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Spectral sequences

Definition

A spectral sequence E = (E",d"),>1 is a family of bigraded Z-modules
E" = {E, ,}, each provided with a differential

d"={d5q: Epq— Ejp_sqir_1} of bidegree (—r,r —1) and with
isomorphisms H(E", d") = E"! for every r > 1.

Ana Romero Spectral sequences for computing persistent homology MAP 2014 2 /34



Spectral sequences Definition

Spectral sequences

Definition

A spectral sequence E = (E",d"),>1 is a family of bigraded Z-modules
E" = {E, ,}, each provided with a differential

d"={d5q: Epq— Ejp_sqir_1} of bidegree (—r,r —1) and with
isomorphisms H(E", d") = E"! for every r > 1.

A r=1

Ana Romero Spectral sequences for computing persistent homology MAP 2014 2 /34



Spectral sequences Definition

Spectral sequences

Definition

A spectral sequence E = (E",d"),>1 is a family of bigraded Z-modules
E" = {E, ,}, each provided with a differential

d"={d5q: Epq— Ejp_sqir_1} of bidegree (—r,r —1) and with
isomorphisms H(E", d") = E"! for every r > 1.

it 1 1 1
:d1,2 dyo d3o din

<—O0<—0<—0<— 0
Tl 1 1 1
§d1,1 d2,1 d3,1 ‘14,1 p

LTy T N R s

Ana Romero Spectral sequences for computing persistent homology MAP 2014 2 /34



Spectral sequences Definition

Spectral sequences

Definition

A spectral sequence E = (E",d"),>1 is a family of bigraded Z-modules
E" = {E, ,}, each provided with a differential

d"={d5q: Epq— Ejp_sqir_1} of bidegree (—r,r —1) and with
isomorphisms H(E", d") = E"! for every r > 1.

A r=1 A r=2
q °q

e o o o o o o o o o
N

: : 2,2 93,2

L e e J [} -\ .
¥ 1 1 1

idip dyp d3p dyy d§,1 df,l
OTQTQ@QT. o o o e e

: 1

§d1,1 dy1 d3n din p : p
LT T Y R . L T R

Ana Romero Spectral sequences for computing persistent homology MAP 2014 2 /34



Spectral sequences Definition

Spectral sequences

Definition

A spectral sequence E = (E",d"),>1 is a family of bigraded Z-modules
E" = {E, ,}, each provided with a differential

d"={d5q: Epq— Ejp_sqir_1} of bidegree (—r,r —1) and with
isomorphisms H(E", d") = E"! for every r > 1.

A r=1 A r=2 A r=3
:q :q q

e o o o o o o o o o e o o
N

E P din 93 d31 dia

< o< o< o< o e e . ° e o
idi, di, di, df 2 g2

idip dyp d3p dyy d31 a1 930

: - - L) . e e e ° ° °

: 1 1

fdin dyy d3y dyy p : p : p
O @@ @ O @@ @ O @ @@

Ana Romero Spectral sequences for computing persistent homology MAP 2014 2 /34



Spectral sequences Definition

Spectral sequences

Definition

A spectral sequence E = (E",d"),>1 is a family of bigraded Z-modules
E" = {E, ,}, each provided with a differential

d"={d5q: Epq— Ejp_sqir_1} of bidegree (—r,r —1) and with
isomorphisms H(E", d") = E"! for every r > 1.

A r=1 A r=2 A r=3
:q :q q

e o o o o o o o o o e o o
N

E P din 93 d31 dia

< o< o< o< o ¢ o . ° e o
idi, di, di, df 2 g2

idip dyp d3p dyy d31 a1 930

: - - L) . e e e ° ° °

B 1 1 B B

fdin dyy d3y dyy p : p : p
[T I S ¢ 0 e @@ ¢ 0. @ e .. e l>

Since E,;j,l is a subquotient of E,;yq for each r > 1, one can define the final

oo r
groups of the spectral sequence as Ej = ﬂer 0.q-
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Why are spectral sequences useful?

They usually converge to interesting things.

Definition

Let H. = {Hp}nen be a graded group. A spectral sequence (E',d"),>1 is
said to converge to H, (denoted by E! = H,) if there is a filtration F of

FpHpiq

H. and for each (p, q) one has an isomorphism EJ¢, = Yy
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They usually converge to interesting things.

Definition

Let H. = {Hp}nen be a graded group. A spectral sequence (E',d"),>1 is
said to converge to H, (denoted by E! = H,) if there is a filtration F of

c c 0 ~ _FpHpiq
H, and for each (p, g) one has an isomorphism Exy = FooiFre

Examples:
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Let H. = {Hp}nen be a graded group. A spectral sequence (E',d"),>1 is
said to converge to H, (denoted by E! = H,) if there is a filtration F of

c c 0 ~ _FpHpiq
H, and for each (p, g) one has an isomorphism Exy = FooiFre

Examples:

o The Serre spectral sequence converges to the homology groups of the
total space of a fibration.
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Definition

Let H. = {Hp}nen be a graded group. A spectral sequence (E',d"),>1 is
said to converge to H, (denoted by E! = H,) if there is a filtration F of
FpHpiq

H. and for each (p, q) one has an isomorphism EJ¢, = Yy

Examples:

o The Serre spectral sequence converges to the homology groups of the
total space of a fibration.

