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Z-polyregular functions

Abstract—This paper introduces a robust class of functions
from finite words to integers that we call Z-polyregular functions.
We show that it admits natural characterizations in terms of
logics, Z-rational expressions, Z-rational series and transducers.

We then study two subclass membership problems. First, we
show that the asymptotic growth rate of a function is computable,
and corresponds to the minimal number of variables required to
represent it using logical formulas. Second, we show that first-
order definability of Z-polyregular functions is decidable. To show
the latter, we introduce an original notion of residual transducer,
and provide a semantic characterization based on aperiodicity.

I. INTRODUCTION

Deterministic finite state automata define the well-known and
robust class of regular languages. This class is captured by dif-
ferent formalisms such as expressions (regular expressions [LL]),
logic (Monadic Second Order (MSO) logic [2]), and algebra
(finite monoids [3]]). Furthermore, it contains a robust subclass
of independent interest: star-free regular languages, that admits
equivalent descriptions in terms of machines (counter-free
automata [4]]), expressions (star-free expressions [3]), logic
(first-order (FO) logic [6]]) and algebra (aperiodic monoids [5]).
Furthermore, one can decide if a regular language is star-free,
and the proof relies on the existence (and computability) of
a canonical object associated to each language (its minimal
automaton [4] or, equivalently, its syntactic monoid [3])).

Numerous works have attempted to carry the notion of
regularity from languages to word-to-word functions. This
work lead to a plethora of non-equivalent classes (such as
sequential, rational, regular and polyregular functions [7]]).
Decision problems, including first-order definability, become
more difficult and more interesting for functions [8]], mainly
due to the lack of canonical objects similar to the minimal
automata of regular languages. It was shown recently that
first-order definability is decidable for the class of rational
functions [9]] and that a canonical object can be built [10].

This paper is a brochure for a natural class of functions from
finite words to integers, that we name Z-polyregular functions.
Its definition stems from the logical description of regular
languages. Given an MSO formula (&) with free first-order
variables Z, and a word w € A*, we define #y(w) to be the
number of valuations v such that w, v = ¢(Z). The indicator
functions of regular languages are exactly the functions #¢
where ¢ is a sentence (i.e. it does not have free variables,
hence has at most one valuation: the empty one). We define
the class of Z-polyregular functions, denoted ZPoly, as the
class of Z-linear combinations of functions #¢ where ¢ is in
MSO with first-order free variables.

The goal of this paper is to advocate for the robustness of
ZPoly. To that end, we shall provide numerous characterizations
of these functions and relate them to pre-existing models. We
also solve several membership problems and provide effective

conversion algorithms. This equips ZPoly with a smooth and
elegant theory, which subsumes that of regular languages.

Contributions: We introduce the class ZPoly as a natural
generalization of regular languages via simple counting of MSO
valuations. We first connect Z-polyregular functions to word-
to-word polyregular functions [7], providing a justification for
their name. As a class of functions from finite words to integers,
it is then natural to compare ZPoly with the well-studied class
of Z-rational series (see e.g. [11]]). We observe that ZPoly is
exactly the subclass of Z-rational series that have polynomial
growth, i.e. the functions such that | f(w)| = O(|w|*) for some
k > 0, following the seminal results of Schiitzenberger [12].
As a consequence, we provide a simple syntax of Z-rational
expressions to describe ZPoly as those built without the Kleene
star. We also show how ZPoly can be described using natural
restrictions on the eigenvalues of representations of Z-rational
series. This property is built upon a quantitative pumping
lemma characterizing the ultimate behavior of Z-polyregular
functions as “ultimately N-polynomial” for some N > 0. We
summarize these results in the second column of

We then refine the description of ZPoly by considering for
all £ > 0, the class ZPoly,, of functions described using at
most k free variables in the counting MSO formulas. It is
easy to check that if f € ZPoly, then |f(w)| = O(|w|*). Our
first main theorem shows that this property is a sufficient and
necessary condition for a function of ZPoly to be in ZPoly,
(see[Figure T)). This result is an analogue of the various “pebble
minimization theorems” that were shown for word-to-word
polyregular functions [13]], [14], [15], [16]]. We also provide
an effective decision procedure from ZPoly to ZPoly,.

Our second main contribution is the definition of an almost
canonical object associated to each function of ZPoly. We
name this object the residual transducer of the function, and
show that it can effectively be built. Its construction is inspired
by the residual automaton of a regular language, and heavily
relies on the decision procedure from ZPoly to ZPoly,.

