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1. Introduction

ABSTRACT

The analytic signal (AS) was proposed by Gabor as a complex signal corresponding to a
given real signal. The AS has a one-sided spectrum and gives rise to meaningful spectral
averages. The Hilbert transform (HT) is a key component in Gabor's AS construction. We
generalize the construction methodology by employing the fractional Hilbert transform
(FrHT), without going through the standard fractional Fourier transform (FrFT) route. We
discuss some properties of the fractional Hilbert operator and show how decomposition of
the operator in terms of the identity and the standard Hilbert operators enables the
construction of a family of analytic signals. We show that these analytic signals also satisfy
Bedrosian-type properties and that their time-frequency localization properties are
unaltered. We also propose a generalized-phase AS (GPAS) using a generalized-phase
Hilbert transform (GPHT). We show that the GPHT shares many properties of the FrHT, in
particular, selective highlighting of singularities, and a connection with Lie groups. We
also investigate the duality between analyticity and causality concepts to arrive at a
representation of causal signals in terms of the FrHT and GPHT. On the application front,
we develop a secure multi-key single-sideband (SSB) modulation scheme and analyze its
performance in noise and sensitivity to security key perturbations.

© 2013 Elsevier B.V. All rights reserved.

and in determining the time-frequency localization properties
governed by Heisenberg's uncertainty principle. The analytic

The analytic signal formalism proposed by Gabor [1] is a
methodology for constructing a unique complex signal asso-
ciated with a given real signal. The complex signal is derived
by adding the real signal in quadrature with its Hilbert
transform. As a consequence of this construction, the spectrum
vanishes for negative frequencies. The amplitude-modulation
(AM) and phase-modulation (PM) of an AM-frequency-
modulated (AM-FM) signal are defined as the modulus and
phase of the AS, respectively [2-5]. The AS allows for mean-
ingful computations of the mean frequency and bandwidth,
which are crucial in computing the time-bandwidth product
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nature of the signal can be retained while allowing for specific
properties on the AM, FM, or PM. For example, to have a
nonnegative FV, finite Blaschke products (which are essen-
tially time-domain duals of allpass filters that signal processing
community is more familiar with) have been considered by
Picinbono [6], Kumaresan—-Rao [7], and Doroslovacki [8], which
were further extended to an infinite product by Dang and Qian
[9], who provided a systematic study of minimum-phase and
allpass factorization of analytic signals. Specific results in the
context of analytic representations with bandlimited AM have
been derived by Xia et al. [10] and Deng and Qian [11].
Another class of generalizations concerning the analytic signal
representation are given in terms of employing FrFT, which are
reviewed in Section 1.1.

In this paper, we develop a generalization of Gabor's
construction using the FrHT without using the FrFT. We
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also propose another generalization of our method, which
relies on a functional extension of the HT.

1.1. Review of related work

One of the early works in connection with FrHTs is that
of Lohmann et al. [12], who proposed two fractional
generalizations of the classical HT. They proposed optical
implementations of the FrHT using spatial filtering. One of
the generalizations is based on a modification of the
spatial filter using a fractional parameter, and the other
one is based on the FrFT [13,14]. They also provided a
unified definition resulting from a combination of the
spatial filter and FrFT approaches. Davis et al. [15] employed
the FrHT of Lohmann et al. for edge detection and showed that
as the fractional order is varied, one can obtain different
qualities of edge enhancement and also achieve selective
highlighting of rising or falling edges. Pei and Yeh [16] also
deployed the FrHT for similar applications based on a discrete
counterpart of the FrHT. Zayed [17] took the AS formalism
associated with the standard Fourier transform (FT) and
provided a counterpart of it for the FrFT. This procedure is
anchored on the FrFT and requires a generalization of the HT,
which is obtained by multiplying the time-domain function
with a chirp, passing the product through the standard HT,
and then dechirping the output to obtain the corresponding
AS. Tseng and Pei [18] considered optimized design strategies
for finite impulse response (FIR) designs and infinite impulse
response (IIR) models of the discrete-time FrHT, and proposed
a novel secure SSB communication application using the angle
of the FrHT as a secure key. An interesting aspect of their
design is that since the FrHT is an allpass filter, much like the
HT, rational allpass filter forms are used to approximate the
FrHT. Pei and Wang proposed the design of discrete FrHT using
maximally flat FIR filters whose impulse responses were
obtained in simple analytical form, and devised efficient
hardware realizations for both odd and even order filters
[19]. Cusmariu proposed three extensions of Gabor's AS using
the FrHT, called fractional analytic signals, which reduce to
Gabor's AS when the FrHT angle is set to z/2 [20]. The first
fractional AS definition is based on a rotation of Gabor's AS, the
second is obtained by using the FrHT as the imaginary part,
and the third is obtained as a weighted linear combination of
the signal and its standard HT. In particular, it was shown in
this work that the FrHT has the semi-group property, unlike
the GHT proposed by Zayed. However, fractional analytic
signals do not always have a one-sided spectrum. Tao et al.
[21] pursued a similar philosophy as that of Zayed and
proposed an analytic counterpart associated with the FrFT in
conjunction with the FrHT, using time-domain chirping,
standard HT, and dechirping. The fundamental issue addressed
by Tao et al. is that since the FrFT does not exhibit conjugate
symmetry, suppressing the negative part of the frequency
spectrum requires some care; otherwise, one may not be able
to recover the real signal from the analytic counterpart [21].
On the application front, they proposed a SSB modulation
scheme, which uses the angle of the FrFT and the phase of the
FrHT as secret keys for demodulation. Fu and Li proposed a
generalization of the AS through the linear canonical trans-
form (LCT) domain [22]. Their formalism is based on the
parameterized HT, which includes the FrFT-based HT [17] as a

special case, and the LCT-based generalized AS is obtained by
taking the inverse-LCT after suppressing its negative frequency
spectrum. A generalized Bedrosian theorem associated with
the LCT was also proposed by Fu and Li. Guanlei et al. [23]
proposed different definitions of two-dimensional HT in the
LCT domain and discussed different properties, with particular
emphasis on the relation between the time-domain and
transformed domain mappings. Sarkar et al. proposed a
generalization of the HT based on the generalization of decay
of the impulse response of the standard HT kernel and applied
it for symbolic time series analysis of noise-corrupted dyna-
mical systems [24]. They also proposed an AS counterpart
using the generalized HT, which results in functions with one-
sided spectra only for certain values of the decay parameter.
An all-optical implementation of the FrHT using a phase-
shifted fiber Bragg grating was proposed by Ge et al. [25],
capable of operating on input waveforms with bandwidths up
to hundreds of Gigahertz. Chaudhury et al. [26] deployed the
FrHT in the representation of the dual-tree complex wavelet
transforms based on the shifting action of the FrHT operator.
They also introduced a generalization of the Bedrosian identity
for the FrHT, and extended the concepts to the multidimen-
sional setting by proposing a directional FrHT.

