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Proof theory ?

Study of proof transformations

What are its applications ?

- Algorithm discovery (not today)

- Proving new theorems (today, just a first small step)
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Motivation

What is a proof ?

Resolution proof = ???
Hilbert system = first-order theory: Kxy = x and Sxyz = xz(yz)
Natural deduction = A-calculus, Ap-calculus

Sequent calculus = the nicest system from the view point of algebra

Why so many structures ?
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Motivation

What is a proof ?

Resolution proof = ???
Hilbert system = first-order theory: Kxy = x and Sxyz = xz(yz)
Natural deduction = A-calculus, Ap-calculus

Sequent calculus = the nicest system from the view point of algebra

Why so many structures ?
Why so many rings ?
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Motivation

What is a proof ?

Resolution proof = ???

Hilbert system = first-order theory: Kxy = x and Sxyz = xz(yz)

Natural deduction = A-calculus, Ap-calculus

Sequent calculus = the nicest system from the view point of algebra
Why so many structures ?

Proof as algorithm ... extends polynomials.
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Proof transformations

Proof reduction/normalisation (not today)

- Correct program extraction

- Algorithm discovery: when using a non constructive lemma

Proof of A to proof of B transformation

- Alternative to model theory (today).
- When the theory is complete equivalent to proving A = B (today).
- Alternative to a proof of A = B (future, depend upon the theories)
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Hilberts' nullstellensatz

If

- A is an integral domain,

- Py, Py Q € ALX, .y X4,

- P=..=B, =0 = Q = 0 true in the algebraic closure,
then

JeeN and JA,, ..., A, € A[X, ..., X4] such that
Q= AP +..+ AP,

or

Q is in the radical ideal generated by Py, ..., P,.

Hilbert, Hermann, Kollar, ...
Exponential bounds when Q =1 and Rabinowitsch trick (Py =1-QY)
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Hilberts' 17th problem, positivstellenstaz

Can we write a positive polynomial as a sum of squares of rational fractions?
Motzkin's polynomial requires fractions:
1+ x2y4+ x4y2 - 3xzy2

If

- A is a totally ordered ring,

- Py, Py Q € ALX, .y Xg,

-P>20,.,P>20=Q>0(@(eP;>20,..,P,>20,-Q>0 = 1) in the real

closure,
then
JeeN and 3Cy, ..., C, € #[Py, ..., P, — Q] such that
CiPi+..+ Co P4+ (-Q) =0,

Artin, Kreisel, Krivine, Stengle, Coste, Roy, Lombardi, Perrucci
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Positivstellenstaz, effective proofs

- Hormander tableau (generalisation of Sturm's sequences) or cylindrical

decomposition to decide the sign on R"
- Each step of the proof transforms algebraic certificates.
- The final certificate is what we want.

Needs a lot of clever ideas ! Some of them which we will reuse (not all).
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xxxstellenstaz from cut-elimination

Start from a proof given by any algorithm

Translate it in a specific sequent calculus

Eliminate cuts

Final transformations of the proof for existential axioms

Extract the certificate

Friedman, Whiteley (1989), this work
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Polynomial BDD (An intermediate certificate)
- Start from a proof given by any algorithm
- Translate it in a specific sequent calculus
- Eliminate cuts
- Final transformations of the proof for existential axioms
- Extract the PBDD
- Compute the final certificate (3 ways)

new way: lower degree, no control on the zero of the denominator
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Sequent calculus

Formula and sequent

Formula
- Pe A[V] means P = 0 or P > 0 (V a countable set of variables {X, ..., X,,, ...})
- AV B disjunction
- —A negation
- VXA
-A=>B=(—A)VB
- AAB=—(—AV —B)
- X A=—(VX —A)

Sequent (Two sets of formulae)

Ayy ey Ay By, o, B
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Sequent calculus

Deduction rules

upper sequents are provable (premises) = the lower one (conclusion) is too.