Finally, we define the class ZSF of star-free Z-polyregular
functions, as the class of linear combinations of # where ¢
is a first-order formula with free first-order variables. As in the
case of ZPoly, observe that the indicator functions of star-free
languages are exactly the #¢ where ¢ is a first-order sentence.
Our third main contribution then applies the construction of
the residual transducer to show that the membership problem
from ZPoly to ZSF is decidable. Incidentally, we introduce
for k > 0 the class ZSFj, (defined in similar way as ZPoly,)
and show that ZSF;, = ZSF N ZPoly,,, as depicted in [Figure 1]
Furthermore, we show that the numerous characterizations of
ZPoly in terms of existing models can naturally be specialized
to build characterizations of ZSF, as depicted in the third
column of

Overall, our contribution is the introduction of a natural
theory of functions from finite words to Z, that is the
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Formalism Characterization of ZPoly

Characterization of ZSF

Counting formulas

Counting valuations in MSO (Definition 11.5)

Counting valuations in FO (Definition V.1J)

Polyregular functions

sum o polyregular (Proposition IL.11)

sum o star-free polyregular (Proposition V.17)

Z-rational expressions

Closure of rational languages under Cauchy prod-

ucts, sums, and Z-products (Theorem II.18)

Closure of star-free languages under Cauchy prod-

ucts, sums, and Z-products (Theorem V.4)

Ultimately N-polynomial
Polynomial growth n/a
Eigenvalues in {0} U U (Theorem II.28)

Z-rational series that are/have

Ultimately 1-polynomial

Eigenvalues in {0, 1} (Theorem V.18)

Residual transducer

Residual transducer (Corollary 1V.19)

Counter-free residual transducer (Theorem V.13))

TABLE I. Summary of the characterizations of ZPoly and ZSF expressed in different formalisms.

consequence of a reasonable computational power (polynomial
growth, i.e. less than Z-rational series) and the ability to
correct errors during a computation (using negative numbers).
Furthermore, the theory of Z-polyregular functions is built
using new and non-trivial proof techniques.

Outline: [Section 11l is devoted to the introduction of the
classes ZPoly and ZPoly,. We also compare ZPoly with
polyregular functions and with Z-rational series. We then
devote [Section 111l to a free variable minimization theorem
(Theorem IIT.3), that is a key result towards the effective com-

putation of a canonical residual transducer in We
then introduce ZSF and ZSF}, in and use the residual

transducer to prove the decidability of ZSF inside ZPoly
(Theorem V.8). We conclude by connecting ZSF to polyregular
functions and Z-rational series. All of the aforementioned
results include algorithms to decide membership and provide
effective conversions between the various representations.

II. Z-POLYREGULAR FUNCTIONS

The goal of this section is to define Z-polyregular func-
tions. We first define this class of functions using a logical
formalism (monadic second-order formulas with free variables,

[Section TI-A)), then we relate it to (word-to-word) regular and
polyregular functions and finally we show that it
corresponds to a natural and robust subclass of the well-known
Z-rational series (Sections 1I-C| and [[I-DJ).

In the rest of this paper, Z (resp. N) denotes the set of
integers (resp. nonnegative integers). If i < j, the set [i:]]
is {4,i+1,...,7} € N (empty if j < 7). The capital letter
A denotes a fixed alphabet, i.e. a finite set of letters. A*
(resp. A™) is the set of words (resp. non-empty words) over
A. The empty word is ¢ € A*. If w € A*, let |w| € N be
its length, and for 1 < i < |w| let w[i] be its i-th letter. If
I ={iy < <ig} C[L:|w|], let w[I] = wli1] - wlig].
If @ € A, let |w|, be the number of letters a occurring in
w. We assume that the reader is familiar with the basics of
automata theory, in particular the notions of monoid morphisms,
idempotents in monoids, monadic second-order (MSO) logic
and first-order (FO) logic over finite words (see e.g. [17]).

A. Counting valuations on finite words

Let MSOy; be the set of MSO-formulas over the signature
(A, <) which have exactly k free first-order variables. We

then let MSO = |J,cy MSOy. If o(x1,...,2x) € MSOy,
we A and 1 < iy,..., 0 < |w|, we write w = (i1, ..., 1)
whenever the valuation x; +— 41,...,x; — 7, makes the
formula ¢ true in the model w.

Definition IL.1 (Counting). Given ¢(z1,...,25) € MSOy,
we let #¢ : A* — N be the function defined by #p(w) =

(i1, yik) :wE @ity ... 0)}H-

The value #¢(w) is the number of tuples that make the
formula ¢ true in the model w.

Example IL.2. [f ¢ € MSOy, then # is the indicator function
of the (regular) language {w : w = ¢} C A*.

Example IL.3. Let A := {a,b}. Let p(x,y) = a(x) A b(y),
then #p(w) = |wl, X |wlp for all w € A*. Let (x,y) =
o(x,y) AN >y, then #ip(a™ba™ ---a™) =" i xn,

Example I1.4. Let ¢ € MSOy, and x be a fresh variable. Then
#(x =z A p)(w) = |w| xH#Hp(w) for every w € A*. Similarly,
forallwe A* and a € A, #(a(z) A p)(w) = |w|g X #Fo(w).

If F is a subset of the set of functions A* — Z and if S C Z,
we let Spang (F') = {}_,a;f; : a; €S, fi € F'} be the set
of S-linear combinations of the functions from F'. The set
Spany ({#¢ : ¢ € MSOy, k > 0}) has been recently studied
by Douéneau-Tabot in [18] under the name of “polyregular
functions with unary output”. In the following, we shall call
this class the N-polyregular functions.

The goal of this paper is to study the Z-linear combinations
of the basic # functions, that we call Z-polyregular functions.
We shall see that this class is a quantitative counterpart of
regular languages that admits several equivalent descriptions,
and for which various decision problems can be solved. We
provide in a fine-grained definition of this class
of functions, depending on the number of free variables which
are used within the #¢ basic functions.