1.2. This paper

In this paper, we address the aspect of AS construction
starting with the FrHT, but by employing the standard FT
and without taking the FrFT route. In fact, it turns out that
the properties of the spectra associated with FrHT opera-
tors and the approach presented in this paper do not
necessitate the use of FrFT. We recall some properties of
the FrHT vis-a-vis those of the HT. We show how our
framework leads to the generation of a family of analytic
signals, one corresponding to every value of the phase
parameter of the FrHT. We show that the FrHT approach
for AS construction enables a natural geometric interpre-
tation. We carry out the analytical developments and
construction of a generalization of the AS in the contin-
uous-domain, which we refer to as the ¢—AS, for which we
favor a Hilbert space formalism and work with suitably
defined operators. We also seek to analyze some specific
properties of the ¢—AS, namely, AM/FM separation, opera-
tor invariances, factorization properties, energy preserva-
tion, temporal and spectral moments, and the associated
Heisenberg uncertainty principle. We also propose a new
member to the family of Hilbert transforms, called the
generalized-phase Hilbert transform (GPHT), which is
based on a functional generalization of the FrHT phase.
We show that the properties of the FrHT, in particular, the
enhancement and selective highlighting of edges, are
preserved in the process of generalization. A connection
between Lie groups and the GPHT is also presented. The
GPHT is then used to construct a generalized ¢—AS
construction, called the generalized-phase analytic signal.
We show that the GPAS is related to Gabor's AS by a linear
filtering operation. By analyzing the link between causality
and analyticity, we show how causal signals can be
characterized using the FrHT/GPHT. As an application of
the developed concepts, we propose a multi-key secure
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SSB scheme and demonstrate its robustness to SSB-key
perturbations and additive noise.

In Section 2, we propose a construction of ¢—AS. We
discuss some properties of the ¢—AS in Section 3. The
GPHT is proposed in Section 4. In Section 5, we propose an
extension to the ¢—AS using the GPHT. In Section 6, we
show how causal signals can also be characterized using
the FrHT/GPHT. In Section 7, we propose a secure SSB
scheme using the GPHT proposed in Section 4.

1.3. Notations

The symbols (-,-) and || - || denote the L? inner-product
and norm, respectively. We use f (w) to denote the FT of the
function f{t), 7 to denote the Fourier operator, H for the
Hilbert operator, and f(t) to denote the HT of f(t). There-
fore, f(w)=F{f}(w), and f(t)=H{f}(t). The symbol H,
denotes the fractional Hilbert operator, and :* denotes the
convolution operator. We use S, and D, to denote the shift
and dilation operators, respectively: S.{f}(t)=f(t-r), and
D AN =f(t/0).

2. The ¢—analytic signal
2.1. Gabor's analytic signal

Consider a real-valued function f{(t), and its HT defined
by

i 1 [+e
fo=mngio=pv. | [ I de=(hspo,

where h(t) = 1/t is the Hilbert convolutional kernel and p.
v. denotes the Cauchy principal value integral. The adjoint
operator of H is given by H'=—H. The FT of h(t) is
specified in a distributional sense as fl(m):—j sign(w),
where j=+/—=1 and sign(-) denotes the signum function.
In the Fourier domain, we have the expression:
f (@) = h(w)f (0) = —j sign(w)f (»). Let f(t) denote the AS of
fit) constructed by adding f in quadrature with f as
follows: f(t) =f(t) + jf (t). f(t) can be obtained from f(t)
as f(t) =Real{f*(t)}. In the frequency domain, the AS has
the equivalent representation:

F@) = + sign@)f (@) = 2f (0U(@), 1)

where U(-) denotes the unit-step function. The AS operator
denoted by .4 can be represented as

A=T+jH, (2)

where 7 denotes the identity operator. Using this notation,
fA(t) = A{f}(t). We observe from (1) that the AS has a one-
sided spectrum.

2.2. Fractional Hilbert operator

The fractional Hilbert kernel hy(t) corresponding to the
FrHT operator H,, is specified in the Fourier domain as
follows:

h (@) = e71 S18@) — o101 (w) + e U(-a), 3)

where —z/2<¢<r/2. Correspondingly, the fractional Hil-
bert operator H, can be expressed as a linear combination

of the identity and standard Hilbert operators [12,15,26]:
Hy = cos ¢pZ + sin ¢H. 4)
For ¢ = /2, the fractional Hilbert operator coincides with

the standard Hilbert operator: H,,=H. On the other
hand, for ¢ =0, H, reduces to the identity operator. The

adjoint operator is given by H;, =H_,, such that H;HQS =
H_yHy=T.

The fractional Hilbert transform of f{t) is obtained as
Fo®© =Hy{f}(O) = cos ¢f(t) + sin pH{f)(2)

sin ¢

— cos ¢f(t)+ . v. / £1(e) de = hyafo.
where hy(t)=F"! {h¢((1’)} = cos ¢d(t) + sin ¢1/xt is the
fractional Hilbert kernel.

2.3. Properties of the fractional Hilbert operator

(P1) Linearity:
Hoplarf1 + aof 23(0) = ey Hy {f13(0) + aaHy{f2)(0), for a
and a, in the complex field C.

(P2) Shift-invariance: S;H,{f}(t) = H,SAf}(¢), for zeR.

