Spectral sequences
downgraded to

Elementary Gauss reductions
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End of computing.
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'Eumpunent 27122

Francis Sergeraert, Institut Fourier, Grenoble
MAP 2014, IHP Paris, May 2014

—--done---

.;; Clock -> 2002-81-17, 19h 27m 1




Semantics

Blue
Red =

Violet =

Green

of colours:

“Standard” Mathematics

Constructive, effective,

algorithm, machine object, ...

Problem, difficulty,

obstacle, disadvantage, ...

Solution, essential point,

mathematicians, ...
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1/6. Introduction.

SEMSS = Serre or Eilenberg-Moore Spectral Sequence

HPT = Homological Perturbation Theorem

= Perturbation Lemma.

GR = Elementary Gauss Reduction
(known by the Babylonians).

Theorem: GR = HPT = SEMSS.
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2/6. Connection HPT =- SSS = Serre Spectral Seq.

SSS = Info connecting H,F', H.B and H.FE
when FE = total space of a fibration
of base space B and fibre space F'.
E=FXx.B (7 = twisting function)
S? = St x;, §? (h = Hopf twisting function)

Proof of HPT = SSS:

1. Start with 7y = trivial twisting = no twisting at all

Eilenberg-Zilber Theorem = [H,.B + H.F = H, FE]

2. HPT = Implicit Function Theorem =-
[T close to 9] = [H.E¢ + HPT = H.FE].



Remark:

HPT |is
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SSS |is not an algorithm
H.B+ H.,F = H,(F X, B).

an algorithm H.B + H.F = H,(F X H,B)

Ana Romero’s thesis = [HPT = SSS].

Theorem: GR + [(1 — x) invertible if || < 1] = HPT.
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3/6. Homological Reductions and HPT Statement.

Definition: A (homological) reduction is a diagram:

p=(fg,h)= h@(é\'*,c/l\*)%(c*,d*)

with:

AN

1. C, and C, = chain complexes.

2. f and g = chain complex morphisms.

3. h = homotopy operator (degree +1).

4. fg =1idc, and dgh + hdg + gf = idg .

5. fh =0, hg =0 and hh = 0.
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Meaning = Reduction Diagram:

{ 2%2 Cm—l = 6'm 2%2 Cm+1 = S } — é\”*
I I I I

{ Am—l Am Am—|—1 } — A*
d_ d A &~ | d A d_ ‘

 h @ W h @ ) D v h @

{ * B, B,, Bm—l—l } = | B,
¢ i & @

{ el C’r,n—l . C",n s C;n—|—1 . ’ } — Ci

2 F=9 N f 3 g

e U Fu? i

{ e m—1 e Cm — Cm+1 A } — C*
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Homological Perturbation Theorem (HPT)

Definition: (C,,d) = given chain complex.

A perturbation 0 : C, — C,_; is an operator of degree -1
satisfying (d + §)? = 0 (< (dé + dd + §%) = 0):

(Cy,d) + (8) = (C.,d+9).

Let p : hc(é’*, @)%(C’*, d.)| be a given reduction

and § a perturbation of d

satisfying hé

Theorem: The HPT determines a new reduction:

pointwise nilpotent |

/

~ o~ ~ . g+ 0,
P b+ 6,CS(Cyydy + 6.)———= (Cs,dy + 4s)
J + ¢
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4/6. Hexagonal Lemma.

R = Unitary ring
g, 0,1, 3 € R with ¢ invertible.
Gauss discussion of (1) + (2):

(1) er+ oy =a
(2) Yo+ By = b

(2) —ype'(1) =
(2) (B —vep)y = (b — e 'a)
= (1) + (2) has a solution <

(B—vetp)| (b—2yela) = y=---

= xr=¢cta— e_lgoy
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Matrix translation:

6 2)0)=C)

&
1 0\ (e @\ (1 —etp) [1 e ¢\ [z) _ 1 0\ [(a
—wet 1) \w B/ \0 1 0 1 v/ \—wpe! 1) \b
N R
0 B—elty Y —pe ta+b
=
e(x+elpy) =a
(B—ve o)y = (b—ve 'a)
&

(B—1e o) | (b—teT'a) = ...
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Diagram translation:

€ 0
0 B—elyp
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Combined with an obvious reduction:

R? R? R

(v 5) = (50

(E 0 ) (8 —wete)

R? R? R
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= Canonical reduction induced by e invertible

S E] [ N
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The same is valid with
R? = R® R replaced by A, & B,, = C,
orby A, 1P B,1=0C,_1
and:
€ @
P B

with € : A,, & A,,_1 isomorphism.

