
Usual functions MA101 December 9, 2014

1 Exercises to do before tutorials.

1. Let � and � be defined by � : � ÞÑ ln
´

� `
?

1 ` �2

¯

and � : � ÞÑ ln
´?

1 ` �2 ´ �
¯

.

Determine the domains of these two functions. Find and illustrate the variations of � ,
and show that when this has meaning, we have �p�q ` �p�q “ 0.
Can you give the usual name of this function �?

2. Find the domain of definition, domain of continuity and domain of derivability of the
following functions, and then compute their derivatives:

(1) �1 : � ÞÑ ln

ˆ

1 ´ �

1 ` �

˙

,

(2) �2 : � ÞÑ ln

ˆ

�2 ´ 4� ` 4

´�2 ´ � ` 6

˙

,

(3) �3 : � ÞÑ lnpcosp�qq,
(4) �4 : � ÞÑ e

1

1´x ,

(5) �5 : � ÞÑ sinp�qcospxq,

(6) �6 : � ÞÑ �px
xq,

3. Find1 the following limit: lim
xÐÑ`8

p�xqx

�pxxq .

4. For � P R and � P N, compute2 the next two sums:
n

ÿ

k“0

ˆ

�

�

˙

coshp��q,
n

ÿ

k“0

ˆ

�

�

˙

sinhp��q.

5. Show that, if Ð ą 0, then lim
xÑ0`

lnp�q
�α

“ ´8.

Bonus: also prove that lim
xÑ0

lnp�q.�α “ 0.

6. By the method you like, determine the following limits:

(a) lim
xÑ0

lnp1 ` �q
�

,

(b) lim
xÑ0

�x ´ 1

�
, if � ą 0,

(c) lim
xÑ0

p1 ` �qα ´ 1

�
, if Ð P R.

(d) lim
xÑ`8

plnp�qq 1

x ,

(e) lim
xÑ0

pcosp�qq
1

sin2pxq ,

(f) lim
xÑ0`

psinp�qq
1

lnpxq ,

(g) lim
xÑ0`

�sinpxq,

(h) lim
xÑ`8

pex ´ 1q 1

x .

7. (Hard) For �, � P R
˚
`, by using a simple convexity inequality with the correct function3,

show

� lnp�q ` � lnp�q ě p� ` �q lnp� ` �

2
q.

2 Exercises to do during or after tutorials.

1. Solve, on the appropriate set, the following equation: ln |� ` 2| ` ln 3 ď ln |3� ´ 4|.
1Here, expressing powers as exponentials could be a good idea.
2Remember the expression/definition of cosh and sinh in terms of exponentials, and binomial theorem.
3Try the function � ÞÑ � lnp�q . . .
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2. Precise the values (for �) when the following expressions have a sense, and try to simplify
them as much as possible:

(1) �
lnplnpxqq

lnpxq ,

(2) lnxplnxp�px
xqqq (where we remember that lnx is the �-based logarithm.)

3. Decide which of the two numbers is greater:

(a) eπ or Þe,

(b) 2
?

2 or e,

(c) lnp8q or 2.

4. Compute the derivatives of the following functions, of course you will not forget to precise
their domains:

(1) � : � ÞÑ arccosp� ´ 1q,
(2) � : � ÞÑ arctan |�| (which is a syntactic shortcut for arctanp|�|q, usually employed),

(3) � : � ÞÑ arcsinhp
?

�2 ´ 1q,

5. For �, � P R, with � ‰ �, by using the concavity of tanh : r0, `8q Ñ R, � ÞÑ tanh � “
ex ´ 1

ex ` 1
, show that

eb ´ ea

� ´ �
ă eb ` ea

2
.

6. We say that � : r0, `8q Ñ R is subadditive4 if, for any �1, �2 P p0, `8q, � satisfies
�p�1 ` �2q ď �p�1q ` �p�2q. Prove that:

(a) if � ÞÑ �p�q
�

is decreasing on r0, `8q then � is subadditive.

(b) (Hard) if � is convex and subadditive5 on r0, `8q, then � ÞÑ �p�q
�

is a decreasing

function (on that interval r0, `8q).