(P3) Scale-invariance: Dy Hy{f }(t) = HyD,{f}(t), for ceR™.

(P4) Orthogonality: If f,geL?(R) such that flg, that is,
f,g)=0, then(frl” g,=0.

(P5) Linear independence: If {fl(t) }i_ 1 constitutes a set of
linearly independent functions, so does {H,{f;}

O

Properties (P1), (P2), and (P3) follow from the linearity,
shift-invariance, and scale-invariance, respectively, of H
and H,. The property (P4) may be proved by considering
the inner product off,/, and g,

(Fgo8s) = (HplfL H8Y) = F HLH8) = (F8) =

The proof of (P5) follows directly from the definition of
linear independence and the linearity of #,. The property
(P5) enables one to generate a new set of bases starting
from a given set of linearly independent functions, and in
particular has been applied to the construction of wavelet
bases [26,27].

2.4. Construction of the ¢p—analytic signal

Let us construct a complex signal operator 4, such that
Ay =T + e, 5)

and let fy(t) = Ay{f}(t) =f(t) + &= PH,{f}(t). In the fre-
quency domain, we get that

Fa (@) =f @)+ Df (@) = (@) + =P hy()f ()
= (1 2))f (0)lU(w) = 2 sin g™ Df @U(w),  (6)

which vanishes for o< O Therefore, f4 »(O) Is analytic.
Taking the inverse FT off¢(w) gives

a : j(m/2— 1 £ jo
[0 =2 sin g0 /O F@e do
= sin gel@/2-Df(¢). (7
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We observe that Gabor's AS f(t), and the generalized AS
f;(t), are related by a complex scaling constant that
depends on the FrHT parameter ¢. Thus, fﬁ;,(t) represents
a family of analytic signals characterized by the parameter
¢. We shall refer to f¢(t) as the ¢—analytic signal (¢p—AS).
Using (7), fit) is obtained from f(p(t) as f(t)=cosec ¢

ei#/2-PReal{fy(t)}. In Fig. 1(a) and (b), we provide a
comparison of the construction of Gabor's AS and the
¢—AS, respectively.

2.5. Geometric interpretation of the ¢—AS construction

We next provide a geometric interpretation of the AS
construction by treating functions as vectors. Using FTs, it
can be shown that a function and its HT are orthogonal,
that is, (f,f)=0. The AS f(t)=f(t)+if(t) is a linear
combination of f(t) and f(t), which are mutually orthogo-
nal. This representation is shown pictorially in Fig. 2(a).

Consider next the expansion of f*(t) over f{t) and f(/,(t):

FUO = Bf(©) + Bof 4(0).

A function and its fractional Hilbert transform are, in
general, not orthogonal. Hence, #; and g, cannot be
directly obtained by considering projections of f(t) onto
flt) and f¢(t). To compute 3, and p,, we use the following
equality derived from (4):

F & =f(tycos ¢ +Ft)sin 4.
Substituting (8) in f9(t) = f(t) + jf (t) gives

®

ffO=fO+j———

sin 4)

. COS ¢ N

= (14 D)0+ (i Fawr=pf 0+ ek 0
where f; = cosec pel®=7/? and p, = cosec pei*/?. The

sin ¢
construction of the ¢—AS is illustrated geometrically in

(f yO—f(t) cos ¢)

a
f@)

©
]
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Fig. 2(b). We observe that f4(t) can also be constructed
from f(t) and f ,(0).

3. Properties of the ¢—analytic signal

3.1. Invariances

(I1) Linearity:
Aplaif1 + aaf 23(0) = a1 Ag{f 1 (D) + ax Ay {f5)(8), for com-
plex scalars a7 and as.

(I2) Shift-invariance: S, As{f}(t) = A,S:Af}(t), for zeR.

(I3) Scale-invariance: D, Ay{f}(t) = A, D, {f}(t), for ceR™.

The proofs follow from the corresponding invariances of
the fractional Hilbert operator H,, and from the definition
of A, given in (5).

3.2. Factorization

Let us analyze the action of the ¢—AS operator A, on
the product of two signals f; f2€Ll%(R), where f,(w)
vanishes for |w|>wo and fz(a)) vanishes for |w| < wg. It has
been shown in [26] that, under these conditions, H,
satisfies the generalized Bedrosian identity [26,28]:

Hyif1£23(0) = F1(OHH{f2} (D). 9)
The generalized AS of f(t)f,(t) is given by
Aplf1£230) =F1OF 2(6) + e P H,{f1£5)(0)

=F1OF (0 + 7D H {F23(0) = 1O A 210, (10)

where the second equality follows from (9). Thus, the
¢—AS of a product of two signals with disjoint spectra is
equal to the product of the low-frequency signal and the
¢—AS of the high-frequency signal. We next consider an
example illustrating this property.

D)

Ele

i(m=6)

Fig. 1. Comparison of complex signal construction approaches: (a) Gabor's AS construction, and (b) ¢—AS construction using the FrHT.

a

GIRIC) M-

b

Fig. 2. Geometric vector interpretation of ¢—AS construction: (a) Gabor's AS construction (¢ = z/2), and (b) ¢—AS construction.
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3.3. AM-FM representation

The AM and PM of an AM-FM signal f(t) are defined as
the modulus and phase angle of f*(t), respectively, and the
FM is defined as the derivative of the PM [2]. Using (7), we
write that

F| =1sin gl ®] =sin lac,

0502 2f5(t) = O(t) + %—4) + zsign(sin ¢) and

d
0p(0) = 3.04(0) = (1), a1

We observe from (11) that the modulus of the $—AS is
equal to the AM scaled by a factor | sin ¢|, its phase angle is
equal to the PM offset by z/2—¢ + = sign(sin ¢), and that
the derivative of the phase angle is equal to the FM given
by Gabor's AS.