. An Q%) Bn — An—l Q%) Bn—l

= Hexagonal lemma.
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4.,, Hexagonal lemma dos doro
Chi1 ¢ > Cht1 » Cnt1
n+etey =
n ¥ . ¥ ¥
1 —e1p 0
0 1 o 1
1 e 1p (0 1)
0 1
el | B et | B— ety B— ety
¥ P 0. -0
1 0 0
(1) L (1)
An—l @ Bn—l An—l @ Bn—l Bn—l
1 0 - ( 0 1 )
—pe~t 1
0 a o «
d+ape ™ =0"
Cn—2 — > Cn—2 — > Cn—2
d'n—Z dn—Z dn—2
Y reduction
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Hexagonal lemma
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Iterating the Hexagonal Lemma:

Ag D Bg @Cﬁ(—)AWG \ C6

A5EB B5 EBC BS@C5 C5
%g

A4@ B4 EBC %‘96’4\ / C4

A3 @ Bs @C3—A3 B B3 B C s C3




16,26
Final result:

-1
—d3, " "d3,
gs = 0
1
As @& B; & Cs Cs
f5:(0 _dgldgl_l 1)
d3;
d5 d® = dg3 - dgldgl_ldgs
-1
—d3, dy,
gs = 0
1
Ay & By & C4 Cy

=(0 —d3di, " 1)
dy, di, diy
d® = dg1 dgz dg3
d53

5 5
d31 d32
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Final result:

-1
—d3, " "d3,
gs = 0
1
As © Bs © Cjs : Cs
f5=1(0 —dgldgl_ 1)
dgl dgl
d5 dzs | dis d® = d3; — d31d31_1d33
-1
d5 1 _dél d§3
g4 = 0
W 1 ~
Ay ©@ By & Cy Cy

f4:(0 _dgldgl_l 1)
dy, dy, di,
5 __
d’ = | dj, dj, d3,
d53

5 5
d31 d32
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Final result:

-1
—d3, " "d3,
gs = 0
1
As @& B; @ Cjs ¢ ; Cs
f5:(0 _dgldgl_ 1)
d3, d3s
-1
d5 d5:d§3_dgldg1 dg3
-1
d5 1 _dél d33
ga = 0
1
A4 EB B4 @ C4 C4

Jfa= (0 - dgld%il 1)

d®> = | d° d3, d>°
il §2 ig = graph d}, "'d}; : C. — A,
d31 d32 d33

d°, d°, d?
e 13) Note: im(g) C A.® C.
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Final result:

-1
—d3, " d3,
gs — 0
1
As & B; @ Cs Cs
-1
fs=(0 —dds, ™" 1)
dgl dgl
d5 d® = dg3 - dg1d31_1d33
-1
/ — a3, "l
2 ga = 0
1
Ay & By & C4 s Cy

-1
—d3d3; 1)

fa=(0

dy, dj, di

d®> = d3, dj, dg3)
d3, d3, di
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Global Hexagonal Theorem:

Input: A chain complex (C,,d,)

with for every n € 7Z a decomposition:

dn,ll dn,12 dn,13
C, = Cf,i Q%) 0721 Q%) Cf,?; d, = dn,21 dn,22 dn,23

dn,31 dn,32 dn,33

with d,, 2 : C} — C?_, isomorphism Vn.

Output: A canonical reduction:

(Ciydy) = (C, ® C; & C;, d.) = (C}, d))



5/6. Algebraic HPT Proof.
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Definition: (C,,d) = given chain complex.

