
Solution for the quiz : third week MA101 December 9, 2014

Exercise

Recall that R
˚

`

def

“ p0, `8q is the set of positive real numbers (i.e. R
˚

`
“ t� : � P R, � ą 0u).

Let �, � P R
˚

`
(� ą 0, � ą 0).

Consider the set � “

"

p´1q�� `
�

�
: � P N

˚

*

. (Of course � Ă R.)

1. (for A group) Determine (if they exist) the maximum, the supremum, and one upper

bound of this set �.

2. (for B group) Determine (if they exist) the minimum, the infimum, and one lower

bound of this set �.

Solution for A group (max)

Just to check: First of all, in the definition of �, � ą 0 because in N
˚ “ Nzt0u, so

�

�
is well

defined.

Studying �: Then, for any � P N
˚, let �� “ p´1q�� `

�

�
.

We have �2� “ � `
�

2�
and �2�´1 “ ´� `

�

2� ´ 1
.

The two sequences p�2�q�PN˚ and p�2�´1q�PN˚ are decreasing, because � ą 0.
So if we define �even

def

“ t�2� : � P N
˚u and �odd

def

“ t�2�´1 : � P N
˚u, then1 � “ �even Y �odd.

But because the sequences decrease, both �even and �odd have a greatest element:

• max �even “ �2 is well defined (for � “ 1), i.e. max �even “ � `
�

2
,

• and max �odd “ �1 is well defined (for � “ 1), i.e. max �odd “ ´� `
�

1
“ � ´ �.

Therefore � also have a greatest element, given by max � “ max pmaxp�evenq, maxp�oddqq.

We conclude with max � “ maxp� `
�

2
, � ´ �q. So � is upper-bounded and sup � “ max �.

One upper bound is � ` �, and another one (less precise) is � ` � ` 2014 (indeed, @� P �, � ď � ` �

so @� P �, � ď � ` � ` 2014). Any number bigger than � ` � is an upper bound!

Bonus: We precise the notation with ��,�
def

“

"

p´1q�� `
�

�
: � P N

˚

*

.

Find one pair �, � such that max ��,� “ � `
�

2
and another pair �1, �1 such that max ��1,�1 “ �1 ´ �1.

Answer: With � “ 100, � “ 1, we have max �100,1 “ � `
�

2
“ 100 `

1

2
. With �1 “ 2, �1 “ 50, we

have max �2,50 “ �1 ´ �1 “ 50 ´ 2 “ 48.

1
In fact, E “ Eeven Z Eodd : these two sets form a partition of E.
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Solution for B group (min)

Just to check: First of all, in the definition of �, � ą 0 because in N
˚ “ Nzt0u, so

�

�
is well

defined.

Studying �: Then, for any � P N
˚, let �� “ p´1q�� `

�

�
.

We have �2� “ � `
�

2�
and �2�´1 “ ´� `

�

2� ´ 1
.

The two sequences p�2�q�PN˚ and p�2�´1q�PN˚ are decreasing, because � ą 0.

And we know that �2� Ñ
�Ñ`8

� and �2�´1 Ñ
�Ñ`8

´�, because
�

�
Ñ

�Ñ`8

0.

So if we define �even

def

“ t�2� : � P N
˚u and �odd

def

“ t�2�´1 : � P N
˚u, then2 � “ �even Y �odd.

But because the sequences decrease (strictly) so:

• inf �even “ lim
�Ñ`8

�2� “ �, and �even does not have a smallest element,

• inf �odd “ lim
�Ñ`8

�2�´1 “ ´�, and �odd does not have a smallest element.

And because of the partition2, inf � “ min pinfp�evenq, infp�oddqq. We conclude by saying that
� is lower-bounded and inf � “ minp�, ´�q “ ´� (because � ą 0), and � does not have a smallest
element.

Therefore one lower bound is ´�, and another one (less precise) is ´�´7 (indeed, @� P �, � ě ´�

so @� P �, � ě ´� ´ 7). Any number smaller than ´� is a lower bound!

2
In fact, “ Eeven Z Eodd : these two sets form a partition of E.
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