3.4. Energy scaling

The energy of a real signal f el*(R) is given by
Er=IfII> =(1/2n)|If |* (Parseval's theorem). Let the energy
of Gabor's AS f“(t) be denoted by Ef. Then, the energy of
the ¢—AS is given by

Ef, =2 sin® ¢Ef, (12)

which is a constant multiple of the signal energy. Gabor's
AS corresponds to the case ¢ = /2, and hence Ef  , = 2E;.
For the case ¢ = /4, the energy of the ¢—AS is given by
Ef ;4 =2 sin’(z/4)E} = Ef.

3.5. Temporal and spectral moments

We next compute the spectral moments using the
¢—AS spectrum. We assume that, f in addition to being
in L?(R), also satisfies the following properties:

(1 +E)?f(t)el’ ®) and (1 + o))" (@)eLX(R)

for neN, so that the moments up to order n are well-
defined. The n-th spectral moment of Gabor's AS is given
by

+o0 +oo

and the n-th temporal moment is given by

1 +o0
(t"y = ﬁ/t” £ dt.

f —00
Let (t"), and (o), denote the n-th temporal and spectral
moments of the ¢—AS fs,(t), respectively. Then, using (1),
(6), and (12), we get that (t"), =(t") and (0"), = (»"). The
preceding analysis shows that Gabor's AS and the ¢—AS
have the same temporal and spectral moments. As a result,
both analytic signals have the same time-bandwidth
product and time-frequency localization property is not
compromised on, in the process of generalization.

4. The generalized-phase Hilbert transform

We define the generalized-phase Hilbert transform of f
(t) in the frequency domain as

f o) = €O (@)h(w) + €O (@) (-aw).

In the case when ¢(w) is a scalar, the GPHT reduces to the
FrHT. Let H,; denote the generalized-phase Hilbert opera-
tor such that f ¢(t) = Hg{f}(t). We observe that the GPHT of f
(t) is expressible in the frequency domain as

f (@) = hg(@)f (), (13)

where hg(t) = F 1 {hy(w)} = F~' e Sign@@)} denotes the
convolutional kernel corresponding to the GPHT. Eq. (13)
shows that the GPHT can be expressed as a linear filtering/
convolution operation, that is,

Hg{f}(0) = (hg=f)(D), (14

which, in turn implies that H, is a linear, shift-invariant
operator. However, the GPHT convolutional kernel hy(t) is
not always real-valued, unlike the FrHT kernel; depending
on the nature of the phase kernel ¢(w), the GPHT of a
function may be real or complex. Let zhe(w) denote the
phase angle of ﬁg(w). Then, we get that

2hg(w) = Po)U(w)—p(@U(w) and
2hg(~w) = p(~oU(~w)~p(~)U(~w). (15)
In order that hy(t) be real, its FT should be conjugate-

N 1 W0 o 2 WiE 2 symmetric, that is, the phase angle of the FT, say 6(w),
(@") = £ / @"[f (@))* do = E_f / o"[f(w)|" do should be such that 0(-w) = —0(w) [29]. We observe from
f e 0 (15) that this is true when ¢(w) is an even function of .
a
Zﬁg(w) Zhg(w)
®o ®o
0
0 w w
_¢0 —¢0

Fig. 3. Template of phase spectrum of GPHT kernel: (a) ¢(w) = ¢g + ¢, and (b) ¢(w) = ¢ + po0?.
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Table 1
GPHT convolutional kernels corresponding to polynomial-phase kernels.

P(w) hg(t)
%o €os ¢od(t) + sin 4)0%
o + P10 me,j% ($1(e%%0 + 1) + (€20 —1)t)
2_
bo + $r? _ 1 iantarrya, (V213650 4 /=Ty 202)

4y/x3

+HED gy

-y (D)4t ' (71)3/‘%)))
elt’ /202 Cerf | ~——— | + e Cerf
<J (2¢¢“> (zm

In the particular case when ¢(w) is a polynomial, this
requires that ¢(w) be a function consisting only of even
powers of . In Fig. 3(a) and (b), we show templates of the
phase spectrum for two different GPHT kernels.

In Table 1, we list hy(t) for different types of polynomial-
phase kernels. We observe that hy(t) is non-causal in all the
cases. Although the functional form of hy(t) corresponding
to ¢(w) = g + P10 contains complex-valued terms, it can
be shown that hy(t) is indeed a real-valued function by
using properties of the complex error function Cerf(-) [30].
In Fig. 4(a)-(d), we show examples of impulse responses of
linear-phase kernel and quadratic phase-kernel GPHTs. We
observe that in the case when ¢(w)=¢;w, the GPHT
convolutional kernel hg(t) = ¢ /x(¢p?—t?) has singularities
at t = ¢, and t = —¢;, and it decays as 1/t2, unlike the FrHT
kernel (including the standard HT), which has a singularity
at t=0 and decays only as 1/t. This, in turn implies that the
GPHT of a function, evaluated using ¢(w)= ¢, exhibits
better decay properties than the corresponding FrHT. In the
case when ¢(w) = ¢$,w?, however, hy(t) is an oscillating
function, and does not decay with time. In Table 2, we
show hy(t) computed for ¢(w) = 0.3w, and ¢(w) = 0.40? and
the corresponding phase spectra. It can be shown that the
GPHT convolutional kernel diverges as |t| tends to infinity
for polynomial-phase kernels of orders larger than 2, and
therefore, we shall not consider them in further analysis.
The adjoint of the operator H,, which we shall denote by
Hj;, is expressible as the following convolution operation
(t"y =(t") and (&™), = (@"), where hg' () 2 F~ ' {[Ag(w)]*} =
F ‘1{ejjig"(“’>‘/"‘“>}, which follows from the observation that
hy(@)(hg(@))* =1.

4.1. Properties of the GPHT

(Q1) H, maps L?(R) functions to L%(R).

(Q2) Linearity:
Hela1f1 + axf2)(0) = a1 Hg {f1)(0) + e Hg{f5)(0), for oy
and a; in the complex field C.

(Q3) Shift-invariance: S;Hg{f}(t) = HgS{f}(t), for zeR.

(Q4) Scale-invariance: D, Hg{f}(t) = HgD,{f}(t), for ceR™.

(Q5) Orthogonality: If fy.f,€L*(R) such that (f;.f,)=0,
then (f14,f2,) =0.