Definition IL.5 (Z-polyregular functions). For k > 0, let
ZPoly,, = Spany ({#¢ : ¢ € MSOy, ¢ < k}). We define the
class of Z-polyregular functions as ZPoly :=  J, ZPoly,..

We also let ZPoly_; = {0}.

Example I1.6. ZPoly, is exactly the class of functions of the
form Y. 8,1y, where the 6; € 7 and the 11, are indicator
functions of regular languages.
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Fig. 1: The classes of functions studied in this paper.

Example IL.7. Following the construction of
for every k£ > 0, and f € ZPoly,, the function g: w —
f(w) x |w|* belongs to ZPoly, .

Example IL8. Let 1,44 and 1even be respectively the indicator
functions of words of odd length and even length. For all k > 0,
the function w s (—1)1"I x |w|* is in ZPoly,. Indeed, it is
W+ Leyen(w) X |w|F — Loga(w) x |w|¥. Observe that it cannot
be written as a single 04 for some § € Z, p € MSOy, £ > 0,
since otherwise its sign would be constant.

The use of negative coefficients in the linear combinations
has deep consequences on the expressive power of ZPoly.
Let us consider the function f: w — (Jw|, — |w|p)?. Be-
cause f(w) = |w|? — 2|w|,|w|y, + |w|?, we conclude from
that f is in ZPoly,. Although f is non-negative,
F71{0}) = {w : |w|, = |w|p} is not a regular language,
hence f is not N-polyregular function.

Remark II.9 (More variables). Let £ > k > 0, ¢ € MSOy,
then for all word w € A" we have:

#o(w) = #(PATpg1 = -+ = g AVy.2p1 < y)(w)

the latter being an MSOy formula. This formula also holds
for w=c¢ if k >0, but it may fail for k = 0 because in that
case the right member equals O regardless of the formula ¢
(because there is no valuation), whereas #p(g) may not be 0.

One can refine to conclude that for all k > 0,
ZPoly,, = Spang, ({#¢ : v € MSO.} U {1(.}}). In the rest
of the paper, 1.} will not play any role, and we will safely
ignore it in the proofs so that ZPoly, will often be considered

equal to Spany, ({#¢ : ¢ € MSOy}).

B. Regular and polyregular functions

We recall that the class of (word-to-word) functions com-
puted by two-way transducers (or equivalently by MSO-
transductions, see e.g. [19]) is called regular functions. As
an easy consequence of its definition, ZPoly, is preserved
under pre-composition with a regular function.

Proposition 11.10. For all k > 0, the class ZPoly,, is
(effectively) closed under pre-composition by regular functions.

il

Now, we intend to justify the name “Z-polyregular functions’
by showing that this class is deeply connected to the well-
studied class of polyregular functions from finite words to
finite words. Informally, this class of functions can be defined
using the formalism of multidimensional MSO-interpretations.
The reader is invited to consult [20] for its formal definition,
that we skip here. Let sum : {£1}* — Z be the sum operation
mapping w € {£1}* to 31} wli].

Proposition I1.11. The class ZPoly is (effectively) the class
of functions sumof where f : A* — {£1}* is polyregular.

C. Rational series and rational expressions

The class of rational series over the semiring (Z, +, x ), also
known as Z-rational series, is a robust class of functions from
finite words to Z that has been largely studied since the 1960
(see e.g. [L1] for a survey). It can be defined using the indicator
functions 17, of regular languages L C A*, and the following
combinators given f,g: A* — Z and ¢ € Z:

o the external Z-product 0f: w+— § X f(w);

o the sum f+g:wr— f(w)+ g(w);

o the Cauchy product f®g: w— >, .. f(u) x g(v);

o if and only if f(e) = 0, the Kleene star f*:=3%" _ f"
where f° : ¢+ 1,w # £ + 0 is neutral for Cauchy
product and f"t! = f® f™.

Definition I1.12 (Z-rational series). The class of Z-rational
series is the smallest class of functions from finite words to Z
that contains the indicator functions of all regular languages,
and is closed under taking external Z-products, sums, Cauchy
products and Kleene stars.

We intend to connect Z-rational series and Z-polyregular
functions. Let us first observe that not all Z-rational series
are Z-polyregular. We say that a function f : A* — 7Z has
polynomial growth whenever there exists £ > 0 such that
|f(w)| = O(|w|¥). It is an easy check that a Z-polyregular
function has polynomial growth.

Claim IL13. Ifk > 0 and f € ZPoly, then |f(w)| = O(|w|).
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Example IL14. The map f: w — (=2)I*! is a Z-rational
series because f = ((—3)14+)*. However f & ZPoly since it
does not have polynomial growth.

It is easy to see that the class ZPoly is closed under taking
Cauchy products, which is done via a simple rewriting.

Claim IL.15. Let k,¢ > 0. Let f € ZPoly, and g € ZPoly,,
then f®g € ZPoly ,,, . The construction is effective.

As a consequence, if L C A* is regular and f € ZPoly,,
then 1, ® f € ZPoly, , ;. The following result states that such
functions actually generate the whole space ZPoly,, ;.