@ The Eilenberg-Moore spectral sequence converges to the homology
groups of the loop space of a simplicial set.
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Spectral sequences Uses

Why are spectral sequences useful?

They usually converge to interesting things.

Definition

Let H. = {Hp}nen be a graded group. A spectral sequence (E',d"),>1 is
said to converge to H, (denoted by E! = H,) if there is a filtration F of
FpHpiq

H. and for each (p, q) one has an isomorphism EJ¢, = Yy

Examples:

o The Serre spectral sequence converges to the homology groups of the
total space of a fibration.

@ The Eilenberg-Moore spectral sequence converges to the homology
groups of the loop space of a simplicial set.

@ The Adams spectral sequence converges to the homotopy groups of a
simplicial set X.
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Why are spectral sequences useful?

Theorem (Serre spectral sequence)

Let G — E — B be a fibration with a simply connected base space B.
Then a first quadrant spectral sequence E = (E",d"),>1 can be defined
with E;q = Hp(B, Hy(G)) and E' = H.(E).
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Why are spectral sequences useful?

Theorem (Serre spectral sequence)

Let G — E — B be a fibration with a simply connected base space B.
Then a first quadrant spectral sequence E = (E",d"),>1 can be defined
with E;q = Hp(B, Hy(G)) and E' = H.(E).

Suppose H;(G) and H;(B) are zero for odd i and free abelian for even /.
The entries Eﬁﬁq of the E? page are then zero unless p and q are even.
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Problems of spectral sequences

@ The problem of differentials

Example: K(Z,2) < X — S3, where Hy;(K(Z,2)) = Z and
Hoi1(K(Z,2)) = 0 for all i.
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Problems of spectral sequences

@ The extension problem
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We obtain a short exact sequence:
0<—Z6<—H6(E)<—Z2(—0

but now there are two possible extensions: the trivial one Zy & Zg
and the twisted one Zq5.
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Spectral sequences Filtered complexes

Spectral sequence of a filtered complex

Theorem

Let C be a chain complex with a filtration. There exists a spectral

sequence with ;
r va Cp+q

p,q — r—
dp+q+1(Zp+r—1 q—r+2) Cp+q

where Z; . is Z) , ={a € Cp ol dpig(a) € CJ0 1} € Ciyy and

Gl E’ —> E;_; g+r—1 is the morphism induced by

dp+q : Cp+q — Cpyg—1. This spectral sequence converges to H,(C), that
is, there are natural isomorphisms

P HE4(C)
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Spectral sequences Filtered complexes

Spectral sequence of a filtered complex

Theorem

Let C be a chain complex with a filtration. There exists a spectral

sequence with 7 p—1
r Z; +_Cb+q
p.q —

r—1 p—1
dotq+1(Zpsr—1.g-ri2) T Coig

where Z} . is Z} , = {a € C5+q| dptq(a) € C,’;;c;_l} - C§+q, and

dpg: Epg = Ep_y gir—1 IS the morphism induced by
dptq : Cprq — Cpyrg—1. This spectral sequence converges to H,(C), that

is, there are natural isomorphisms
P
P,q — P—l
Hp1q(C)

Problem: the groups E/ , can only be determined in very simple (finite)
situations.
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Spectral sequences Effective homology and Kenzo

Effective homology

Definition
A reduction p between two chain complexes C, and D, (denoted by
p:Co=>D,)is a triple p=(f, g, h)
h
f
R —)

satisfying the following relations: ’
1) fg =Idp,;
2) dch+ hdc = Id¢, —gf;
3) th=0; hg=0;, hh=0. )
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Spectral sequences Effective homology and Kenzo

Effective homology

Definition

A reduction p between two chain complexes C, and D, (denoted by
p:Co=>D,)is a triple p=(f, g, h)

h
R —)
g

satisfying the following relations:
1) fg =Idp,;
2) dch+ hdc = Id¢, —gf;
3) th=0; hg=0;, hh=0.

If Cx=» D, then C, = D, & A., with A, acyclic, which implies that
Hn(Cy) = Hp(Dy) for all n.
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Effective homology

Definition
A (strong chain) equivalence ¢ between C, and D,, € : C, «=» D,, is a
triple € = (B, p, p') where B, is a chain complex, p : B, = C, and

o B.=» D,. 5 "
* 30

c / \D H/ \g

* * 10 15
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Effective homology

Definition
A (strong chain) equivalence ¢ between C, and D,, € : C, «=» D,, is a
triple € = (B, p, p') where B, is a chain complex, p : B, = C, and

o B.=» D,. 5 "
* 30

c / \D H/ \g

* * 10 15

Definition

An object with effective homology is a quadruple (X, C.(X), HC,, ) where
HC, is an effective chain complex and ¢ : C,.(X) <= HC..
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Effective homology

Definition
A (strong chain) equivalence ¢ between C, and D,, € : C, «=» D,, is a
triple € = (B, p, p') where B, is a chain complex, p : B, = C, and

o B.=» D,. 5 "
* 30

c / \D H/ \g

* * 10 15

Definition
An object with effective homology is a quadruple (X, C.(X), HC,, ) where
HC, is an effective chain complex and ¢ : C,.(X) <= HC..