(Q6) Linear independence: If {fi(t)}l'-\’:1 constitutes a set of
linearly independent functions, so does {Hg{f ,-}(t)}fV: 1°

Property (Q1) can be proved using the convolution prop-
erty of the FT and the identity: hy(w)(hg(w)*=1.

Properties (Q2), (Q3), and (Q4) follow from the observation
that the GPHT is associated with a convolutional kernel.
The property (Q5) can be proved by proceeding along the
same lines as in the proof of property (P4) of the FrHT in
Section 2.3.

Proof of (Q6). Let {f,(t)}f’;1 denote a set of N linearly
independent functions, that is, YN aif(t) =0, Vt=>a; =
0,Vi. Consider the linear combination:

N ~ N N
2 AfigO= 2 pirtelfilO= 2 Helpfict)

N
=Hg{§:1ﬂtfi(t)}, (16)

where the last equality follows from the linearity of H,. If
fi(©#0, vi, the linear combination in (16) equals zero only if
He{>N_,Aifi(H)} =0, vt, which implies g; = Ovi. This implies
that, similar to the FrHT case, the GPHT can be used to
generate new bases from an existing linearly independent
bases.

4.2. Selective enhancement of singularities

Davis et al. [15] showed that the FrHT can be used for
enhancement and selective highlighting of falling/rising
edges; the selectivity in highlighting one edge over the
other depends on the magnitude and polarity of the FrHT
phase parameter ¢. We show that a similar property holds
for the GPHT for particular forms of ¢(w). Consider the
symmetric rectangular pulse f(t) = 1_3 3;. We compute the
GPHT of f(t) corresponding to the phase kernel
P(w) = ¢y + p1w. We consider two different cases: (i)
ol = 0.1, || =0.1, and (ii) |po| = 0.5, Ih;| = 0.1, that is,
four different combinations of (¢g,¢;) for each case. In
Fig. 5(a)-(e), we show the magnitude of the GPHT of 1,_3 3,
for different cases. We observe that in both cases, different
edges are selected depending on the polarities of ¢, and
¢1. In the first case, the falling edge is highlighted when
both ¢, and ¢; have the same polarities, and the rising
edge is highlighted when they have opposite polarities. In
the second case, however, the rising edge is highlighted
when the polarity of ¢, <0 and the falling edge is high-
lighted in case of ¢, > 0, irrespective of the polarity of ¢;.
This shows that the edge highlighting behavior depends
on the relative magnitudes of ¢, and ¢,. For the case when
d(@) = g2, he(t) is an oscillating non-decaying function
and is unsuitable for edge highlighting/enhancement.
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Table 2
GPHT convolutional kernels computed for particular values of ¢, ¢;, and

(28

P(w) hg(t)
o1 0.9955(t) + 0.09%
03w 9.5493j
100t2-0.9
0.4 Real{(—0.157—j0.157)e=1625¢ Cerf((0.559—j0.559)t)}

4.3. GPHT and Lie group connection

Chaudhury and Unser showed that FrHTs form a com-
mutative group [26,33]. In a technical note [34], Chaudh-
ury also gave a Lie group characterization of the notions of
steerability [35] (which is useful for directional image
analysis) and shiftability (which is an important aspect in
complex wavelet design [26]). We next review Lie groups
briefly and show that GPHTs also constitute a Lie group.

A group G is said be a Lie group if the composition
operation Gx G and the inversion operation G™! are
continuous [36]. In particular, consider the group para-
meterized by a scalar parameter ¢, that is, G =(G,), for ¢
lying on some smooth manifold, such as R. Then, G is said
to be a Lie group if the composition and inversion maps,
represented as (¢q,¢,)—Comp(¢y,¢,) and ¢ —Inv(ep),
respectively, are infinitely differentiable over their respec-
tive parameters, that is, Comp(¢;,¢,) and Inv(¢) are
smooth functions of (¢;,¢,) and ¢, respectively.

Consider the group of GPHTs corresponding to monomial
phase functions, that is, ¢(w) = ¢w'. The GPHT of f{t) has the

FT e-¢e' sign@)f(q). Let H, and H,, denote the GPHT
operators corresponding to ¢;(w) = ¢’ and ¢,(w) = P,
respectively. Then, the FT of the composition H,, Hg, {f}(t) is
given by e-i#1+#2)0' sign@)f (), which shows that the compo-
sition of H,, and H,, is equal to the GPHT corresponding to
d(@) = (p1 + ¢p)', that is, Comp(¢1,¢hy)= ¢1 + . The
operator H;, which is the inverse of H,, corresponds to GPHT
with ¢(w) = (—¢)e', that is, Inv(¢) = —¢. Thus, both composi-
tion and inversion maps are infinitely differentiable, and
hence, the GPHTs corresponding to monomial phase functions
form a Lie group, which is a superset of the Lie group of FrHTs.
The generator g of a Lie group (G,) is defined as [36]

d
G{f}é@@,{f} s—0 OER,

where the domain of G is the space of square-integrable
functions. Then, the Lie group (G,) can be characterized
using G as follows:

G,f =e’f where e?9 =7 + ¢g+%¢zgz 4o

The generator of the Lie group constituted by GPHTs has
the following frequency-domain manifestation:

: d P d i
Gif i o) = @Hg{f Yo)|p=0= dgp (e SN (@) |y~ 0

= —jo sign(@)f (@) = o'f ().

Using the differentiation property of the Fourier trans-
form, we get that G has the following time-domain
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description:
d
GO = (=) @H{f}(&
The exponentiation of G is given by

e {f }(w) = e SEOf () = F(Hg{f N (w) = Hg(F{f ) (@),

which shows that the group of GPHTs is obtained by
exponentiation of the generator G. Though we have
considered only monomial phase functions, the analysis
may be suitably extended to other polynomial phase
functions.