Proposition I1.16. Let k > 0, the following (effectively) holds:
ZPoly,. ., = Spany ({1, ® f : L regular, f € ZPoly, }).

Example IL17. The map w — (—1)1“!|w| is in ZPoly, as it
equals 1odd by 1odd + 1even & 1even - 1even & 1odd - 1odd by 1even-

Now, let us show that Z-polyregular functions can be
characterised both syntactically and semantically as a subclass
of Z-rational series. We prove that the membership problem is
decidable and provide and effective conversion algorithm.

Theorem II.18 (Rational series of polynomial growth). Let
[ A* = 7Z, the following are equivalent:

1) f is a Z-polyregular function;

2) f belongs to the smallest class of functions that contains
the indicator functions of all regular languages and
is closed under taking external Z-products, sums and
Cauchy products;

3) f is a Z-rational series having polynomial growth.

Furthermore, one can decide whether a Z-rational series is a
Z-polyregular function and the translations are effective.

Proof. For [Item 2| = [Item 1| observe that ZPoly contains
the indicator functions of regular languages, is closed under
external Z-products, sums, and Cauchy products (thanks to
[Claim IT.13). For [ltem 1] = [ltem 2} we obtain for all k£ > 0

as an immediate consequence of [Proposition II.16

ZPoly, =Span;({1.,,® ---®1p,
: Lo, ..., Ly regular languages})

ey

and the result follows.

The equivalence between [[tem 2| and [Item 3| follows (in a
non effective way) from [11} Corollary 2.6 p 159]. Furthermore
polynomial growth is decidable by [11} Corollary 2.4 p 159]. To
provide an effective translation, one can start from a Z-rational
series f of polynomial growth, enumerate all the Z-polyregular
functions g, rewrite them as rational series (using =
and check whether f = g since this property can be
decided for Z-rational series [11, Corollary 3.6 p 38]. O

Remark I1.19. [/S Theorem 3.3] gives a similar result when
comparing N-polyregular functions and N-rational series.

Remark I1.20. The class of Z-polyregular functions is also
closed under Hadamard product (f x g(w) == f(w) x g(w)).

This can be obtained by generalising Moreover,
f x g € ZPoly,_,, whenever f € ZPoly, and g € ZPoly,.

Since the equivalence is decidable for Z-rational series [L1,
Corollary 3.6 p 38], we obtain the following.

Corollary I1.21 (Equivalence problem). One can decide if two
Z-polyregular functions are equal.

D. Rational series and representations

In this section, we intend to provide another description of
Z-polyregular functions among Z-rational series. To that end,
we first recall that rational series can also be described using
matrices (or, equivalently, weighted automata). Let M™™(Z)
be the set of all n x m matrices with coefficients in Z. We
equip M™™(Z) with the usual matrix multiplication.

Definition I1.22 (Linear representation). We say that a triple
(I, u, F) where p: A* — M™"™(Z) is a monoid morphism,
I € MY (Z) and F € M™(Z), is a Z-linear representation
of a function f: A* = Z if f(w) = Iu(w)F for all w € A*.

It is well-known since Schiitzenberger (see e.g. [11, Theo-
rem 7.1 p 17]) that the class of Z-rational series is (effectively)
the class of functions that have a Z-linear representation.

Example IL23. The map w — (—1)1*!|w| from |[Example I1.1

is a Z-polyregular function, hence a it is a Z-rational series.
It has the following Z-linear representation:

(e (G 2)"0)

Note that the eigenvalues of any matrix in p(A*) are 1 or —1.

Example I1.24. The function w — (—2)"! from|Example II.14

is a Z-rational series that is not a Z-polyregular function. It
can be represented via ((1), 1, (1)) where p(w) = ((—2)11)
for all w € A*. Observe that for all n > 1, there exists a
matrix in (A*) whose eigenvalue has modulus 2™ > 1.

A Z-linear representation (I, u, F') of a function f is said to
be minimal, when it has minimal dimension n among all the
possible representations of f. Given a matrix M € M™"(Z),
we let Spec(M) C C be its spectrum, that is the set of
all its (complex) eigenvalues. If S C M™"(Z), we let
Spec(S) == Upscg Spec(M) be the union of the spectrums.
Finally, let B(0,1) := {x € C : |z| < 1} be the unit disc and
U:={ze€C :3n>1z" =1} be the roots of unity.

Now, we show that Z-polyregular functions can be character-
ized through the eigenvalues of Z-linear representations. More
precisely, [[heorem II.28| will relate the asymptotic growth of
a series to the spectrum of the set of matrices p(A*). As a
first step, let us observe that the eigenvalues occurring in a
minimal representation can be revealed by iterating words.

Lemma I1.25. Let f: A* — Z be a Z-rational series and
(I, u, F) be a minimal Z-linear representation of f. Let w € A*
and X € Spec(u(w)). There exists coefficients c; ; € C for
1 <i,j <n, and words uy,v1, ..., Uy, v, € A* such that
AX = ZZ]‘:1 amf(viwxuj) for all X > 0.