(c) give two examples of � such that � ÞÑ �p�q
�

is decreasing on r0, `8q, one with �

being convex (easy), one with � not convex (harder).

7. Show that each of the equations sinpcosp�qq “ � and cospsinp�qq “ � has exactly one
root in r0, Þ{2s. Moreover, show that if �1 and �2 are the roots of the former and the
latter equation, respectively, then �1 ă �2 (hard!).

3 Bonus exercises.

1. Show that the following functions �i are bijective (one-to-one and one-by-one), on the
correct sets, and try to find an expression for their inverse (�i

´1) (precise their domain):

4� is said to be additive when �p�1 ` �2q “ �p�1q ` �p�2q. One example of an additive (and therefore
subadditive) function is � : � ÞÑ Ð� for any constant Ð P R.

5The initial exercise asked to work on � defined only on p0, `8q, but it was not enough to prove this part.
We need to be able to compute �p0q, which satifies �p0q ď �p0q ` �p0q, so . . .
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(1) �1 : � ÞÑ 3� ´ 5,

(2) �2 : � ÞÑ
?

3 ´ �,

(3) �3 : � ÞÑ �2 ´ 1 (on R´q,

(4) �4 : � ÞÑ 1

3� ´ 2
,

(5) �5 : � ÞÑ 3� ` 2

2� ´ 1
,

(6) �6 : � ÞÑ lnp2ex ´ 1q,

2. Same functions as the previous exercise, but now study the derivability of the functions
and their inverses, then compute their derivatives. You can also try to look for some
particular points where the functions and their derivatives are canceled.

3. Solve the equation sinhp�q “ 3, without using a calculator nor the formula expressing
arcsinh as a logarithm.

4. Solve6 the equation
n

ÿ

k“0

sinhp2 ` ��q “ 0 for � P N.

5. Solve the following system:

"

arcsinhp�q “ 2 arcsinhp�q
3 lnp�q “ 2 lnp�q

6. Let �, � P R, solve the following equation (� being the unknown):

pcoshp�q ` sinhp�qqarcsinhpx´aq “ pcoshp�q ´ sinhp�qqarcsinhpx´bq
.

7. Let �, � P R, show that, if � “ lnptan
´Þ

4
` �

2

¯

q, then: tanh
´�

2

¯

“ tan
´�

2

¯

, tanhp�q “

sinp�q and coshp�q “ 1

cosp�q .

8. Simplify the following expressions:

(i) arctanptan

ˆ

5Þ

6

˙

q,

(ii) arctanpsin
´Þ

6

¯

q,

(iii) arctanpcos
´

´Þ

6

¯

q.

9. Study these expressions (one could try to look for some trick):

(1) arccos

ˆ

1 ´ �2

1 ` �2

˙

` arcsin

ˆ

2�

1 ` �2

˙

, for � P R,

(2) arctan

ˆ

� ` �

1 ´ ��

˙

´ arctanp�q ´ arctanp�q, for �, � P R, with ��{ “ 1.

6One could use a technique like the one used to solve
n

ÿ

k“0

sin �� “ 0.
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10. Solve these equations:

(1) tanp3 arcsinp�qq “ 1,

(2) arctanp�q ` arctanp2�q “ Þ

5
.

(3) arctan

ˆ

�

�

˙

` arctan

ˆ

� ´ �

� ` �

˙

“ Þ

5
with �, � P N verifying 0 ă � ă �.

11. Compute these sums:

(1) arctanp1q ` arctanp2q ` arctanp3q,
(2) arctanp2q ` arctanp5q ` arctanp8q,

12. For � P N
˚, and �1, . . . , �n P p0, Þq, let �

def“ 1

�

n
ÿ

k“1

�k. Show that:

(a)
n

ź

k“1

sinp�kq ď psinp�qqn, (b)
n

ź

k“1

sinp�kq
�k

ď
ˆ

sinp�q
�

˙n

.

13. For � P R and � P R
˚
`, show that �� ď ex ` � plnp�q ´ 1qq.

Prove also that the inequality is an equality (ie, the equality holds) if and only if � “ ex.
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