This implies that H,(X) = H,(HC,) for all n.
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The Kenzo system uses the notion of object with effective homology to
compute homology groups of some complicated spaces.

Ana Romero Spectral sequences for computing persistent homology MAP 2014 10 / 34



Spectral sequences Effective homology and Kenzo

The Kenzo system

The Kenzo system uses the notion of object with effective homology to
compute homology groups of some complicated spaces.

o If the complex is effective, then its homology groups can be
determined by means of diagonalization algorithms on matrices.
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Spectral sequences Effective homology and Kenzo

The Kenzo system

The Kenzo system uses the notion of object with effective homology to
compute homology groups of some complicated spaces.

o If the complex is effective, then its homology groups can be
determined by means of diagonalization algorithms on matrices.

@ Otherwise, the program uses the effective homology.
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Spectral sequences Effective homology and Kenzo

The Kenzo system

The Kenzo system uses the notion of object with effective homology to
compute homology groups of some complicated spaces.

o If the complex is effective, then its homology groups can be
determined by means of diagonalization algorithms on matrices.

@ Otherwise, the program uses the effective homology.

Example:

X = QQQ(P®R/P3R) Uy D*) Uy D?)
Hs(X) = 73 © Zg @ 716
He(X) =732 @ 23 o 73
Hi(X) =7 02073 © 7162220 O T
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Spectral sequences Algorithm

Algorithm computing spectral seq. of filtered complexes

For the spectral sequence associated with a filtered chain complex, there
exists a formal expression for the groups Ej , and the differential maps

dj, . but they can only be determined in very simple situations.
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Spectral sequences Algorithm

Algorithm computing spectral seq. of filtered complexes

For the spectral sequence associated with a filtered chain complex, there
exists a formal expression for the groups Ej , and the differential maps
dj, . but they can only be determined in very simple situations.
However, the effective homology method allows us to determine, as a
by-product, this kind of spectral sequences, obtaining a real algorithm.

Ana Romero Spectral sequences for computing persistent homology MAP 2014 11 /34



Spectral sequences Algorithm

Algorithm computing spectral seq. of filtered complexes

For the spectral sequence associated with a filtered chain complex, there
exists a formal expression for the groups Ej , and the differential maps
dj, . but they can only be determined in very simple situations.
However, the effective homology method allows us to determine, as a
by-product, this kind of spectral sequences, obtaining a real algorithm.

This algorithm has been implemented as a set of programs (about 2500

lines) enhancing the Kenzo system, that determine the groups E; , and
also the differential maps d;, . for every level r.
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Algorithm computing spectral seq. of filtered complexes

These new methods work in a way that is similar to the mechanism of
Kenzo for computing homology groups:
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Algorithm computing spectral seq. of filtered complexes

These new methods work in a way that is similar to the mechanism of
Kenzo for computing homology groups:

@ Given an effective chain complex C, with a filtration F¢, the different

components of the associated spectral sequence can be computed by
means of diagonalization algorithms on matrices.
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Spectral sequences Algorithm

Algorithm computing spectral seq. of filtered complexes

These new methods work in a way that is similar to the mechanism of
Kenzo for computing homology groups:

@ Given an effective chain complex C, with a filtration F¢, the different
components of the associated spectral sequence can be computed by
means of diagonalization algorithms on matrices.

o If the filtered chain complex (C,, F¢) is not effective, but with

effective homology C, <= D, => HC,, then appropriate filtrations of
D, and HC, can also produce the spectral sequence.
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Persistent homology

Let K be a filtered simplicial complex:

P=K'CKICK?C...CK"=K
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Persistent homology Preliminary definitions

Persistent homology

Let K be a filtered simplicial complex:
P=K'CKICK?C...CK"=K
The filtration produces a sequence of groups and homomorphisms:

0= Hy(K®) — Hay(KY) = -+ = Hy(K™) = Hp(K)
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Persistent homology Preliminary definitions

Persistent homology

Let K be a filtered simplicial complex:
P=K'CKICK?C...CK"=K
The filtration produces a sequence of groups and homomorphisms:

0= Hy(K®) — Hay(KY) = -+ = Hy(K™) = Hp(K)

Definition

The n-th persistent homology groups of K are defined as
Hi = Imf'” for0<i<j<m.
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Persistent homology Preliminary definitions

Persistent homology

Let K be a filtered simplicial complex:
P=K'CKICK?C...CK"=K
The filtration produces a sequence of groups and homomorphisms:

0= Hy(K®) — Hay(KY) = -+ = Hy(K™) = Hp(K)

Definition

The n-th persistent homology groups of K are defined as
Hi = Imf'” for0<i<j<m.

If v is born at K' and dies entering K/, we denote pers(y) = j — i.
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Persistent homology Preliminary definitions

Persistent homology

Let K be a filtered simplicial complex:
P=K'CKICK?C...CK"=K
The filtration produces a sequence of groups and homomorphisms:

0= Hy(K®) — Hay(KY) = -+ = Hy(K™) = Hp(K)

Definition

The n-th persistent homology groups of K are defined as
Hi = Imf'” for0<i<j<m.