Now, we refine the notion of polynomial growth to explicit
the ultimate behaviour of a function when iterating factors.
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Definition I1.26. Let N > 0. A function f: A* — Z
is ultimately N-polynomial whenever there exists M > 0
such that for all ag,wy,aq,...,wp,ap € A*, there exists
P € Q[Xy,..., Xy, such that f(apwl™X NXeqy) =

10[1 ...we
P(Xy,...,Xy), whenever Xq,...,X; > M.

, In this section we only need to have ¢ = 1, but

has been made generic so that it can be reused in

when dealing with aperiodicity. Now, we observe
that ultimate polynomiality is preserved under taking sums,

external Z-products and Cauchy products. [Lemma I1.27| also
provides a fine-grained control over the value N of ultimate

N-polynomiality, that will mostly be useful in

Lemma I1.27. Let f,g: A* — 7Z be (respectively) ultimately
Ny-polynomial and ultimately Ny-polynomial, then:
e f+gand f® g are ultimately (N1 X Na)-polynomial;
o Of is ultimately Ny-polynomial for § € Z.
Furthermore, for every regular language L, there exists N > 0
such that 1y, is ultimately N-polynomial.

Now, we have all the elements to prove the main theorem
of this section.

Theorem II.28 (Polynomial growth and eigenvalues). Let
[ A* = 7Z, the following are equivalent:
1) f is a Z-polyregular function;
2) f is a Z-rational series that is ultimately N -polynomial
for some N > 0;
3) f is a Z-rational series and for all minimal Z-linear
representation (I, u, F') of f, Spec(u(A*)) C U U{0}.
4) f is a Z-rational series and it exists a Z-linear represen-
tation (I, u, F) of f such that Spec(u(A*)) C B(0,1);

Proof. |ltem 4| = [ltem 1] is a direct consequence of [21,
Theorem 2.6] and [Theorem II.18| |Item 1| = [Item 2| follows
from [Lemma I1.27 and [Theorem 1118l

For [Item 2| = [ltem 3| let (I, u, F') be a minimal represen-
tation of f in Z, of dimension n > 0. Let w € A* and \ €
Spec(p(w)). Thanks to there exists «; ;, u;, v;
for 1 < 4,5 <n, such that \* = Y 1<ij<n i f(viwXuy)
for X large enough. By assumption, for all 1 < 7,57 < n,
there exists N;; > 0 such that X — f(v;wNeiXu;) is a
polynomial for X large enough. Hence there exists N > 0 (i.e.
the product of the N; ;) such that X — ANX = (AM)X s a
polynomial for X large enough, which therefore must be a
constant polynomial. Hence A"V € {0, 1}, which implies that
A € {0} UT. [Item 3| = [ltem 4] is obvious. O

Remark 11.29. |ltem 3| of [Theorem 11.28|is optimal, in the sense
that for all X € UU {0}, there exists a Z-rational series of
polynomial growth having a minimal representation (I, u, F')
with X € Spec(u(A*)) (if A € U, we let p(a) be the companion
matrix of the cyclotomic polynomial associated to \).

Remark I1.30. Leveraging the proof scheme used for the
implication |ltem 2| = |ltem 3| of [Theorem 11.28| one can
actually show that the following asymptotic polynomial bound
characterizes Z-polyregular functions among Z-rational series:
Sfor all u,w,v € A*, there exists P € Q[X], such that
|f(uwXv)| < P(X), for X large enough.

Remark IL1.31. Beware that Spec(u(A)) C {0} UTU has no
reason to imply Spec(u(A*)) C {0} UT.

III. FREE VARIABLE MINIMIZATION AND GROWTH RATE

In this section, we study the membership problem from
ZPoly to ZPoly,, for a given k > 0. As observed in[Claim IL.13]
if f € ZPoly, then |f(w)| = O(Jw|*). We show that this
asymptotic behavior completely characterizes ZPoly, inside
ZPoly. This statement is formalized in which

also provides both a decision procedure and an effective

conversion algorithm. It turns out that is also

stepping stone towards computing the residual automaton of a
function f € ZPoly, which is done in

This can be understood as result that “minimizes” the number
of free variables needed to describe a Z-polyregular function.
As such, it is tightly connected with the “pebble minimization”
results that exists for (word-to-word) polyregular functions [L6]
and N-polyregular functions [[13]. However, these results cannot
be used as black box theorems to minimize the number of
free variables of Z-polyregular functions because the negative
coefficients of the latter induce non-trivial behaviors.

To capture the growth rate of Z-polyregular functions, we
shall introduce a quantitative variant of the traditional pumping
lemmas. Before that, let us extend the big O notation to
multivariate functions f,g : N* — Z as follows: we say
that f = O(g) whenever there exists N,C' > 0 such that
lf(z1,...,20)| < Clg(z1,...,2,)| for every z1,...,2, >
N. We similarly extend the notation f(z) = Q(g(x)) to
multivariate functions.

Definition IIL.1. A function f: A* — Z is k-pumpable
whenevelig there exists aq,...,ap € A* wy,...,wp € A%,
[f (a0 [Ty wif )| = QI X1 + -+ + X[?).
Example II1.2. For all k > 0, for all f € ZPoly,, f is not
(k + 1)-pumpable because |f(w)| = O(|w|*).