5. The generalized-phase analytic signal

We next construct a function fZ(w) in the frequency
domain as follows:

Fotw) = (@) + e HDf (@), 17)

Following similar analysis as in (6), we simplify (17) to

fe(@) = sin p(@)el™>f (), (18)

which vanishes for « < 0. Thus, fg(t) represents a further
extension of the ¢—AS construction, which we shall refer
to as the generalized-phase AS (GPAS). The function ¢(w)
should be chosen such that sin ¢(w) does not vanish over
a finite-length interval; otherwise, the spectral informa-
tion is lost and recovery of f(t) from fg(t) is impossible.
Taking the inverse FT on both sides of (17) gives

FAUO =f(t) + F PO ().

Since (f]*fz)(t)iﬂ(w)fz(w), we rewrite (19) equivalently
as

Fa® =F(t) + 0y 4(0),

where #(t) = F~1{el*=#@)} which must be interpreted in
the distributional sense. Let £ denote the convolutional

(19)

(20)



A. Venkitaraman, C.S. Seelamantula / Signal Processing 94 (2014) 359-372 367

operator associated with the kernel #(t), that is, L{f}(t) =
(¢%f)(t). Then, we get that

fa® =f(6) + LHGf}(E). 21

In Fig. 6, we show the construction of the GPAS using the
GPHT. Eq. (18) can be rewritten as

fel@) = (@) @) (22)

where &(w) = sin ¢(w)ei®/2-#@) Taking the inverse FT on
both sides of (22), we get that fg(t) = (a#f*)(t), that is, the
GPAS is obtained from Gabor's AS through a linear filtering
operation, such that the filter has the impulse response a(t) =
FU{sin ¢p(w)el@/2-2@)y This also implies that f°(t) can be
obtained from f¢ ¢(t) through the i mverse filter whose impulse
response is given by a~'(t) = F~1{cosec ¢p(w)el®@-/2)} such
that f$ (D= ((1‘1*fg)(t). In Table 3, we give the expressions for
a(t) and o~ (t) corresponding to different polynomial-phase
kernels. Since f(t) = Real{f*(t)}, we get from (18) that

f(t) = Real{F~1{cosec p(w)e ¢ @-=/2f ;(m)}}. (23)

We note from (21), that the GPAS also satisfies properties of
linearity, shift-invariance, and scale-invariance, similar to the
¢—AS. We next consider specific examples of linear and
quadratic phase functions.

5.1. Linear phase function: ¢(w) = ¢g + 1@

In this case, £(t) = el™?)5(t + ¢;), and substituting 2(t)
into (20), we get that

Fa® =F(t) + 75t + ¢y )xHg{f}(0). 24)
The corresponding FT is given by

Fe@)=2 sin(po + 1)@ >0t Df (@)i(w).

5.2. Quadratic phase function: ¢(w) = ¢g + h10 + P>

A quadratic-phase kernel in frequency is associated
with a quadratic-phase function in time as shown by the

. . = i F
Fourier pair: \/(j/4ng,)elt+0 /402 L pilho+t20) Then, we

f(t) D—fq (t)

Hy B L

Fig. 6. Construction of the ¢—AS using the generalized-phase HT.

Table 3
a(t) and a~'(t) for certain phase kernels.

P(w) a(t) a \(t)

o sin goel#/2-40)5(t) COSeC goelPo=/2)5(t)
bo 0.56(t)-0.55(t + 2¢7)
5 (/ otz i)
r0? ik /7J¢z o8 4 15(t) Intractable
4,21 2

get that
£(t) = F-1 {ei(”—(¢o+<b1w+¢2wz))}

— . (t+1)* /4 #o)
— 47[¢zel 1 2—%0 (25)

Substituting (25) in (20) gives

fg(t) f(- ( / dnds eJ((t+¢1)2/4¢z—(/le)*H {f}(t)) (26)

The corresponding FT is given by

Fo(@)=2 sin (o + dr0 + py?)
ej(”/z_(‘/’”'*'“"‘”+¢2“’2))f(a))u(a)). 27)

By setting ¢o = ¢, =0 in (26), we get that

fo® = F e f (o) + €4 f (@)U (-w)} and

fe®=f(®)- (,/ ¢e1‘2/4‘f'2*H{f(t)> 28)

The quadratic-phase GPHT, the generalized HT (GHT)
proposed by Zayed [17], and the generalized analytic signal
proposed by Fu and Li [22] involve the use of quadratic
chirps, but the chirping takes place in different domains
and in different ways. We shall explain this aspect further.
The GHT is constructed by multiplying the signal with a
quadratic chirp in time, followed by convolution with the
standard Hilbert convolutional kernel, and dechirping in
time-domain, whereas the GPHT is obtained by multi-
plying the signal spectrum with frequency-domain chirps:
the positive and negative frequencies are multiplied with
chirps of opposite slopes. The GAS of Fu and Li is based on
a two-parameter (a,b) Hilbert transform, which reduces to
the Hilbert transform used by Zayed if the two-parameter
version is constrained by considering a/2b to be the
parameter. Fu and Li further apply the LCT to make the
signal analytic in the LCT domain.

6. Causality and the ¢—analytic signal

A signal f(t) is said to be causal if it vanishes for t <O0.
The real and imaginary parts of the FT of a causal signal
form_a HT pair, that is, f(w):fR(w) +1f,(w), where fR(a))
and f;(w) denote the real and imaginary parts of the f(w),
respectively, such that f H(w)= H{f r(@)} [29,31,32]. Clearly,
a causal signal and Gabor's AS are time-frequency duals
and therefore, the ¢—AS construction proposed in Section
2 can be extended to causal signals as well. In particular,
consider the following spectral representation:

fel@) = f p(@) + DMy {(f g} (@) = Alf ) (@),

where the operator 4, acts in the frequency domain. We
observe that f ) is the ¢—AS of the real function f r(@) in
the frequency domain, such that the corresponding time
function is causal. Using (7), we get that fc(w)_
sin ¢ei*/2-P A{f .} (w), and since A{fg}(w)=f(w), We get
that

f (@)= sin pel"2Pf () or

f(t) = cosec gpel /2 (t) = FH Ay {f r(@)}).
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This implies that it is possible to characterize a family of
causal functions using the FrHT: a real frequency function
combined with its standard HT in quadrature results in a
causal signal, whereas appropriate linear combination of
the frequency function with its FrHT also results in a causal
signal. Proceeding along similar lines, it can be shown that
causal signals can also be characterized using the GPHT
proposed in Section 4, that is, the signal constructed in the
frequency domain as

feg@) =fr(@) + LHgf p}(@),

is causal. We considered the characterization of causal
signals using f r(®) and its FrHT/GPHT. Analogously, we can
characterize causal signals using f 1(w) and its FrHT/GPHT.

