
Integration on a segment MA101 December 9, 2014

For these problems, a and b are real numbers, satisying a ă b. In any case, you
should be able to quickly justify the existence of any integrals that you write. Every

integrals !

Ex.1) Study1 the limit (for n Ñ `8) of these sequences of general term I�, J�, K� and
L� (defined for any n P N) :

(i) I� “

ż

1

0

x�

1 ` x3
dx,

(ii) J� “
1

n!

ż

1

0

parcsinpxqq�dx,

(iii) K� “

ż �

0

sinpnxq

n2 ` x4
dx,

(iv) L� “

ż �2

0

sinpnxq

n2 ` x4
dx.

Ex.2) Compute2 the following limits :

(i) lim
�Ñ`8

ż �2

�

lnptq

1 ` t4
dt, (ii) lim

�Ñ0

ż

1

0

x3
a

1 ` a3x3dx.

Ex.3) Let f P C
0pra, bs,Rq. Assume

ˇ

ˇ

ˇ

ˇ

ż �

�

f

ˇ

ˇ

ˇ

ˇ

“

ż �

�

|f |. Show3 that f keeps a constant sign

on ra, bs.

Ex.4) Let f P C
0pra, bs,Rq. Let F be the function defined on ra, bs by F pxq :“

ż �

�

fptqdt.

First justify that F is well defined, and then that F is k-lipschitzian4 (for a good
k P R` to find). Is F differentiable ? If yes, what can you say about F 1 ?

Ex.5) Let f P C
0pr0, 1s,Rq. Study5 the limit of the sequence of general term I� “

ż

1

0

fp
x

n
qdx (defined for any n P N

˚). Bonus: And what if f is not continuous at

0, at 1 ?

Ex.6) Let I “ pI�q�PN defined by : @n P N, I�
def

“

ż

1

0

t�

1 ` t
dt.

(i) Justify the existence and then compute the limit lim
�Ñ`8

I�,

(ii) Find a simple recurrence relation between I�`1 and I� (for any n P N),

1For the second one �n, you should find a rough upper-bound for arcsin, and for the last one �n, one
could split in half, by using the previous one.

2For the first one, one could find an upper-bound for the quantity under the integral by some quantity
which no longer depend on �, and then study the limit; for the second one, one could find lower and

upper bounds for
a

1 ` �3�3 by some quantity without � and then compute the two integrals.

3One could consider the sign of

ż

b

a

� and consider two cases.

4Remember that this means : |� p�q ´ � p�q| ď �|� ´ �| for any �, � P r�, �s.

5One could compare that integral with a simpler one like

ż

1

0

�p0qd�.

Please, report any issue to MA101@crans.org 1 Mahindra École Centrale, 2014

http://www.MahindraEcoleCentrale.edu.in/portal/course/view.php?id=7
mailto:MA101_at_crans_._org
http://www.MahindraEcoleCentrale.edu.in/


Integration on a segment MA101 December 9, 2014

(iii) And now let S “ pS�q�PN˚ defined by : @n P N
˚, S� “ 1 ´

1

2
`

1

3
´ ¨ ¨ ¨ `

p´1q�`1

n
“

�
ÿ

�“1

p´1q�`1

k
. Use I to simplify S,

(iv) Conclude that this sequence S is converging and compute its limit.

Ex.7) Let f P C
0pr0, 1s,Rq. Compute6 the limit of the sequence I�

def

“ n

ż

1

0

x�fpxqdx

(defined for any n P N).

Ex.8) Let pf�q�PN a sequence of continuous functions on ra, bs. Assume that lim
�Ñ`8

ż �

�

pf�pxqq4dx “

0. Show7 that lim
�Ñ`8

ż �

�

f�pxqdx “ 0.

Ex.9) Let f P D
1pra, bs,Rq. Assume that |f |1 is upper-bounded on ra, bs by some constant

M P R`, and that fpaq “ fpbq “ 0. Show that

ˇ

ˇ

ˇ

ˇ

ż �

�

f

ˇ

ˇ

ˇ

ˇ

ď
pb ´ aq2

4
M .

Ex.10) Let f P C
1pr0, 1s,Rq. Prove that lim

�ą0,�Ñ`8

�´1
ÿ

�“0

ˆ

fp
2k ` 1

2n
q ´ fp

k

n
q

˙

“
fp1q ´ fp0q

2
.

Ex.11) Compute the limit lim
�Ñ`8

�
ÿ

�“1

n ` k

n2 ` k2
.

Ex.12) Prove that
�

ÿ

�“1

e´�{�

k2
„

�Ñ`8

1

en
.

Ex.13) Let f, g P C
0pr0, 1s,Rq. Assume f and g to be non-negative (everywhere on r0, 1s),

and satisying fg ě 1. Prove8 that p

ż

1

0

fq ˆ p

ż

1

0

gq ě 1 (as always ˆ stands for a

product).

Ex.14) Let f P C
0pra, bs,Cq (warning, f takes complex values). Assume

ˇ

ˇ

ˇ

ˇ

ż �

�

f

ˇ

ˇ

ˇ

ˇ

“

ż �

�

|f |.

Show that argument of f (argpfq) is constant (where f is not zero).

6One could try to guess the limit by considering some examples, and then study the difference between
the sequence and this limit, which can be written as a integral (cf. Ex.5)).

7One could start to show that lim
nÑ`8

ż

b

a

p�np�qq2d� “ 0.

8You could be inspired by our friends Augustin Louis C. and Hermann Amandus S..
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Ex.15) Let f P C
0pra, bs,Rq such that

ż

1

0

fptqdt “

ż

1

0

tfptqdt “

ż

1

0

t2fptqdt “ 0. Prove9

that f has at least three real zeros on r0, 1s. Can f have more than three zeros ?

Ex.16) Let f P C
0pr0, 1s,Rq such that @n P N,

ż

1

0

t�fptqdt “ 0. Prove that f “ 0 (which

is, the constant function always equals to 0).
One could either use the dominated convergence theorem of Riemann, or follow
these ideas.
You can prove by contradiction, assume that there is a ă b such that f ě η ą 0
on ra, bs, for one η small enough (if f is always negative, change from f to ´f !).
Then find a polynomial function which is zero at a and at b, greater than 0 on
pa, bq, and of absolute value strictly smaller than 1 otherwise (ie on r0, 1szra, bs “
r0, aq Y pb, 1s).
By looking to the successive powers of this polynomial, multiplicated by f , use the
hypothesis on f to conclude.

9One could prove by contradiction : if � have more than 2 zeros, and then find one polynomial
function � of degree greater or equal than 2, such that � p�p�qq ě 0, @� P r�, �s and finally conclude that
something is wrong.
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