L TEAA ATEA_
LAFA,A reA

r=A,A NAFA
N-AFA TF—=AA

NAFA TLBFA THAB,A,
AVBFA " TFAVB,A '

NLAIX < PLLYXAFA THAA

W
LYXAFA TEVXA,A

Gentzen's cut elimination theorem (consistency)
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Sequent calculus

Commutation

N\ n /
LBIX — PLYXBEA A\ m /
LVXBFA,A ‘ A LYXBEA

VX BFA

A8

N
N\ m / ATEA -

Wi

I, B[X « P],YX BFA, A A, T,BIX « PL,LVXBHA_
I BIX « P],VXBFA_

YXBFA ‘

12
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Sequent calculus

Reduction

NIV

7

TEA,A

AIX & PLLYXA, T A

T'EA, VXA

VXA, THEA

I'=A

P e

N\

T[X « P] / rEA,

8

A, A[X « P]

VXA AIX < PLLYXA, TEA
AX < PI,THA

I'=A

13
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Sequent calculus

Algebraic axiom

PC F,GEA (i@,])eﬂ%
I

P
A

b
l_

Conditions:

1.

oW D

R generalises the usual axiom
R allows weakening, reordering and contraction
R allows substitution

R allows cuts

14
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Sequent calculus

Algebraic axiom

PC F,GEA (ﬁa,])eﬂ%
r=A

Y
l_
Conditions:

1. R generalises the usual axiom

2. R allows weakening, reordering and contraction
3. R allows substitution

4. R allows cuts

vP 3] (P), (P),]) € R (1)

14
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Sequent calculus

Algebraic axiom

PC F,GEA (i@,])eﬂ%
I

P
A

)
.. =
Conditions:

1. R generalises the usual axiom

2. R allows weakening, reordering and contraction

3. R allows substitution

4. R allows cuts
PCP,QCQ,(P,Q,))eR=3(P,Q,J)eR (2)

14
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Sequent calculus

Algebraic axiom

PC F,GEA (ﬁa,])eﬂ%
r=A

Y
l_
Conditions:

1. R generalises the usual axiom

2. R allows weakening, reordering and contraction
3. R allows substitution

4. R allows cuts

(P,Q,))eR =3 (PIX = TL,QAX « T, T) e R (3)

14
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Sequent calculus

Algebraic axiom

PC F,GEA (ﬁa,])eﬂ%
r=A

Y
l_
Conditions:

1. R generalises the usual axiom

2. R allows weakening, reordering and contraction
3. R allows substitution

4. R allows cuts

(B> (a»T)» Il) S IR) ((TD)) T))G» IZ) ER = 3]3 (Bya) I3) eER (4)

14
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Sequent calculus

Examples

nullstellensatz

(P, Q, (A €) € R = AP 4.+ AP = QL.Qi

positivstellensatz
(P,Q,(C,¢) € R &= CPy 4t CuPit (-Q) " (-Q)™ = 0

Ci € %(P], 8} Pn» _Qh D] _Qm)
To check:
1. Consistency : the 4 previous properties

2. Completeness : proving the ring / ordered ring axioms

15
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Sequent calculus

Proof of (4)

From axioms proving ' FA, Q et Q,T FA

= CG+GQ+M =0et CG3+C(-Q)+(-Q)XM, =0
= GEQY=CG+M,

= C5C+ GGG+ M) + (C+M)'M, =0

= Cs+MiM, =0

C,e &I, -A), M, € L(-A)

16
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Sequent calculus

Some axioms

P>0:=P
P>0:=—(-P)
- P=0:=P A -P (good in negative position)

P=0:=-P° (good in positive position)
P>0VP<0&= PV —=(P)

P>0=P>0¢&F——(-P) VP &= P+ (-P)P=0

17
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Sequent calculus

Almost an effective proof of the positivstellensatz

1. Assume - Q > 0 is true

»

F Q is provable in the previous sequent calculus (decidability)

F Q is provable by a cut-free proof

w

4 T A Ti 4 S1-Q) + +SH-Q) + (-Q)° = 0

18
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Sequent calculus

Almost an effective proof of the positivstellensatz

1. Assume - Q > 0 is true in a real closed field K

»