Consider the causal signal f(t) =1, _;/2.,1c/2, Which is
the indicator function for the interval [z1—7/2, r; + 7/2], such
that 7; >7/2. Its FT is given by f () =7 sinc(wz/2)e 37,
Correspondingly, the real part f r(@) =7 sinc(wz/2) cos (wr1).
The FrHT of fp(w) is given by Hy{fgrHw)=r sinc(wr/2)
cos (wr1—¢), where we have used the generalized Bedrosian
identity [26]; the condition 7; > 7/2 ensures that the signal
obeys the separability condition required for the theorem to
be applicable. In Fig. 7(a) and (b), we show f, f »and Hy {f r}
corresponding to the case when r=2 and 7; =3, and the
FrHT phase ¢ = —3z/4. From (29), we get that

(29)

fo(w)=17sinc (%) oS (wr1)—e"7 sinc (ﬂ

2
(043

=7 sinc (7) (cos (wr)—e? cos (wz1—¢))

) CoS (wt1—¢)

= sin gel@t¢-7/2)¢ sinc(%). (30)

Taking the inverse FT on both sides of (30), we get that
— G (n/2—¢p) =1 inc (%) g-iwr
fe(t)= sin ge’ F {rsmc<2>e 1}
= sin ¢el @2 f(t),
that is, f{t) is a scaled version of the causal function f{t), and is
causal as well. This implies that the causal f{t) is expressible

using f r(®) and its FrHT, just as the f r(®) and its standard HT
is used to describe f(t).

7. Application to secure single-sideband modulation
scheme

The AS is employed in communication systems through
the single-sideband modulation (SSB) scheme, which
results in bandwidth savings by a factor of two compared
to the baseband signal. For the purposes of security, a
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secret key is often employed such that perfect recovery of
the signal is possible only with the knowledge of the key
[18,21]. We show next that it is possible to develop a
secure SSB system with multiple secret keys using the
GPHT proposed in Section 4, which includes the FrHT as a
special case.

Consider the case of GPHT with polynomial-phase
kernel, that is, ¢(w) = Y?_ y¢h;@', using which we construct
the GPAS fg(t). As noted in Section 4, phase kernels of
orders larger than two lead to diverging GPHT convolu-
tional kernels, such that the inverse GPHT is ill-posed.
Hence, we shall consider only the second-order polyno-
mial case. From (23), we observe that, in order to construct
flt) from fg(t), we need prior knowledge of the key vector
[#o. 1, P-]. Motivated by this observation, we propose a
secure SSB scheme that uses [¢g, ¢1,¢>] as the secret key
vector. As shown in Fig. 8(a)-(d), the signal f(t) is encoded
using the phase kernel ¢(w), to generate the GPAS fg(t),
which is transmitted after modulating with a carrier of
frequency w.. At the receiver, y(t) is demodulated to get
fg(t), which is further decoded using the phase kernel
¢(w) + Ap. Unless the phase kernel/key vector used at
receiver end coincides exactly with that used for encoding
(that is, A¢ =0), the decoded signal will differ from the
desired message f(t), and the decoded signal will only be
an approximation of f{t), which we denote by f(t). Errors
are also introduced due to the presence of noise in the
channel. In what follows, we first analyze sensitivity of the
decoding process with respect to key perturbation A,
assuming noise-free conditions, followed by performance
analysis in the presence of additive channel noise, for
three specific cases of ¢(w), and we use the frequency-
domain implementation of the operators for this purpose.

7.1. Effect of key perturbations

We consider the effect of key perturbations A¢ on the
received signal, assuming noiseless transmission. By fol-
lowing the block diagrams in Fig. 8(c) and (d), we get that

o 1 sin ¢(w) iag) 7

f(t)_Real{}‘ {7511‘1(45(50)—0— A¢)e f (w)}}~
We consider three specific cases of the phase kernel,
namely, ¢(w) = ¢g, p(w) = ¢, and ¢p(w) = p,w?. The corre-
sponding perturbations are given by A¢ = Agg, A = Agw,
and A¢ = Ap,w?, respectively. In Fig. 9(a)-(c), we show the
energy of the error E(fff) as a function of A¢;/¢; x 100,
fori=0,1,2, expressed as a percentage of the signal energy

(€2)]
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Fig. 7. Characterizqtion of causal signals using the FrHT: (a) signal f(t)=1p3) and (b) spectral functions. The black and red curves indicate the real and
imaginary parts of f (w), respectively. The blue curve depicts H,{f z}(w) for ¢ = -3z /4. (For interpretation of the references to color in this figure caption, the

reader is referred to the web version of this article.)
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Fig. 8. Multi-key secure SSB modulation scheme: (a) modulator, (b) demodulator, (c) details of the modulator, and (c) details of the demodulator.

E;, corresponding to the AM-FM signal f(t)= (1+
0.5 cos (10zt)) cos (50xt), for the interval [0, 1] seconds, after
multiplying with a Hamming window. In each case, the
analysis is carried out for key values lying in the interval
[z, +7] in steps of 0.1z. We observe that the error plots are
asymmetric with respect to the perturbation: the error is
larger for negative perturbations. As expected, the error is
zero for all the three cases when the perturbation is zero. In
each case, the error plots corresponding to negative key
values coincide with those obtained for positive key values.
In the cases ¢(w) = ¢ and p(w) = ¢p,w?, for a given Ag, the
plots for different encode key values almost coincide, unlike
the ¢(w) = ¢, case, where different encode key values lead to
different error plots. Also, for a given perturbation, larger the
magnitude of the encode key, larger the error. This character-
istic can be explained with the help of (31). Assuming that
A¢ is sufficiently small, we get that sin(¢(w)+
Ag)~sin ¢(w) and e4%~1—jAg, (31) can be simplified as

F(6)=Real{ 7 {(1-jagi}f (@)}

=f<t>—c;sl-Real{f'l {j @%ﬁ) w‘f"(w)} }

that is, for a given fractional perturbation A¢;/¢;, the error
f(H)—f(t) is directly proportional to the key value ¢;, and the
magnitude of the error is not affected by the polarity of ¢;.
Consequently, the SSB scheme allows for security in the form
of the phase kernel keys, a feature not possessed by Gabor's
AS-based SSB.

