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1 Some change of variable

Ex.1.1) Let1 � P C
0pr´�, �s,Rq with � ą 0. With one change of variable, prove the

following geometrical properties of integrals :

(i) If � is even, show that

ż a

´a

� “ 2

ż a

0

� (this is a shortcut for

ż a

´a

�p�qd�

and

ż a

0

�p�qd�),

(ii) If � is odd, show that

ż a

´a

� “ 0.

Ex.1.2) Let � ą 0, compute

ż x

0

1

�2 ` �2
d� for all � ą 0. (Remember that we know

how to integrate the function � ÞÑ 1

1 ` �2
.)

Ex.1.3) For �, � P R, � ă �, compute

ż b

a

p� ´ �q3p� ´ �q3d�.

Ex.1.4) Find one primitive of the function � : � ÞÑ coshp�q
sinh4p�q thanks to a change of

variable � “ sinhp�q (of course by carefully saying on which interval you
work).

Ex.1.5) (i) For an interval of the form

ż b

a

�p�nqd�

�
(for 0 ă � ă �), one could

remark that the change of variable � “ �n is interesting.

(ii) Compute

ż 2

1

1

�p1 ` �nqd� for on � P N
˚.

Ex.1.6) Remember the formula for cosp�q, sinp�q, tanp�q as a function of tan
´�

2

¯

(and especially the domain where they are valid). Use them to find primitives

for � ÞÑ 1

cosp�q and � ÞÑ 1

sinp�q , maybe with the change of variable � “

tanp�

2
q.

Ex.1.7) Compute one primitive of � : � ÞÑ �

p1 ` �2q
?

1 ´ �4
(on the good domain).

One could try to write �2 “ cosp�q.
1This notation f P C

0pD,Rq stands for a function f , from D to R, being continuous.
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2 Integration by parts, and application to com-

pute some primitives

Ex.2.1) Compute

ż 1

0

lnp1 ` �2qd�,

Ex.2.2) Compute

ż x

0

arctanp�qd� for all � ą 0,

Ex.2.3) (Lebesgue’s Lemma) Let2 � P C
1pr�, �s,Rq, show that3

ż b

a

sinp��q�p�qd� Ñ
nÑ`8

0.

Ex.2.4) Compute one4 primitive of � : R Ñ R, � ÞÑ p3�2 ` 5� ´ 12q cosp�q,

Ex.2.5) Compute one primitive of � : � ÞÑ 1

sin2p�q cos2p�q on a domain you will

choose and specify,

Ex.2.6) Compute one primitive of � : R˚
` Ñ R, � ÞÑ p1 ´ �q2

?
�

,

Ex.2.7) Compute one primitive of � : R Ñ R, � ÞÑ 1

p1 ` �2q2
by integrating by parts.

Bonus: One could try to prove the general case for any
1

p1 ` �2qn
, maybe

by an induction � P N (Starting from � “ 0 as always, remember that

we agreed 0 P N).

3 Other problems linking differentiation and in-

tegration

Ex.3.1) Let �, � P R, � ă �. Prove that there is a constant � P R such that :

@� P C
1pr�, �s,Rq, �p�q “ 0

def“ą
ż b

a

� 2p�qd� ď �

ż b

a

p� 1q2p�qd�.

2This notation f P C
1pD,Rq stands for a function f , from D to R, being continuous and

differentiable on D, and with a first derivative also continuous.
3One could think to write sinpntq as Impeintq and then integrate by parts, by differentiate f

(which is C
1) and integrate eint as

1

int
eint ` C, if n ‰ 0.

4Remember that if F 1 “ f , and G “ F ` c for one constant c P R, then G1 “ f also!
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Ex.3.2) Compute � “
ż b

a

sinp�q
sinp�q ` cosp�qd� and � “

ż b

a

cosp�q
sinp�q ` cosp�qd�, by as-

suming5 that r�, �s does not contain any element being equals to ´Þ

4
modulus

Þ.

Ex.3.3) Let � P C
2pR,R`q, assume that �2 is bounded on R. Show6 that @� P

R, |� 1p�q| ď
b

2||�2||8�p�q.
Notation: ||�2||8 stands for the infinity-norm, and is defined as the maximum
of |�2| on R.

Ex.3.4) Find all the functions7 � of R Ñ R that satisfies:

@� P R, �p�q ´
ż x

0

p� ´ �q�p�qd� “ �2.

Ex.3.5) Find all the functions � P C
0pR,Rq (ie, continuous function from R to R)

such that @� P R,

ż x

0

�p�qd� “ � 2p�q.

Ex.3.6) (About differentiation) Let � P C
3pR,Rq, and � P R.

Compute lim
hÑ0

�p� ` 3ℎq ´ 3�p� ` 2ℎq ` 3�p� ` ℎq ´ �p�q
ℎ3

.

Bonus: Any idea of a more general result ?

4 Harder problem

Ex.4.1) Let � P C
0pr�, �s,Rq (a continuous function from an interval r�, �s to R).

Assume that @Ð, Ñ P r�, �s,
ż β

α

� “ 0 to prove that � “ 0.

Ex.4.2) (Hard) Let �, � P C
0
pcpr�, �s,Rq be two function piecewise continuous (ie,

continuous on every interval of a good partition of r�, �s).

Prove that p
ż b

a

p� ` �q2q 1

2 ď p
ż b

a

� 2q 1

2 ` p
ż b

a

�2q 1

2 .

5And can you justify this hypothesis ?
6By using the Taylor-Lagrange inequality for f at the second order to find a polynomial

function of degree 2 on h.
7One could prove that one solution of this functional equation has to be C

8, ie infinitely
differentiable, and then that it satisfies a certain simple differential equation that you should
solve.
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Ex.4.3) (Bonus) Compute8 lim
ną0,nÑ`8

ˆp2�q!
�!�n

˙
1

n

.

Ex.4.4) (Hard) Let � P C
0pr�, �s,Rq, we want to show that lim

nÑ`8

ˆ
ż b

a

|� |n
˙

1

n

“
||� ||8.

(i) Prove existence of one � P r�, �s such that |�p�q| “ ||� ||8,

(ii) Let � ą 0. Show that there is on neighborhood rÐ, Ñs on � on which
|�p�q| ě ||� ||8 ´ � for all � P rÐ, Ñs,

(iii) Then show that the sequence is lower-bounded by the sequence of gen-

eral term pÑ ´ Ðq 1

n p||� ||8 ´ �q (for � ą 0),

(iv) Then do the same for an upper-bound, and conclude by the squeezing
theorem.

Ex.4.5) (Taylor-Lagrange’s Identity) Let9 � P C
npr�, �s,RqXD

n`1pp�, �q,Rq, with
� P N

˚. Show10 that there is one constant � P p�, �q such that :

�p�q “
n

ÿ

k“0

� pkqp�qp� ´ �qk

�!
` � pn`1qp�qp� ´ �qn`1

p� ` 1q! .

8By naming un the general term of that sequence to study, define an other sequence v “
pvnqnPN by @n P N, vn “ lnpunq. One could then introduce a Riemann sum for v (and use the
basic property of logarithms).

9You should start to be familiar with these notations : f is both a function of class n of ra, bs
and n ` 1 times differentiable on pa, bq.

10One should use Rolle’s Theorem applied to g : ra, bs Ñ R, x ÞÑ
n

ÿ

k“0

f pkqpxq
pb ´ aqk

k!
`

pb ´ aqn`1

pn ` 1q!
λ, with one λ choose to have gpaq “ gpbq.
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