like)

Edges: Dynamics



Directed Graph

Multivalued Map 1 7+ X = &

Don’t know exact current state,
Q so don’t know exact next state
o

/l\ Invariant Dynamics must

o o o have a past and a future

Linear time Algorithm!

e NG Simple decomposition

< o of Dynamics:

\ 4
L

Strongly connected

/ ‘\ * path components

Nonrecurrent

Vertices: States , ,
(gradient-like)

Edges: Dynamics



Directed Graph

Multivalued Map 1 7+ X = &

Don’t know exact current state,
Q so don’t know exact next state
o

/l\ Invariant Dynamics must

o o o have a past and a future

Linear time Algorithm!

e NG Simple decomposition

< o of Dynamics:

\ 4
L

Strongly connected

/ ‘\ * path components

Nonrecurrent Morse Graph

Vertices: States (gradient-like) of the Directed Graph

Edges: Dynamics



Directed Graph
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Don’t know exact current state,

so don’t know exact next state
IR 2

Invariant Dynamics must
° o o have a past and a future
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of Dynamics:
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Strongly connected

/ ‘\ * path components @

Nonrecurrent Morse Graph
(gradient-like) of the Directed Graph

P
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Vertices: States
Edges: Dynamics
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What is observable? A C X is an attractor if F(A)= A

Birkhoff’s Theorem implies that
the Morse graph and the lattice

of Attractors are equivalent.
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Invset™ (X, F) :={S C X | F(S) Cc S}

Invset™ (X, F) :={ScX|F '(S)cS}

Invset™ (X, F) := Invset™ (X, F) N Invset™ (X, F)
Invset(X, F):={SCX|S=F (S)NF(S)}

Prop: Att(X,F) is a bounded distributive lattice with
AV A = AU A
ANA =InvT (ANA,F) :={K € Invset™ (X, F) |[K C AN A"}

If X € Invset(X,F), then Rep(X,F) is a bounded dis-
tributive lattice with

RVR :=RUTR'
RAR :=Inv_ (RNR',F):={K € lnvset” (X, F) | KCRNR'}
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Let X be a topological space. A closed set K C X is
regular if K = cl(int(K)).

R(X):={K C X | K is regular closed} .

A grid X on X consists of finitely many, non-empty com-

pact subsets & C R(X) such that the following properties
hold:

(1) U55X§:X§
(iii) ENint(¢') = @ for all £ £ & € X.

Theorem. [W. Kalies, K. M., R. Vandervorst] If X is a
compact metric space and € > 0, then there exists a grid
X on X such that diam(§) < € for all £ € X.
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Let X be a finite set that represents a grid for X, i.e. given
e X, let |£] C X and assume {[|¢| | £ € X'} is a grid.

A multivalued mapping F: X =X X is an outer approxima-
tion for f if

f€]) Cint |F(&)], VéEe X

Remark: Given f: X — X determining an outer approxi-
mation F: X = X is a problem in numerical analysis.

The minimal outer approximation is given by

F(&) ={& [ 1€'1n f(l¢]) # 0}



Theorem: Let {X}nhen, b€ @ sequence of grids oX with
diam(X,) = n~tand F, : X, * X, the sequence of mir
imal multivalued mappings for f: X " X. Then, for
every Pnite sublattice A # Att(X, f) there exists an na
such that for all n $ na there are lattice monomorphism:
kA" Invset” (X,,Fg) and commuting diagrams

Invset” (X, Fp)

S 4

L (]-1)

Y

A'. L, Att( X, f).




Theorem: If X € Invset(X, F), where F is an outer approximation of f,
then following diagram commutes

C

Att(X, F) ~—— Invset™ (X, F) <— Invset™ (X, F) — Att(X, F)

-] N
Y Y

ANbhdz (X, f) <— RNbhdg (X, f)
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Theorem: If X € Invset(X, F), where F is an outer approximation of f,
then following diagram commutes

C

Att(X, F) <~ Invset™ (X', F) <—— Invset™ (X, F) — Att(X, F)

-] -]
Y Y

ANbhdz (X, f) <— RNbhdg (X, f)

a(]-])

w(])

W (@7

Y . \{

Att(X, f) ~ Rep(X, f)

Classical Theory



Theorem: If X € Invset(X, F), where F is an outer approximation of f,
then following diagram commutes

Computable

Att(X, F) ~—— Invset™ (X, F) <— Invset™ (X, F) — Att(X, F)

-] -]
Y Y

ANbhdz (X, f) <— RNbhdg (X, f)

a(]-])

w(])

W (@7

Y . \{

Att(X, f) ~ Rep(X, f)

Classical Theory



Theorem: If X € Invset(X, F), where F is an outer approximation of f,
then following diagram commutes

Computable

Att(X, F) ~—— Invset™ (X, F) <— Invset™ (X, F) — Att(X, F)

-] -]
Y Y

ANbhdz (X, f) <— RNbhdg (X, f)

a(]-])

w(])

W (84

\{ . \{

Att(X, f) - - Rep(X, /)

Classical Theory

Theorem: If F is an outer approximation of g, then the diagram remains.



Theorem: If X € Invset(X, F), where F is an outer approximation of f,
then following diagram commutes

Computable

Att(X, F) ~—— Invset™ (X, F) <— Invset™ (X, F) — Att(X, F)

-] -]
Y Y

ANbhdz (X ,#fg+—> RNbhd (X, g

W (84

Att(X/‘fg< . Rep(X/jg
Classical Theory

Theorem: If F is an outer approximation of g, then the diagram remains.



Claim: We can develop a useful theory
of nonlinear dynamics where the poset
structure of the Morse graph is part of
what is meant by solving a difterential
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Claim: We can develop a useful theory
of nonlinear dynamics where the poset

structure of the Morse graph is part of

what is meant by solving a differential

eqguation.

Remark: 1. This structure is robust with
respect to changes in parameters:
attracting neighborhoods are robust so

by Birkhoff poset structure is robust.

2. The choice of grid size i1s an a priori

choice of the level of resolution of the
dynamics.