If v is born at K' and dies entering K/, we denote pers(v) =j—i. If the
homology is computed with field coefficients, the groups Hy’ are
determined by their ranks, denoted £3,”.
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Persistent homology Preliminary definitions

Persistent homology

Let K be a filtered simplicial complex:
P=K'CKICK?C...CK"=K
The filtration produces a sequence of groups and homomorphisms:

0= Hy(K®) — Hay(KY) = -+ = Hy(K™) = Hp(K)

Definition

The n-th persistent homology groups of K are defined as
Hi = Imf'” for0<i<j<m.

If v is born at K' and dies entering K/, we denote pers(v) =j—i. If the
homology is computed with field coefficients, the groups Hy’ are
determined by their ranks, denoted Br?. This allows one to represent all
groups H,? by means of a barcode diagram.
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Persistent homology Preliminary definitions

Persistent homology

Example:
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Persistent homology Preliminary definitions

Persistent homology

Example:

Ana Romero Spectral sequences for computing persistent homology MAP 2014 14 / 34



Persistent homology Preliminary definitions

Persistent homology

Example:

B o——o |
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Persistent homology Preliminary definitions

Persistent homology

Example:
1 2 3 4 5 6 7
[
Bo ® O
[ O
AL o——o]

Roughly speaking:
@ Homology detects topological features (connected components, holes,
and so on).
@ Persistent homology describes the evolution of topological features
looking at consecutive thresholds.
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Persistent homology Integral persistence

Integral persistent homology

Ana Romero Spectral sequences for computing persistent homology MAP 2014 15 / 34



Persistent homology Integral persistence

Integral persistent homology

We generalize the definition of persistent homology to the case of
coefficients over Z by means of the groups:

HiPk = HY n (f#"k)_l(H,’;_l’k) CH
which define a filtration between H. ¥ and HLY:

Hl—ld H'Jd C Huu+1 HII;JJ+2 C..-C H,/;ajvm C H'I;J

Ana Romero Spectral sequences for computing persistent homology MAP 2014 15 / 34



Persistent homology Integral persistence

Integral persistent homology

We generalize the definition of persistent homology to the case of
coefficients over Z by means of the groups:

HI,_] k Hl,_/ N (f‘_j k) (Hri'—l,k) C H‘,’,
which define a filtration between H; *¥ and H\/:
H’ Lj — H/Jd C Huu+1 - Hu/u+2 C..-C H,/;zjvm C H'I;J

Then one can define the quotients:

Hiriok i1k isk—2.k k=1
n n n

I k frd = ... = fr
BDy H:,:,k I~ giiALk=1 = 7T pik—2k-1 T ikl
n n n

The notation BD,';’k should be read as the group of homological classes
born at time i and dying at time k, in fact a group of equivalence classes
modulo inferior homology groups.
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Persistent homology Integral persistence

Integral persistent homology
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Persistent homology Integral persistence

Integral persistent homology

When working over a field, the groups BD are uniquely determined (up
to isomorphism) by their rank, p:

i = (B = B — (87— g
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Persistent homology Integral persistence

Integral persistent homology

When working over a field, the groups BD are uniquely determined (up
to isomorphism) by their rank, p:

i = (B = B — (87— g

and can be determined (up to isomorphism) if the groups H,';J are known.
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Persistent homology Integral persistence

Integral persistent homology

When working over a field, the groups BD are uniquely determined (up
to isomorphism) by their rank, p:

i = (B = B — (87— g

and can be determined (up to isomorphism) if the groups H,';J are known.
Conversely, the infq(mation about the ranksqu BD,’,’k is sufficient to know
the total groups Hj and also the groups HL/*.
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Persistent homology Integral persistence

Integral persistent homology

When working over a field, the groups BD are uniquely determined (up
to isomorphism) by their rank, p:

i = (B = B — (87— g

and can be determined (up to isomorphism) if the groups H,';J are known.
Conversely, the infq(mation about the ranksqu BD,’,’k is sufficient to know
the total groups Hj and also the groups HL/*.

However, in the integer coefficient case the groups Hi or Hi** are not
sufficient to determine BD.*
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Persistent homology Integral persistence

Integral persistent homology

When working over a field, the groups BD are uniquely determined (up
to isomorphism) by their rank, ,un :
ik i k—1 i k i—1,k—1 i—1,k
= (B " = By) = (B 7 =By ")
and can be determined (up to isomorphism) if the groups H,';’j are known.

Conversely, the infq(mation about the ranksqu BD,",’k is sufficient to know
the total groups Hj and also the groups HL/*.

However, in the integer cogfficient case the groups HiY or H,';"j’k are not
sufficient to determine BD}* . Similarly, from the groups BD:* it is not
always possible to determine the persistent homology groups Hy "/ and
HE*% because of extension problems.
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Persistent homology Integral persistence

Integral persistent homology

When working over a field, the groups BD are uniquely determined (up
to isomorphism) by their rank, ,un :
ik i k—1 i k i—1,k—1 i—1,k
= (B " = By) = (B 7 =By ")
and can be determined (up to isomorphism) if the groups H,';’j are known.

Conversely, the infq(mation about the ranksqu BD,",’k is sufficient to know
the total groups Hj and also the groups HL/*.