7.2. Effect of noise

We next consider the performance of the proposed
secure SSB scheme under noisy conditions. We use the test
signal f(t) and the GPHT phase kernels considered in
Section 7.1. We assume that the encode and decode keys

coincide, so that no errors are introduced due to key
perturbations. The channel noise is modeled as additive,
complex, white Gaussian noise such that the real and
imaginary components of the noise add to the real and
imaginary parts of the GPAS, respectively. The experiment
is performed at different signal-to-noise ratio (SNR) levels.
For a particular GPHT kernel, the MSE values are obtained
by averaging over 2000 repeated trials of the experiment.
From Fig. 10(a)-(c), we observe that the MSE decreases as
the SNR increases. We notice that in the case when
¢(w) = ¢y, the noise performance for different key values
coincide. In the case when ¢(w) = ¢, for a given SNR, the
MSE increases as |¢| increases, as shown in Fig. 10(b). We
also observe similar behavior in the case when ¢(w) = ¢,0?
as shown in Fig. 10(c). Since the MSE increases with the
magnitude of ¢; and ¢,, it is preferable to use keys of
moderate magnitudes in the communication process.
Although we have considered the design of a secure SSB
system using polynomial-phase kernels, in principle, more
sophisticated phase functions could be employed. For
example, the linear phase kernel may be generalized to a
piecewise-linear function, thereby introducing more
security keys.

We next compare the performance of the proposed
secure SSB with that of the secure SSB proposed by Tao
et al. [21] (which we shall refer to as SSB-Tao). Tao et al.
used the following FrFT-based FrHT definition:

hay(t) = cos e /20t af(t) 4 sin pe I/t ef (), (32)
and the corresponding analytic signal is obtained as
Sa,(p(t) = e_j(tZ/z)COt af(t)_e_wha.q)(t)'

SSB-Tao employs two secret keys, @ and ¢. In the particular
case when cot a=0, h,,(t) = cos ¢f(t)+ sin f (t)=f (1),
and hence, SSB-Tao coincides with the proposed secure
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SSB scheme (which we shall refer to as SSB-GPHT),
corresponding to ¢(w) = ¢. In the case when cot a#0, we
compare the performance of SSB-Tao with that of SSB-
GPHT with two secret keys, that is, when ¢(w) = ¢g + ¢ .
The values of ¢, and ¢, are chosen to be equal to 0.1z and
0.1, respectively, according to MSE plots in Fig. 10(a) and
(b), to result in good noise performance. Since the role of ¢
in h,,(t) is equivalent to that of ¢y in GPHT, we choose
@=¢o=0.1z and vary « over [0.1z,0.9z]. We consider
performance of SSB-Tao and SSB-GPHT when applied to
the signal f(t) = (1 + 0.5 sin (10¢)) cos (500t+ 0.01 sin (30t)).
In Fig. 11(a), we show the MSE variation of SSB-Tao scheme
as a function of SNR and a. We observe that, for a given
SNR, the MSE does not vary significantly with «. In Fig. 11

(b), we show the MSE versus SNR plots for the two
methods when «=0.5z. We observe that for a given
SNR, the MSE of the SSB-Tao is larger than that of SSB-
GPHT. Though our formalism is in the continuous-time
domain, we have used the corresponding discrete-time
implementation for experimental validation, in which
case, the ¢—AS coincides with that proposed by Tseng
et al. [18].

8. Conclusion
We proposed a generic construction of the AS based on

the FrHT. This signal is referred to as the ¢—AS and is
dependent on the phase of the fractional Hilbert operator.
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Fig. 11. (a) Noise performance of SSB-Tao and (b) comparison of noise
performance of SSB-Tao and SSB-GPHT.

The classical Gabor's construction becomes a special case
of our construction. We also gave a geometric interpreta-
tion of the new method, which gives rise to the ¢—AS
naturally. The ¢—AS enjoys important invariances and
factorization properties similar to Gabor's AS. It also
satisfies the same time-frequency localization properties
(Heisenberg's uncertainty principle). This approach led us
to a further generalization, where the fractional Hilbert
operator is replaced by a phase function leading to the
GPHT. We showed that the GPHT possesses many of the
properties of the FrHT, including selective enhancement
and highlighting of edges, and a connection with Lie
groups. We also proposed the generalized-phase AS, which
is a generalization of the ¢$—AS using the GPHT, and
showed that the GPAS and Gabor's AS are related by a
linear filtering operation. We showed that it is possible to
characterize causal signals in terms of the FrHT/GPHT, by
identifying the duality between the notions of analyticity
and causality. As an application of the GPAS, we developed
a multi-key secure SSB modulation scheme. Decode key
perturbation analysis and noise-performance analysis
showed that the proposed SSB scheme has the potential
for incorporating additional security into communication
systems.

The proposed GPHT may also be employed to transform
orthonormal bases and since the transformation is unitary,
certain smoothness and decay properties may be pre-
served, although localization properties may not be pre-
served. A recent seminal contribution in this direction was

made by Chaudhury and Unser [37], who addressed the
question in the general setting of non-compactly sup-
ported wavelet bases and showed that the Hilbert trans-
form of a wavelet is again a wavelet and that the
transformation preserves smoothness and decay proper-
ties. With regard to localization, Chaudhury and Unser
showed that it is controlled by the number of vanishing
moments of the original wavelet. Since the GPHTs are a
functional generalization of the standard HT, it would be
possible to perform a characterization of the GPHTs of
wavelets in terms of the associated smoothness, decay, and
localization, along the lines of [37].
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