Theorem II1.3 (Free Variable Minimization). Let f € ZPoly
and k > 0. The following conditions are equivalent:

1) f € ZPoly,,

2) |f(w)] = O(jw|*);

3) f is not (k+ 1)-pumpable.
Furthermore, the minimal k such that f € ZPoly, is com-
putable, and the construction is effective.

The proof of [Theorem I11.3|is done via induction on k, and

follows directly from the following induction step, for which
we devote the rest of [Section 111l

Induction Step IIl.4. Let k > 1 and f € ZPoly,. The
following conditions are equivalent:

1) f € ZPoly,_;;

2) [f(w)] = O(jw|*1);

3) f is not k-pumpable.
Moreover this property can be decided and the construction is
effective.

Beware that one must be able to pump several factors at
once to detect the growth rate, as illustrated in the following

example. This has to be contrasted with
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Example IIL5. Let f : a*b* — k x £ and w — 0 otherwise.
The function f is Z-polyregular and 2-pumpable, however,
FlagwXay) = O(X) for every triple ag,w, o € A*.

Our proof of [Induction Step II1.4] is built upon factorization
forests. Given a morphism p: A* — M into a finite monoid
and w € A*, a u-forest of w is a forest that can be represented
as a word over A := Aw {(,)}, defined as follows.

Definition II1.6 (Factorization forest [22]]). Given a monoid
morphism p: A* — M and w € A*, we say that F is a
p-forest of w when:
o either ' =a, and w = a € A;
e or F=(F) - (F,),w=w,- wy,and forall 1 <i <
n, F; is a p-forest of w; € AT. Furthermore, if n > 3
then p(wy) = -+ = p(wy) is an idempotent of M.

We write 7 C (A)* to denote the set of u-forests. Because
forests are (ordered) trees, we will use the standard vocabulary
to talk about the nodes, the sibling/parent relation, the root,
the leaves and the depth of a forest. We let F; C (A)* be the
set of p-forests with depth at most d. Let word: F, — A* be
the function mapping a p-forest of w € A* to w itself.

Example IIL7. Let M = ({—1,1,0}, x). A forest F € Fk
(where p : M* — M maps a word to the product of its
elements) such that word(F) = (—1)(—1)0(—1)000000 is
depicted in Figure 2] Double lines denote idempotent nodes
(i.e. nodes with more than 3 children).

When M is a finite monoid, it is known from Simon’s
celebrated theorem [22] that any word in A* has a p-forest of
bounded depth. Furthermore, this small forest can be computed
by a regular function (notion introduced in [Section II-B).

Theorem IIL.8 ([22], [23]). Given a morphism into a finite
monoid p: A* — M, one can effectively compute some
d > 0 and a regular function forest: A* — F' such that
word o forest is the identity function.

In order to prove [[nduction Step III.4] we shall consider a
function f: A* — Z € ZPoly,, that is not k-pumpable, and
show how to compute it as a function in ZPoly, _;. To that end,
we shall construct a function g: A* — Z € ZPoly;,_; such that
f = g oforest. Since forest is regular thanks to [Theorem 1118
it will follow that f € ZPoly,_, by Remark
that it is only needed to define g on F7;.

Following the classical connections between MSO-formulas
and regular languages, we prove in that for every
function f € ZPoly, there exists a finite monoid M and a
morphism p: A* — M, such that f(w) can be reconstructed
using “simple” MSO-formulas which are evaluated along
bounded-depth p-factorizations of w.

Claim IIL9. Given u: A* — M a morphism into a finite
monoid and d € N, the following predicates are MSO definable
for words over A. Forall F € F*, and w = word(F), then:
o I |=isleaf(z) if and only if x is a leaf of F;
o F = between,,(x,y) if and only if x and y are leaves of
F, z <y, and p(wlz]...wly]) =m;
o I E left,,(z) if and only if x is a leaf of F, and
w(wll] .. wlx]) =m;

o F | right,, (z) if and only if x is a leaf of F, and
pwlz]. .. wljw[]) = m.
Whenever F € A* \ FY, the semantics are undefined.

Definition IIL10. The fragment INV is a subset of MSO over
A, that contains the quantifier free formulas using only the
predicates between,,, left,,, and right,, where m ranges over

M, and where every free variable x is guarded by the predicate
isleaf (x). Furthermore, we let INV}, := INV N MSOy,.

Claim IIL11 ([14], [16]). For all f € ZPoly,, one can
(effectively) build a finite monoid M, a depth d € N, a
surjective morphism p: A* — M, constants 6; € Z, formulas
¥; € INVy, such that for every word w € A*, for every
factorization forest F € F' of w, f(w) = 37" §; X #¢;(F).

In the rest of this section, we focus on the number of free

variables in Z-linear combinations of # where ¥ € INV.

The crucial idea is that one can leverage the structure of the
forest F' € F' to compute #1 more efficiently, at the cost of
building a non-INV formula.

For that, we explore the structure of the forest F' as follows:
given a node t in a forest F', we define its skeleton to be the
subforest rooted at that node, containing only the right-most
and left-most children recursively. This notion was already
used in [18], [L15], [L6] for the study of pebble transducers.

Definition IIL.12. Let F € F" and t € Nodes(F'), we define
the skeleton of t by:
o ift=a € Ais aleaf, then Skel(t) == {t};
o otherwise if t = (Fy)---(F,), then Skel(t) == {t} U
Skel(Fy) U Skel(F},).