F Q is provable in the previous sequent calculus

in the ring A generated by the coefficients (completeness theorem)

F Q is provable by a cut-free proof

w

N

T A T+ SIEQ) 4+ SH-Q) + (-Q) =0
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Sequent calculus

From ring to field

nPX=1rA NLP=0FA_
TFA

\%

MPX)=0FA NPUPV)>0FA_
TEA

Those rules may be eliminated ... when proving TT;-formula.
- X not free in ' and A
- Move the rule up to the axioms
- Only barrier: V| absent for cut-free proof of TT;-formula

- Eliminate the rules
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w

Sequent calculus

An effective proof of the positivstellensatz

. Assume - Q > 0 in a real closed field K

F Q is provable in the previous sequent calculus with Inv and Clos (decidability)
F Q is provable by a cut-free proof

F Q is provable by a cut-free proof without Inv and Clos

T A Te 4+ $1-Q) + .+ S5-Q) + (-Q)° = 0
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Polynomial BDD

Polynomial BDD: binary trees

S LM, k,C):P, =0, ., P >0;S,>0,.,5,>0FQ, ..

- 1<k<n,

- M e M(S;, ..., S;) and

— CE€CPyy oy Py Syy ey S,
- MQ,=C

- If(R)—H,Tz) S P] 2 O,...,PmZ 0, S] > O,...,Sl> 0+ Q],...

- Re A[V],
- TPy Py RSy oy St F Qyy ey, Qp and
- TZ:P])...,Pm;S],...,Sl,—R H Q]""’QP'

—

PCRQCEAT:PFQ,
F-A
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Polynomial BDD

Example of PBDD for FOC-YH(X-Y):

IF(X, Y, 11,1, (X=Y) (X +2XY +Y?)),
L1, 1, (X'+Y'-X*Y-X17?)),
IFY, L(1,1, (X*+Y*-X>Y-XY?)),
L(1,1, (X =Y) (X% + 2XY +Y2))

Q= (X-Y) (X +XY+Y?) Q= (X-Y) (X2 +XY+Y?)

Q; = X'+ Y- X’y-xv?

Y<0
Y<0 Y>0


edit:@1@0
edit:@1@0
edit:@1@0
edit:@1@0
edit:@1@0
edit:@1@0
edit:@1@0
edit:@1@0
edit:@1@0
edit:@1@0
edit:@1@0
edit:@1@0
edit:slides.txp@697@1
edit:slides.txp@505@1
edit:slides.txp@248@1
edit:slides.txp@45@1
edit:slides.txp@532@51
edit:slides.txp@532@27
edit:slides.txp@532@7

Polynomial BDD

PBDD as intermediate certificate

A correct sequent calculus

Complete too

Cut elimination costs less

Recover Stengles's certificate

Antother certificate is possible
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Polynomial BDD

Weak certificates

Assume:
Py, .., P.FQ

Strong certificate:
C+(-Q)*= 0 with Ce &Py, ..,P,,-Q)

Weak certificate:
P], weey Pn 1 or C]Q = Cz with C], Cz € g(P], veey Pn) and C] ?é O, CZ 7£ 0

Strong certificate from PBDD: product of the degrees

Weak certificate from PBDD: sum of the degrees

Unfortunately: still products when eliminating roots
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Polynomial BDD

A new way to combine certificates

T=1If(S,T,,,):T;AFQ
- fromT: C;Q = C,
- from Tz: D]Q = DZ

Linear combination eliminating S:
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Polynomial BDD

A new way to combine certificates

T=1If(S,T,,L):T;AFQ
- from T;: (C;SQ + Cf' = C;S + CY)
- from T,: (D}(-S) Q + Dy = D5 (-S) + DY)

Linear combination eliminating S:
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Polynomial BDD

A new way to combine certificates

T=1If(S,T,, L) :T; A+ Q
- fromT: (C;Q-C3)S = -C/Q+CY
- from T,: (D}Q - D%) (-S) = -D/Q + D}