A perturbation 6 : C, — C,_1 is an operator of degree -1
satisfying (d + §)? = 0 (< (dé + dd + 6%) = 0):
(Cs,d) + (6) — (Ci, d+0).

Let p

: hc(@*,c?*)%(c*,d*)

be a given reduction

and ¢ a perturbation of d

satisfying hé pointwise nilpotent |

Theorem: The BPL determines a new reduction:

/

p'i|h+ 6, (C, d,




Proof:

Reduction Diagram:
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2%2 Cm—l — C'm 2%2 Cm+1 —
I I I
Am—l Am Am+1 ’
A o W s |u
Fn & A0 A 9 A
. Bm_]_ Bm Bm—|—1
@ \ @
d
A iy ] G 1 G
f Lg F=9 f Lg
N 4 4
4 m—1 < C’m 4 Cm+1 —

1= C,
-l
®
} = B,
B
b= c
[T
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Main part:
0
g = 0
1
As; ©@ Bs; © Cs Cs
h=dy \\ da1 dss dss
Ay ©@ By © Cy Cy
f=@© o0 1)

with dy; = isomorphism.



Perturbation =

011
021
031

012 013
022 023

632 633

As © Bs @& Cj

Q
I

1| +04

Ay & By & C4

daa| +0s]

f=( 0 1)
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ds3
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Question: (ds; + d21) again isomorphism?

(applying the Global Hexagonal Theorem possible ?7)

As © Bs & Cs Cs

1| +04

ds3| +033 | ds3

Ay & By & C4 Cy
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But d»; invertible with doyh =1 =
da1 + 021 = da1 + da1hdz1 = da21(1 4 hda)

= da1 + 021 invertible < (1 + hdsy) invertible.

A sufficient condition is hds; nilpotent, in which case:
(1+ héz) ™" =D (—1)/(hdz)’
i=0

Then:

0

(d21 —|— 521)_1 = h, = <Z(—1)Z(h521)1> h

i=0
Remark:

<Z(—1)i(h521)i> h = (Z(—ni(ha)i) h
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Global Hexagonal Theorem:

—1
—d3, " d3,
gs = 0
1
As @ B; @& Cj Cs
—1
Jfs = (0 - dgldgl 1)
d3;
d5 d® = d§3 - dgldgl_lng
-1
—d3, da
ga = 0
1
Ay & By & Cy C,

-1
fa= (O - dgldgl 1)
5 5 5
d11 d12 d13
5 5 5 5
d> = d21 d22 d23

5 5 5
d31 d32 d33



Applying to our situation:

—d3, " d3,
GOH.LI g5 — O
As; © Bs @© Cs Cs
algl
d® = dgs - dgldgl_
Ay ® By @ Cy Cy

—1

fa=(0 —d3,d3, 1)

dg, > d3 + 85,

s, ' h = (i(—ni(ha)i) h

1

5
d23;

Before perturbation:

g:
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0
1

A5 @ B5 ® CS<—CS

h = dgl_l dgl dgs

’A4 ® Bs @ C4L

gs — (1 — h'd)g
fa— f(1 —6Rh%)

&® — (d3, + 83,) — fOh'Sg

5
d33

— Cy
f=(0 01)

= d3, + f0g — foh'5g

— Homological Perturbation Theorem

QED
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6/6. The topological case.

Corollary: The HPT can easily be extended

to topological situations.

Example 1: Banach situations:

|hd21| < 1 =(1 + hd2;) invertible = OK.

Example 2: Frechetic situations:

The Nash-Moser-Schwartz technology
often allows to prove (1 — hds;) is invertible = OK.



;5 Clock -> 2882-81-17, 1%h 25m 36s.
Computing the boundary of the generator 19 {dimension 7) :

£TnPr <TnPr <TnPr S3 <<Abar[2 S1][2 S$1]>>> <<{Abar>>> <{{Abar>>>
End of computing.

Homology in dimension 6 :

Component 251272

---done---

;: Clock -» 2802-081-17, 1%9h 27m 1

The END
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