Let w € A*, F be a u-forest of w, and t € Nodes(F'). The
set of nodes Skel(t) defines a u-forest of a (scattered) subword
u of w: the one obtained by concatenating the leaves of F' that
are in Skel(t). See for an example of a skeleton. A
crucial property of Skel(t) seen as a forest is that it preserves
the evaluation:

Claim IIL13. For all d > 0, finite monoid M, morphism
w: A* — M, forest F € Fh, node t € F, u(word(Skel(t))) =
p(word(t)), because we only remove inner idempotent nodes.

Fig. 2: A forest F' with word(F') = (—1)(—1)0(—1)000000
together with a skeleton in blue.

Let F' be a forest and x be a leaf in I'. Observe that
Skel(z) is exactly z itself. There may exist several nodes
t € F such that x € Skel(x), however only one of them is

maximal thanks to [Lemma III.14} As a consequence one can

partition Leaves(F’) depending on the maximal skeleton (for

inclusion) which contains a given leaf (Definition III.15]).
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Lemma IIL.14. Let x € Leaves(F), there exists t € Nodes(F')
such that x € Skel(t). Furthermore, for every t' such that
x € Skel(t'), Skel(t) C Skel(t') or Skel(t') C Skel(t).

Definition IIL.15. Let skel-root: Leaves(F) — Nodes(F')
map a leaf x to the t € Nodes(F') such that x € Skel(t)
and Skel(t) is maximal for inclusion.

Following the work of [[18]], we define a notion of dependency

of leaves (Definition III.17) based on the relationship between
their maximal skeletons (Definition III.16).

Definition III.16 (Observation). We say that t' € Nodes(F)
observes t € Nodes(F) if either t' is an ancestor of t, or
the immediate left or right sibling of an ancestor of {, or an
immediate sibling of t, or t' = t.

Definition III.17 (Dependency). In a forest F, a leaf y depends
on a leaf x when skel-root(y) observes skel-root(z).

Beware that the relation x depends-ony is not symmetric.
This allows us to ensure that the number of leaves y that
depend on a fixed leaf x is uniformly bounded.

Claim II1.18. Given d > 0, there exists a (computable) bound
Ng € N such that for all F' € F!| and all leaf x € Leaves(F),
there exist at most Ny leaves which depend on x.

It is a routine check that for every fixed d, one can define the
predicate sym-dep(z, y) in MSO over F/; checking whether
xdepends-ony or ydepends-onz, that is the symmetrised
version of z depends-ony. We generalize this predicate to

tuples & := (z1,...,xx) via:
T for k = 0;
sym-dep(Z) := ¢ T if and only if z; is the root for k = 1;
Vi sym-dep(z;, z;) otherwise.
Notice that the independence (or dependence)
of a tuple of leaves & only depends on the tuple
skel-root(z1), .. ., skel-root(x,). The notion of dependent

leaves is motivated by the fact that counting dependent leaves

can be done with one less variable, as shown in [Lemma III.19

Lemma II1.19. Let d > 0, M be a finite monoid, j: A* — M,
k > 1, and 1 € INV. One can effectively build a function
g : (A)* = Z € ZPoly, | such that for every F € F",
g(F) = #(¢(Z) A sym-dep(Z))(F).

Definition II1.20. Let k > 1 and f € ZPoly,, thanks to
[Claim NI 11| and [Theorem III.8} there exists p : A* — M,
d>0, 0; € Z, 1; € INVy such that:

f= (Z 5¢#7j;i> o forest

i=1

= (Z 0;# (i (Z) A sym—dep(a‘c’))) o forest

2
= faep

+ ( 8 (i (Z) A = sym—dep(f))) o forest .
i—1

(2

= findep

We say that fgep is the dependent patt of f and findep is its
independent part.

Thanks to [Lemma III.19] and [Proposition II.10} for every
k > 1 and f € ZPoly,, (fdep o forest) € ZPoly, ; (over
F*)). Hence, whether the function f belongs to ZPoly,_; only
depends on its independent part. We will actually prove that in
this case, f € ZPoly,_, if and only if fingep = 0. For that, we
will rely on “pumping families” that follows the factorization
of forest.

Definition IIL.21 (Pumping family). A (i, d)-pumping family
of size k > 1 is given by words cv, w1, iz, . . ., Q—1, Wk, O €
A*, such that u; # €, together with a family F X of forests in
F! such that FX is a p-forest of w* = ag Hle(w,;)xioz,;
for every X = Xq,..., X >0.

Remark II1.22. A (p,d)-pumping family of size k satisfies
that [w™ | = O(X1+- -+ Xy), and |F*| = O(X1 +- -+ X})
since the depth of FX is bounded by d.

Lemma IIL.23. Let fingep be defined as in [Equation (2)| Then,

findep 7 0 if and only if there exists a (, d)-pumping family

of size k such that f(FX) is ultimately a Z-polynomial in

X1, ..., Xy with a non-zero coefficient for Xy - -- Xj.
Moreover, one can decide whether findep = 0.