However, in the integer cogfficient case the groups HiY or H,';"j’k are not
sufficient to determine BD}* . Similarly, from the groups BD:* it is not
always possible to determine the persistent homology groups Hy "/ and
HE*% because of extension problems.

In this way, the classical definition of barcode diagram is not valid for the
integer case.
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Relation between persistent homology and spectral sequences Error

“Erroneous’ relation
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Relation between persistent homology and spectral sequences Error

“Erroneous’ relation

The so called "Spectral sequence theorem” in the book Computational
topology: an introduction by H. Edelsbrunner and J. Harer claims that:

“Erroneous” theorem

The total rank of the groups of dimension p 4 g in the level r > 1 of the
associated spectral sequence equals the number of points in the (p + g)-th
persistence diagram whose persistence is r or larger, that is,

Z rank E; , = card{a € Dgm,, ,(f)|pers(a) > r}
p=1

where in the left side g decreases as p increases so that the dimension
p + g remains constant.
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Relation between persistent homology and spectral sequences Error

“Erroneous’ relation

The so called "Spectral sequence theorem” in the book Computational
topology: an introduction by H. Edelsbrunner and J. Harer claims that:

“Erroneous” theorem

The total rank of the groups of dimension p 4 g in the level r > 1 of the
associated spectral sequence equals the number of points in the (p + g)-th
persistence diagram whose persistence is r or larger, that is,

Z rank E; , = card{a € Dgm,, ,(f)|pers(a) > r}
p=1

where in the left side g decreases as p increases so that the dimension
p + g remains constant.

However, the formula is erroneous because in the left side there can be
more elements than in the right side; the formula should be therefore an
inequality.
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Relation between persistent homology and spectral sequences Correct relations

The correct relation
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Relation between persistent homology and spectral sequences Correct relations

The correct relation

Llet KLC K2C ... C K™= K be a filtered simplicial complex. For each
dimension n and for each 0 < i < k < m, one has a canonical isomorphism

BDri{k = Af(,n = Im(dll:n k—l—l)

k—i . k— k—i k—l k—i
where A" Im(dk mki1: Egoigir 2 E L) CE

Infl
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Relation between persistent homology and spectral sequences Correct relations

The correct relation

Llet KLC K2C ... C K™= K be a filtered simplicial complex. For each
dimension n and for each 0 < i < k < m, one has a canonical isomorphism

BDri{k = Af(,n = Im(dll:n k—l—l)

k—i .__ k— k—i k—l k—i
where Ai,nf Im(dk n—k+1 * Ek n—k+1 E ) = EI ,n—i

Thanks to this relation, the persistence groups BDE* can be determined
from the associated spectral sequence.
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Relation between persistent homology and spectral sequences Correct relations

The correct relation

Theorem

Llet KLC K2C ... C K™= K be a filtered simplicial complex. For each
dimension n and for each 0 < i < k < m, one has a canonical isomorphism

BDri{k = Af(,n = Im(dll:n k—l—l)

k—i k—i k—i
Ekn k—|—1_>E )—Elnfl

k—i ._ k—
where Ai,n— Im(dk kgl

Thanks to this relation, the persistence groups BDE* can be determined
from the associated spectral sequence.

If working with field coefficients, one can also determine the groups HEY
8
and H,/".
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Another relation
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Relation between persistent homology and spectral sequences Correct relations

Another relation

In the paper “Spectral Sequences, Exact Couples and Persistent Homology
of filtrations” by S. Basu and L. Parida, a different formula relating
spectral sequences and persistent homology is stated, expressing the sum
of the ranks of the groups Ej , in terms of §,’.
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Correct relations

Relation between persistent homology and spectral sequences

Another relation

In the paper “Spectral Sequences, Exact Couples and Persistent Homology
of filtrations” by S. Basu and L. Parida, a different formula relating
spectral sequences and persistent homology is stated, expressing the sum
of the ranks of the groups Ej , in terms of §,’.

Theorem (BP13)

p,ptr—1 pfl,errfl) + (ﬁpfr,pfl __ pp—rp )

r — —_
rank E; ;= (8514 p+q p+q—1 p+q—1
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Relation between persistent homology and spectral sequences Correct relations

Another relation

In the paper “Spectral Sequences, Exact Couples and Persistent Homology
of filtrations” by S. Basu and L. Parida, a different formula relating
spectral sequences and persistent homology is stated, expressing the sum
of the ranks of the groups Ej , in terms of §,’.

Theorem (BP13)

r _ (ppPptr—=1 _ op—1l,ptr—1 p—r,p—1 _ op—r,p
rank E; ;= (8514 p+q )+ (8155 pig-1)

As a corollary, they include a corrected version of the erroneous theorem
by H. Edelsbrunner and J. Harer.
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Computing persistent homology
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Computing persistent homology Algorithms

Computing persistent homology

@ Using our programs for spectral sequences, and thanks to our theorem
expressing the relation between spectral sequences and persistent
. ik
homology, one can determine the groups BDp".
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Computing persistent homology Algorithms

Computing persistent homology

@ Using our programs for spectral sequences, and thanks to our theorem
expressing the relation between spectral sequences and persistent
. ik
homology, one can determine the groups BDp".

