
��� � ◦ �����
	 ��� 	 ��
�� 	����
�������������! #"#"#$%�'&)(
*,+�- (/.102(/&43'56(47 *8*89

:�;=<?>/@?A#@B<DC E�F)GIHJFLKNMPO,Q2RTSVUXW�KNY,M[ZTSVO]\^S2F?ZNMPS2RTK�O,_6`LF,MPSVabW/R�RT_IG2Y,RNRTS2FLGIS
{

u0 = 2
un+1 = 16 033un c H%O 65 519

a!HJY,R�ZTHJY,Z
n ≥ 0

dfe�g YLSVhJW/UPS2FiZ
u787

S2Z
u997 362 jk8e�l H c�m MPS2FnO]\ M[FLO8MPGISIK 1 000 ≤ i ≤ 9 999

hBS2RNMo`bS2FiZ

(ui c H%O 11) ≥
(ui−1 c HiO 11)

1 + (ui+1 c H%O 11)
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pnq c SsriYLSIKNZNMPHJFta'HJY,R 1 000 ≤ i ≤ 999 999
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dfe¾½ G2RNM[RTSVUXW�¿ÀHJFLG2ZNMPHJF ��|8{f�8{ riY,M¥ÁÂY,FLS�¿ÀHJFLG2ZNMPHJF
f
S2Z¾ÁÃY,FtS2F?ZNMPS2R

n
RTS2ZTHJY,RNFLSVUXWÂ¿ÄHJFLG2ZNMPHJF

fn Å f GIH c a!HfKT_IS n
¿ÄHJMPK¾W�hBSIGsUXWÆGIHJF?hBS2FiZNMPHJF

f0 = id
e

k8e¾½ G2RNM[RTS�WIhBSIG�UPS c M[F,M c Y c O,S³G�W/RwWJG2ZTQ2RTSIK°Y,FLS�¿ÄHJFLG2ZNMPHJF�r?Y,M%RTS2ZTHJY,RNFLS³UXW�U[MPKNZTS³O,SIKÇFLH cÂm RTSIKabW/M[RTK�O]\ Y,FLSsU[MPKNZTSVO]\^S2FiZNMPS2RTK e
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O,SÃUPHJF,vfYLS2Y,R
n
UXW´ZwW/M[U[UPSÆO,SÃUXW4G2UP_

K
KTSIG2RTQ2ZTS Å S2ZËa!HJY,RVGwºbWJG2Y,FDO,SÃGISIK m UPH%GIK Å HJFDW/a,a,U[MPr?YLSÆUXW¿ÄHJFLG2ZNMPHJF)O,SVGTº,MoÊ'RTS c S2F?Z CK

HJY)O,SVO,_IGTº,MoÊ'RTS c S2F?Z DK

O,_6`LF,MPSIK�abW/R�Õ

CK(x1, ..., xn) = (x1 + k1, ..., xn + kn)

DK(y1, ..., yn) = (y1 − k1, ..., yn − kn).

HDC
K = (k1, ..., kn)

e Í¥W
i E UPS2ZNZNRTS O,S�U \ W/U[a,ºbW m S2Z�UXW/ZNM[F GIHJRNRTSIKNa'HJFLO W/YDFLH cÂm RTS i − 1

S2ZÂUPSIK
WJO,O8M[ZNMPHJFLK�KTHJF?Z�S6Ê'SIG2ZNYL_ISIK c HiO8Y,UPH kfÓ8e �±HJY,R n = 1 Å HJFÉRTS2ZNRTHJY,hBS�S6ÖLWJG2ZTS c S2F?Z�UPSsGTº,MoÊ'RTS c S2F?ZO,S l _IKwW/RÃÎÀGTº,MoÊ'RTS c S2F?Z�abW/R¾O,_IG�W/UXW/vBS Ô ¿ WJG2M[UPS�ÁÆG�WJKTKTS2R�ÁÃU \ W/MPO,S�O]\ Y,FLSsKNM c a,UPSÂW/FbW/U[¹%KTSVO,SIK�¿#RT_ ÑriYLS2FLGISIK­O,SIK­UPS2ZNZNRTSIK e Í¥W�G2RN¹%a,ZwW/FbW/U[¹8KTS�O8Y4KN¹8KNZTQ c S¾O,S¾Ì�M[vBS2FLQ2RTS�SIKNZ ¿ÄHJFLO,_IS¾KTY,R­GIS2ZNZTSËW/FbW/U[¹%KTSKNZwW/ZNMPKTZNMPr?YLS e