Linear combination eliminating S:

25
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Polynomial BDD

A new way to combine certificates

T=If(S,,,T,):T;AFQ
- fromT: (C;Q-C3)S = -C/Q+CY
- from T;: (D1Q - D3) (-S) = -DYQ + D)
Linear combination eliminating S:
(DIQ-D2) (-C/Q+C;) +(CQ-C)(-D"1Q+D3) =0

25
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Polynomial BDD

A new way to combine certificates

T=If(S,,,T,):T;AFQ
- fromT: (C;Q-C3)S = -C/Q+CY
- from T,: (DjQ -Dj) (-S) = -DYQ + D}
Linear combination eliminating S:
(DiCJ+ D Ci'+ C{ DY+ C;DY) Q = D{C/'Q*+ C{ D{Q* + D} C + C, Dy

25
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Polynomial BDD

A new way to combine certificates

T=If(S,,,T,):T;AFQ
- fromT: (C;Q-C3)S = -C/Q+CY
- from T,: (DjQ -Dj) (-S) = -DYQ + D}
Linear combination eliminating S:
(DjCJ+ D, Ci'+ C{ DY+ C;DY) Q = D{C/'Q*+ C{ D{Q* + D} C + C, Dy

What to do when this gives 0 ?
Simplification of the PBDD !
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Polynomial BDD

Formal roots

root as function symbols
- p(P, A, B) a root of P between A and B.
- 1/P

Equationnal certificates are meaningless with formal roots
May contain roots which do not exists simultaneously.
This does not happens with PBDD

On each branch all roots and inverse are defined.
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Polynomial BDD

Existential

- Assume:
P, .., P EF3IX Q
- A normal proof gives a PBDD:

T:Pyy ey B EQIX  Sil, ...y QX « S,]

- The branch of the PBDD tells you a way to choose the witness.
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olynomial BDD

Implementation: Motzkin polynomial

3
O+x'y +yx)-27xy* > 0
Strong Direct ?2? Strong from PBDD: degree 72 Weak: degree 48
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Conclusion

Discussions

Compute bounds ?

What cut elimination strategy ?

More modular/flexible ?

Easier to extend/adapt ?

Other proofs by induction on proofs ?

Thanks: Marie-Francoise Roy, Henri Lombardi, Daniel Perrucci

Typography and display by Patoline
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Conclusion

Discussions
- Compute bounds ?
Better to build directly a cut-free proof ?
- What cut elimination strategy ?
- More modular/flexible ?
- Easier to extend/adapt ?
- Other proofs by induction on proofs ?

Thanks: Marie-Francoise Roy, Henri Lombardi, Daniel Perrucci

Typography and display by Patoline
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Conclusion

Discussions

- Compute bounds ?

Better to build directly a cut-free proof ?
- What cut elimination strategy ?

May lower the degree in practice ?
- More modular/flexible ?
- Easier to extend/adapt ?
- Other proofs by induction on proofs ?

Thanks: Marie-Francoise Roy, Henri Lombardi, Daniel Perrucci

Typography and display by Patoline
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Conclusion

Discussions

- Compute bounds ?

Better to build directly a cut-free proof ?
- What cut elimination strategy ?

May lower the degree in practice ?
- More modular/flexible ?

Reveals the role of proof theory.

- Easier to extend/adapt ?
- Other proofs by induction on proofs ?
Thanks: Marie-Francoise Roy, Henri Lombardi, Daniel Perrucci

Typography and display by Patoline
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Conclusion

Discussions

- Compute bounds ?
Better to build directly a cut-free proof ?
- What cut elimination strategy ?
May lower the degree in practice ?
- More modular/flexible ?
Reveals the role of proof theory.
- Easier to extend/adapt ?
Yes (exp, cos, sin, 3/0X, J), but which direction ?

- Other proofs by induction on proofs ?
Thanks: Marie-Francoise Roy, Henri Lombardi, Daniel Perrucci

Typography and display by Patoline
29
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