@ When working over a field, this information is sufficient to determine
also the persistent homology groups Hy? and the filtration given by
Hik.
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Computing persistent homology Algorithms

Computing persistent homology

@ Using our programs for spectral sequences, and thanks to our theorem
expressing the relation between spectral sequences and persistent
. ik
homology, one can determine the groups BDp".

@ When working over a field, this information is sufficient to determine
also the persistent homology groups Hy? and the filtration given by
Hik.

@ In the integer case, one can find extension problems in order to
determine H.Y and the intermediate groups Hi/™¥.
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Computing persistent homology Algorithms

Computing persistent homology

In fact a small modification of our programs for spectral sequences is
sufficient to determine the groups BD' , which can be expressed as a
quotient:
k—i i—1
BDi7k i dn+1(Zk n— k+1) + CII7
n Zk—l— Ci—l
dni1(Z 1 ks2) + Ca
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Computing persistent homology Algorithms

Computing persistent homology

In fact a small modification of our programs for spectral sequences is
sufficient to determine the groups BD' , which can be expressed as a
quotient:

i .
BDi7k i dn+1(Zk nl k+1) + CI’7 !
! n+1(Zlf_ll_n ki2) +G1

Similarly, the groups Hj/ and Hj*¥ can also be expressed in terms of the
subgroups involved in the spectral sequence:

HiJ = —Z’iv":'f
dnt1(Z1,"511)
Z:I—_:iln i+1 Tt d,,+1(Z,f;’ k+1)
dn+1(ZJfI_J+1)
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Computing persistent homology Algorithms

Computing persistent homology
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Computing persistent homology Algorithms

Computing persistent homology

@ In this way, it has been very easy to adapt our programs for spectral
sequences in order to compute BD¥, Hi/ and HiP¥ for finite
(filtered) simplicial complexes.
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Computing persistent homology Algorithms

Computing persistent homology

@ In this way, it has been very easy to adapt our programs for spectral
sequences in order to compute BD¥, Hi/ and HiP¥ for finite
(filtered) simplicial complexes.

@ Our programs are also valid in the integer case and this makes it
possible to solve the possible extension problems.
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Computing persistent homology Algorithms

Computing persistent homology

@ In this way, it has been very easy to adapt our programs for spectral
sequences in order to compute BD¥, Hi/ and HiP¥ for finite
(filtered) simplicial complexes.

@ Our programs are also valid in the integer case and this makes it
possible to solve the possible extension problems.

@ They can also be applied in the infinite case, where the effective
homology method can be used to determine the groups H,’ by means
of an equivalence between the initial chain complex C and an
auxiliary chain complex of finite type.
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Examples and applications Torus and Klein bottle

Integer persistence of torus and Klein bottle
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Examples and applications Torus and Klein bottle

Integer persistence of torus and Klein bottle

We use the program JavaPlex to create an explicit metric space for 1000
random points on a flat torus (respectively on a flat Klein bottle) and then
construct an associated /azy witness filtered simplicial complex.
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Examples and applications Torus and Klein bottle

Integer persistence of torus and Klein bottle

We use the program JavaPlex to create an explicit metric space for 1000
random points on a flat torus (respectively on a flat Klein bottle) and then
construct an associated /azy witness filtered simplicial complex.

Computing with JavaPlex the persistent homology groups of both spaces
with coefficients on Zy, we obtain similar barcode diagrams, such that it is
not possible to distinguish both spaces.
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Examples and applications

Torus and Klein bottle

Integer persistence of torus and Klein bottle

We use the program JavaPlex to create an explicit metric space for 1000
random points on a flat torus (respectively on a flat Klein bottle) and then
construct an associated /azy witness filtered simplicial complex.

Computing with JavaPlex the persistent homology groups of both spaces
with coefficients on Zy, we obtain similar barcode diagrams, such that it is
not possible to distinguish both spaces.

lazyWitnessFiatTorus (dmension 0)

001 002 003 004 005 006 007 008 008 01
lazyWitnessFiatTorus (dmension 1)

001 002 003 004 005 006 007 008 00 01
lazyWitnessFiatTorus (dmension 2)

001 002 003 004 005 006 007 008 008 01

lazWitnessFlatilein-Z2 (dmension 0)

001 002 003 004 005 006 007
lazWitnessFlatilein-Z2 (dmension 1)

00e oo 01

001 002 003 004 005 006 007
lazWitnessFlatiiein 22 (dmension 2)

008 o008 01

001 002 003 004 005 006 007
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Integer persistence of torus and Klein bottle
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Examples and applications Torus and Klein bottle

Integer persistence of torus and Klein bottle

The complexes are imported in Kenzo by means of OpenMath.
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Examples and applications Torus and Klein bottle

Integer persistence of torus and Klein bottle

The complexes are imported in Kenzo by means of OpenMath.

Then our new functions computing persistent homology with integer
coefficients can be applied.
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Examples and applications Torus and Klein bottle

Integer persistence of torus and Klein bottle

The complexes are imported in Kenzo by means of OpenMath.

Then our new functions computing persistent homology with integer
coefficients can be applied.

> (prst-hmlg-group kleinb 0 3 0)
Persistent Homology BD"{0,3}_0

Component
Component
Component
Component
Component
Component
Component
Component

N NNNNNDNN
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Examples and applications Torus and Klein bottle

Integer persistence of torus and Klein bottle

The complexes are imported in Kenzo by means of OpenMath.

