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Outline of Lectures

I.  What do we mean by ‘Solving’ a 
differential Equation?

II.  Decomposing Dynamics

III.  Reconstructing Dynamics



A Subjective Historical 
Perspective of Dynamics

Newton,  Two body problem  ≈1680

In the beginning:

Initial Value Problem:

Solution: x : R ! Rn
, x(0) = x0

dx

dt

= f(x,�), x(0) = x0 2 Rn f is an explicit function

� is a fixed parameter value

x is an explicit function
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Solution:

Initial Value Problem: dx

dt

= ↵x

⇣
1� x

K

⌘
, x(0) = x0

x(t) =
Ke

↵t
x0

K � x0 + e

↵t
x0 Population Model

Georgyi Frantsevitch Gause,  1910-1986

What do we mean by ↵ and K? Can we measure them?

}
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More Comments:

Explicit solutions to nonlinear problems are difficult to 
find, but often are extremely useful.

It is possible to do rigorous computations that prove 
existence and provide good approximations of solutions 
(even for partial, functional differential equations)

There are at most finitely 
many, but we do not 
know if a bound exists

Hilbert’s 16th Problem  1900

dx

dt

= a0 + a1x+ a2y + a3x
2 + a4xy + a5y

2

dy

dt

= b0 + b1x+ b2y + b3x
2 + b4xy + b5y

2

What is the maximal number of isolated periodic orbits that can occur 
for a particular choice of parameters?

Moral: Explicit Nonlinearities 
are not necessarily helpful
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A Paradigm shift:

Poincaré   The 3-body Problem  ≈1890

1.  Closed form solutions need not exist.

2.  Chaotic dynamics exists.
Understanding the solution of an 
single initial value problem is not 
sufficient.

' : R⇥ Rn ! Rn

(t, x) 7! '(t, x)

Flow:

initial	


condition

time
value of solution	



at time t

Need to consider all solutions:
dx

dt

= g(x), x 2 Rn

Map: f : Rn ! Rn

x 7! f(x) := '(⌧, x)

⌧ > 0 is a fixed time.
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The objects of interest
A set S ⇢ X is invariant if f(S) = S.

Two maps f : X ! X and g : Y ! Y are topologically

conjugate if there exists a homeomorphism h : X ! Y such

that h � f = g � h.

The equivalence relation

The dynamical system
f : X ⇥ ⇤ ! X

(x,�) 7! f�(x) X compact metric space

f continuous

�0 2 ⇤ is a bifurcation point if for any neighborhood U of

�0 there exists �1 2 U such that f�0 is not conjugate to

f�1

The places of change

Fundamental concepts in Dynamics:
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Science Today

Technology is changing science

1.  We can collect enormous quantities of data. 
Scientists are relying more on data sets to characterize 
phenomena as opposed to mathematical models.

2.  We can perform large scale numerical studies of  
nonlinear systems.

3.  We are studying multiscale systems (biology,  
economic, medicine, etc) for which nonlinearities and 
parameters are not known.
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Goal:

Develop a combinatorial/algebraic topological theory of 
nonlinear dynamics that is

1. rich enough to capture significant structures of 
nonlinear dynamics.

2.  robust with respect to measurement and modeling 
 imprecisions.
3.  computationally tractable.

RemarKs:

 1.  There are too many invariant sets so we requires a  
new concept for `solving’ differential equations/dynamical  
systems.

2.  Should be compatible with Classical Theory, i.e. we  
can relate back to invariant sets.
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II.  Decomposing Dynamics

Recurrent vs. Nonrecurrent Dynamics



Classical Concepts

Because f is not assumed to be invertible, these can all 
be different

Invset(f) :=
�
S ⇢ X | fn

(S) = S 8n 2 Z+
 

invariant sets

SInvset(f) := {S ⇢ X | fn
(S) = S 8n 2 Z} strong invariant sets

Invset+(f) :=
�
S ⇢ X | fn

(S) ⇢ S 8n 2 Z+
 

forward invariant sets

Invset�(f) :=
�
S ⇢ X | fn

(S) ⇢ S 8n 2 Z� 
backward invariant sets

Invset±(f) := Invset+(f) \ Invset�(f)

f : X ! X continuous function on a compact metric space.
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Conley’s Decomposition Theorem

Let ✏ > 0. x 2 X is ✏-chain recurrent if there exists a

sequence of points {x0, x1, . . . , xn} ⇢ X such that x0 =

xn = x and xk+1 2 B✏(f(xk)).

The set of ✏-chain recurrent points is denoted by R✏(X, f).

The chain recurrent set is

R(X, f) :=
\

✏>0

R✏(X, f).



Theorem: (Conley) Let X 2 Invset(f) be compact. Then

1. R(X, f) = R(R(X, f), f).

2. There exists a continuous function V : X ! [0, 1]

such that

(a) V (f(x))  V (x) for all x 2 X.

(b) if V (f(x)) = V (x), then x 2 R(X, f)



Goal: Describe a constructive proof of this theorem.
W. Kalies, K. M., R. Vandervorst
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such that

(a) V (f(x))  V (x) for all x 2 X.
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Alternative Characterization of Chain 
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Prop: Att(f) ⇢ Invset(f).

A ⇢ X is an attractor if there ex-

ists a neighborhood U of A such

that
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Alternative Characterization of 
Chain Recurrent set.

R ⇢ X is an repeller if there ex-

ists a neighborhood U of R such

that

R = ↵(U, f) :=
\

n0

[

mn

fm
(U)

The set of repellers is denoted by

Rep(f).

Prop: Rep(f) ⇢ Invset±(f).

X

A

U
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X

A

A*

Suggests the importance of understanding structure of Att(f)
and Rep(f).

Prop: Given A 2 Att(f) its dual
repeller is

A

⇤
:= {x 2 X | !(x, f) \A = ;} 2 Rep(f).

Theorem: (Conley)

R(X, f) =
\

A2Att(f)

(A [A⇤
)