F
GIHKJMLONQPDRTSVU ½ G2RNM[RTS Y,FLS ¿ÀHJFLG2ZNMPHJF �B�,{4W�X8{J�1�J{ r?Y,M?a,RTS2FLO�S2FÃW/RNvfY c S2FiZ°UPS¤FLH c O]\ Y,F�`bGTº,MPS2RS2Z�r?Y,M]RTS2ZTHJY,RNFLS�UPSËZwW m UPS�W/YnO,SIK³¿ÀRT_Ir?YLS2FLGISIK¾O,SIK�UPS2ZNZNRTSIK�W/a,abW/RwW/MPKTK W/F?Z�OLW/FLK¾GISË`bGTº,MPS2R eF
GIHKJMLONQPDRZY�U E�FÉO,_6`LF,M[Z�U \ M[FLO8MPGISsO,SVGIHD[ÄFLG2MPO,S2FLGIS!� l abW/R�UXWÃa,RTH m W m M[U[M[ZT_sriYLSVO,S2Y8Ö´UPS2ZNZNRTSIKGwºLHJMPKNMPSIKsW/UP_�W/ZTHJM[RTS c S2F?ZsOLW/FLK�Y,F
ZTS6Ö%ZTSÂKTHJMPS2F?ZËMPO,S2F?ZNMPriYLSIK e!½ G2RNM[RTSÃY,FLSs¿ÄHJFLG2ZNMPHJF �?� r?Y,Ma,RTS2FLO S2F W/RNvfY c S2F?Z Y,F�ZwW m UPS�W/Y´O,S�¿#RT_IriYLS2FLGISIK S2Z riY,M,RTS2ZTHJY,RNFLS�U \ M[FLO8MPGIS�O,S�GIHD[ÄFLG2MPO,S2FLGIS� l GIHJRNRTSIKTa!HJFLOLW/FiZ eJg YLS hJW/Y,Z\� l a'HJY,R¥Y,F�ZTS6Ö%ZTS ¿#RwW/FI]�W/MPK j a'HJY,R=Y,FÂZTS6Ö%ZTS�W/F,vfUXW/MPK j a!HJY,RY,F)ZTS6Ö%ZTS�W/UP_�W/ZTHJM[RTS j p
HJF?ZNRTS2R¾riYLS!� l SIKNZ�KNZwW m UPSVabW/R�a'S2R c Y,ZwW/ZNMPHJF�O,SIK�UPS2ZNZNRTSIK eF
GIHKJMLONQPDR_^`U ½ G2RNM[RTS�Y,FLS­¿ÀHJFLG2ZNMPHJF }f�i�L�i�ba8{VcB�,{4W riY,M8S2F,RTS2vfMPKTZNRTS­UPS�ZwW m UPS�W/Y�O,SIK±¿ÀRT_Ir?YLS2FLGISIKO,SV¿ÄWD]IHJFÉU[MPKTM m UPSVOLW/FLK�Y,F�`bGTº,MPS2R eF
GIHKJMLONQPDRedfU ½ G2RNM[RTS�Y,FLS�¿ÄHJFLG2ZNMPHJF �bab�/�?�?�8{Dg1�ih8{J�8{f�8{ riY,Mba,RTS2FLO4S2F�W/RNvfY c S2FiZ�Y,FLS�G2UP_ KS2Z¤UPS³FLH c O]\ Y,FÆ`bGwº,MPS2R ZTS6Ö8ZTS
t
S2Z r?Y,M,_IG2RNM[Z OLW/FLK¤Y,F�FLHJY,hBS�W/Y�`bGTº,MPS2R UPS³GTº,MoÊ'RT_�O,S

t
a!HJY,R

UPS�Gwº,MoÊ!RTS c S2FiZ­O,S�Ì�M[vBS2FLQ2RTS�O,S�G2UP_ K
eJ½ G2RNM[RTS³UXW�¿ÄHJFLG2ZNMPHJF�M[F?hBS2RTKTS �8{8�iab� �i�B�,{Dgb�jh%{f�8{J�,{ e

F
GIHKJMLONQPDRlk�U �%HJM[Z
n
Y,FLStUPHJF,vfYLS2Y,R´O,S)G2UP_�`,Ö8_IS e �ÇHJY,R´Y,F�ZTS6Ö%ZTS

t Å HJF�GIHJFLKTMPO,Q2RTSÉUPSIK nKwHJYLK Ñ ZTS6Ö%ZTSIK
t(j) = tjtj+ntj+2n...

a!HJY,R
1 ≤ j ≤ n

eL½ G2RNM[RTSÂY,FLSV¿ÄHJFLG2ZNMPHJF �i�Dm?©4XInjo8{Dpi|8{
riY,M¾Á
Y,F§ZTS6Ö8ZTS

t
S2ZÆY,F�S2F?ZNMPS2R

n Å M c a,RNM c StUXW
U[MPKNZTStO,SIKÆM[FLO8MPGISIK´O,S�GIHD[ÄFLG2MPO,S2FLGIS)O,SIKKwHJYLK Ñ ZTS6Ö%ZTSIK
t(j)

S2Z�UPS2Y,R c H�¹BS2F,FLS eF
GIHKJMLONQPDRTqVU 
¥S2FiZTS2RÇO,S¤O,_IGTº,MoÊ'RTS2R¥UPS ZTS6Ö%ZTS¤S2F,RTS2vfMPKNZNRT_ KTHJYLK]UPS°`bGwº,MPS2R �J©f�b�J©4X?�rn �8yi}J�1�Ç£ |,{Dp e
:�;=<?>/@?A#@B<Zs ·t �RwW/a,º,MPK c SVRT_IG2Y,RTKTMo¿N»�VW/FLK�Y,F�SIKNabWJGISnWiu�FLS
S2YLG2U[MPO8MPS2F�O]\^HJRNM[vfM[FLS

O Å HJF�O,_6`LF,M[Z4Y,FLS)KNY,M[ZTS (Pn)n≥0
O,S

k
Ñ vBHJFLSIK

RT_2vfY,U[MPS2RTKËO,S�GIS2FiZNRTS
O
HDC

P0
a!HfKwKTQIO,SsY,F�KTH c�c S2ZËKNY,R¾UXW O,S c M Ñ O8RTHJM[ZTS [Ox)

S2Z�UPSIK�KwH c�c S2ZTKO,S
Pn+1

KTHJF?Z�S6ÖLWJG2ZTS c S2F?Z¾UPSIK c M[U[MPS2Y8Ö4O,SIK�GwvJZT_IK�O,S Pn

e8½ G2RNM[RTSVY,FLS�¿ÄHJFLG2ZNMPHJFÉr?Y,M]O,SIKTKNM[FLS�UPSIK
a,RTS c MPS2RTK k

Ñ vBHJFLSIK�O,SVGIS2ZNZTSsKNY,M[ZTS e

k