Then our new functions computing persistent homology with integer
coefficients can be applied.

> (prst-hmlg-group kleinb 0 3 0) > (prst-hmlg-group torus 0 4 0)

Persistent Homology BD"{0,3}_0 Persistent Homology BD"{0,4}_0
Component Z Component Z

Component Z Component Z

Component Z Component Z

Component Z Component Z

Component Z Component Z

Component Z Component Z

Component Z

Component Z
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Examples and applications Torus and Klein bottle

Integer persistence of torus and Klein bottle
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Examples and applications Torus and Klein bottle

Integer persistence of torus and Klein bottle

Our programs make it possible to distinguish the Klein bottle and the
torus:
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Examples and applications Torus and Klein bottle

Integer persistence of torus and Klein bottle

Our programs make it possible to distinguish the Klein bottle and the
torus:

> (total-prst-hmlg-group torus 10 99 1)
Persistent Homology H"{10,99}_1
Component Z

Component Z

> (total-prst-hmlg-group kleinb 10 99 1)
Persistent Homology H"{10,99}_1
Component Z/2Z

Component Z
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Examples and applications Torus and Klein bottle

Integer persistence of torus and Klein bottle
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Examples and applications Torus and Klein bottle

Integer persistence of torus and Klein bottle

Moreover, one can detect that the component Z; appears at stage 39 of
the filtration:
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Examples and applications Torus and Klein bottle

Integer persistence of torus and Klein bottle

Moreover, one can detect that the component Z; appears at stage 39 of
the filtration:

> (total-prst-hmlg-group kleinb 3 38 1)
Persistent Homology H"{3,38}_1
Component Z

Component Z

> (total-prst-hmlg-group kleinb 3 39 1)
Persistent Homology H"{3,39}_1
Component Z/2Z

Component Z

> (prst-hmlg-group kleinb 3 39 1)
Persistent Homology BD"{3,39}_1
Component Z
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Examples and applications Postnikov towers

Integer persistence of Postnikov towers
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Examples and applications Postnikov towers

Integer persistence of Postnikov towers

We consider the space X3 of a Postnikov tower with m; = Z, at each stage
and the “simplest” non-trivial Postnikov invariant. It can be built by
Kenzo by means of the following statements:
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Examples and applications Postnikov towers

Integer persistence of Postnikov towers

We consider the space X3 of a Postnikov tower with m; = Z, at each stage
and the “simplest” non-trivial Postnikov invariant. It can be built by
Kenzo by means of the following statements:

> (setf X2 (k-z2 2))

[K13 Abelian-Simplicial-Group]

> (setf k3 (chml-clss X2 4))

[K125 Cohomology-Class on K30 of degree 4]
> (setf tau3 (z2-whitehead X2 k3))

[K140 Fibration K13 -> K126]

> (setf X3 (fibration-total tau3))

[K146 Kan-Simplicial-Set]
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Examples and applications Postnikov towers

Integer persistence of Postnikov towers

We consider the space X3 of a Postnikov tower with m; = Z, at each stage
and the “simplest” non-trivial Postnikov invariant. It can be built by
Kenzo by means of the following statements:

> (setf X2 (k-z2 2))

[K13 Abelian-Simplicial-Group]

> (setf k3 (chml-clss X2 4))

[K125 Cohomology-Class on K30 of degree 4]
> (setf tau3 (z2-whitehead X2 k3))

[K140 Fibration K13 -> K126]

> (setf X3 (fibration-total tau3))

[K146 Kan-Simplicial-Set]

The space X3 is a twisted Cartesian product X3 = K(Z2, 3) Xk, K(Z>,2),
total space of a fibration K(Z3,3) — Xz — K(Z2,?2).
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Examples and applications Postnikov towers

Integer persistence of Postnikov towers

We consider the space X3 of a Postnikov tower with m; = Z, at each stage
and the “simplest” non-trivial Postnikov invariant. It can be built by
Kenzo by means of the following statements:

> (setf X2 (k-z2 2))

[K13 Abelian-Simplicial-Group]

> (setf k3 (chml-clss X2 4))

[K125 Cohomology-Class on K30 of degree 4]
> (setf tau3 (z2-whitehead X2 k3))

[K140 Fibration K13 -> K126]

> (setf X3 (fibration-total tau3))

[K146 Kan-Simplicial-Set]

The space X3 is a twisted Cartesian product X3 = K(Z2, 3) Xk, K(Z>,2),
total space of a fibration K(Z,3) < X3 — K(Z2,2). The object X3 is
already of finite type, but its effective homology gives us an associated
effective chain complex which is much smaller.
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Examples and applications Postnikov towers

Integer persistence of Postnikov towers
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Examples and applications Postnikov towers

Integer persistence of Postnikov towers

One can compute the Serre spectral sequence associated with X3.
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Examples and applications Postnikov towers

Integer persistence of Postnikov towers

One can compute the Serre spectral sequence associated with X3.

Aq Aq
Za r==4 2o
Zo 0 Zo 0
éo\KZ 0 0 0 0
0 0 0 0 Z 0
%\2\0 0 0 0 0 0
\KZ_\% éoooo
/R SO S /R /900 /0 B0 Ty Oy
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Examples and applications Postnikov towers

Integer persistence of Postnikov towers
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Examples and applications Postnikov towers

Integer persistence of Postnikov towers

Then we can use our new programs for computing the persistent homology
groups of the filtered space X3 making use of the effective homology.
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Examples and applications Postnikov towers

Integer persistence of Postnikov towers

Then we can use our new programs for computing the persistent homology
groups of the filtered space X3 making use of the effective homology.

> (prst-hmlg-group X3 0 4 3)

Persistent Homology BD~{0,4}_3
Component Z/2Z
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Examples and applications Postnikov towers

Integer persistence of Postnikov towers

Then we can use our new programs for computing the persistent homology
groups of the filtered space X3 making use of the effective homology.

> (prst-hmlg-group X3 0 4 3)

Persistent Homology BD~{0,4}_3
Component Z/2Z

This corresponds to the image of the differential dfo : Efo — E6‘3 in the
spectral sequence.
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Examples and applications Postnikov towers

Integer persistence of Postnikov towers
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Examples and applications Postnikov towers

Integer persistence of Postnikov towers

> (prst-hmlg-group X3 0 8 7)
Persistent Homology BD"{0,8}_7
Component Z/2Z

> (prst-hmlg-group X3 2 8 7)
Persistent Homology BD"{2,8}_7
Component Z/2Z

> (prst-hmlg-group X3 4 8 7)
Persistent Homology BD"{4,8}_7
Component Z/2Z

Ana Romero Spectral sequences for computing persistent homology MAP 2014 30/ 34



Examples and applications Postnikov towers

Integer persistence of Postnikov towers

> (prst-hmlg-group X3 0 8 7)
Persistent Homology BD"{0,8}_7
Component Z/2Z

> (prst-hmlg-group X3 2 8 7)
Persistent Homology BD"{2,8}_7
Component Z/2Z

> (prst-hmlg-group X3 4 8 7)
Persistent Homology BD"{4,8}_7
Component Z/2Z

Let us observe that in this case BD;’k do not determine the total

persistent homology groups H;’ because several extensions are possible.

Our programs solve the extension problems:
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Examples and applications Postnikov towers

Integer persistence of Postnikov towers

> (prst-hmlg-group X3 0 8 7)
Persistent Homology BD"{0,8}_7
Component Z/2Z

> (prst-hmlg-group X3 2 8 7)
Persistent Homology BD"{2,8}_7
Component Z/2Z

> (prst-hmlg-group X3 4 8 7)
Persistent Homology BD"{4,8}_7
Component Z/2Z

Let us observe that in this case BD;’k do not determine the total

persistent homology groups H;’ because several extensions are possible.

Our programs solve the extension problems:

> (total-prst-hmlg-group X3 4 7 7)
Persistent Homology H"{4,7}_7
Component Z/2Z

Component Z/4Z
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Examples and applications Postnikov towers

Integer persistence of Postnikov towers

Integer barcode diagram of the space X3 = K(Zo,3) x4, K(Z2,2).

01 2 3 4 5 6 7 8
Ho(Z 7 e
H. C
Ho [Zs Z» [
Hs [Zy 7, &—O
H4[ZzZz [
_Zz 7@ ]

Lo ® Lo Lo e———— 0

Sy Iy Iy Iy |

H:

&

\Za @ Zo Zo -
[ Zia Z,® ]
Do & Ly 7o [

[ Z» 7, o) 7
Lo ® Zn Lo [ o)

Za D Zp 7o e—— 0O
\Z4 ® 73 7> *———

H,

o

H

3
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Examples and applications Postnikov towers

Integer persistence of Postnikov towers

Alternative description of the integer barcode diagram of
X3 = K(Z2,3) Xk3 K(Zz,2).
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@ Spectral sequences and persistent homology are defined from a same
object, a simplicial filtration, and are closely connected, as remarked
by several authors.
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@ Spectral sequences and persistent homology are defined from a same
object, a simplicial filtration, and are closely connected, as remarked
by several authors.

@ Our experimental approach allowed us to detect a small error
presented in a well-known book on Computational Topology, and to
make explicit the correct relation between persistence and spectral
sequences.

@ A slight modification of some previous programs for computing
spectral sequence programs is sufficient to compute also persistent
homology.

@ As a by-product, our persistent homology programs can be applied
also over spaces of infinite nature.

Ana Romero Spectral sequences for computing persistent homology MAP 2014 33 /34



Conclusions and further work

Conclusions and further work

Ana Romero Spectral sequences for computing persistent homology MAP 2014 34 /34



Conclusions and further work

Conclusions and further work
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groups and their corresponding integer barcodes.
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o Similarly, our programs compute the integer persistent homology
groups and their corresponding integer barcodes.

@ As for applications, in this talk we have computed integer persistence
of the Klein bottle and the torus, and we have shown the integer
barcodes on a concrete Postnikov tower.

@ As a further work, persistent homology can also be applied to
biomedical image processing. Our enriched spectral sequence

programs will allow us to undertake this task.

e For big digital images, discrete vector fields can be used to construct
a reduced (effective) chain complex.
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