, Now, we are almost ready to conclude the proof of

The only difficulty left is handled by the following
technical lemma which enables to lift a bound on the asymptotic

growth of polynomials to a bound on their respective degrees.
It is also reused in

Lemma II1.24. Let P, Q be two polynomials in R[ X1, . ..
If [P| = O(IQ]), then deg(P) < deg(Q).

Proof of [[nduction Step II1.4] The only non-trivial implication

is = Let f € ZPoly,, verifying the conditions of
We can decompose this function following

As observed above, we only need to show that fingep = 0.
Consider a pumping family (w™, FX) of size k, we have:

| findep (F)| = | £ (w™) = faep(F)| = O(|X14- - -+ X3 [" ).
Assume by contradiction that fingep 7 0,[Lemma III.23| provides

us with a pumping family such that fingep(FX) is ultimately
a polynomial with non-zero coefficient for X --- Xj. As this
polynomial is bounded ultimately by (X; + --- + X;)*~1,
yields a contradiction.

The constructions of forest, fuep, and fingep are effective,
therefore so is our procedure. Moreover, one can decide whether

findep = O thanks to [Lemma III.23 O

IV. RESIDUAL TRANSDUCERS

s Xnl.

In this section, we provide a canonical object associated to
any Z-polyregular function, named its residual transducer. Our
construction is effective, and the algorithm heavily relies on

This new object has its own interest, and it will

also be used in to decide first-order definability of
Z-polyregular functions, that will extend first-order definability

for regular languages (see e.g. [6] for an introduction).
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A. Residuals of a function

We first introduce the notion of residual of a function
f: A* — Z under a word u € A*.

Definition IV.1 (Residual). Given f: A* — Z and u € A*,
we define the function u> f: A* — Z,w — f(uw). We let
Res(f) :={u>f :u € A*} be the set of residuals of f.

Example IV.2. The residuals of the function w — |w|* are
the functions w — |w|? + 2n|w| 4+ n? for n > 0.

Example IV.3. The residuals of the function w — (—2)1* are
exactly the functions w — (—2)" 1! for n > 0.

It is easy to see that u — wu> f defines a monoid action of
A* over A* — Z. Let us observe that this action (effectively)
preserves the classes of functions ZPoly,,.

Claim IV4. Let k > 0, f € ZPoly, and uw € A*. Then
ub f € ZPoly,, and this result is effective.

Remark IV.5 ([11} Corollary 5.4 p 14]). Let f: A* — Z, this
function is a Z-rational series if and only if Spany(Res(f))
has finite dimension.

Note that if L C A* and u € A*, then up>1y is the
characteristic function of the well-known residual language
w L = {w € A* : ww € L}. In particular, the set
{u>1r : w € A*} is finite if and only if L is regular. However,
given f € ZPoly,, for k > 1, the set {u> f : u € A*} is not
finite in general (see e.g. [Example TV.2). We now intend to
show that this set is still finite, up to an identification of the
functions whose difference is in ZPoly, _;.

Definition IV.6 (Growth equivalence). Given k > —1 and
frg: A* = Z, we let f ~y g if and only if f — g € ZPoly,

Let us observe that ~ is an equivalence relation, that is
compatible with external Z-products, sums, ® and >.

Claim IV.7. For all k > —1, ~y is an equivalence relation and
the following holds for all w € A*, § € Z, and f,g: A* — Z:

o if [~ g, then ud> f ~pug;

e ub (1L ® f) ~p (u>1lp)® f for L C A*;

o if frowgand [ ~p g then f+ f ~p g+ g

e if frpgthend-f~yd-g.

By combining these results with the characterization of
ZPoly via these combinators in [Theorem II.18) we can show

that a function f € ZPoly, has a finite number of residuals,
up to ~_1 identification.

Lemma IV.8 (Finite residuals). Let kK > 0 and f € ZPoly,,
then the quotient set Res(f)/ ~_1 is finite.

Remark IV.9. |Example 1V.3| exhibits a Z-rational series f
such that Res(f)/ ~y, is infinite for all k > 0.

Finally, we note that ~ is decidable in ZPoly.

Claim IV.10 (Decidability). Given k > —1 and f,qg € ZPoly,
one can decide whether f ~j g holds.

Proof. Let f,g € ZPoly. For k > 0, f ~ g if and only if
|(f — 9)(w)] = O(Jw|*) and this property is decidable by

Theorem III.3| For kK = —1, we have f ~j ¢ if and only if
f = g, which is decidable by [Corollary II1.21 O

B. Residual transducers

Now we intend to show that a function f € ZPoly, can
effectively be computed by a canonical machine, whose states
are based on the finite set Res(f)/ ~r_1, in the spirit of the
residual automaton of a regular language. First, let us introduce
an abstract notion of transducer which can call functions on
suffixes of its input (this definition is inspired by the marble
transducers of [24], that call functions on prefixes).

Definition IV.11 (H-transducer). Let k > 0 and H be a
fixed subset of the functions A* — Z. A H-transducer T =
(A,Q,qo,9,H,\, F) consists of:

e a finite input alphabet A;

e a finite set of states Q with qy € Q initial;

e a transition function § : Q X A — Q;

e a labelling function \: Q x A — H;

o an output function F : QQ — Z.

Given ¢ € ), we define by induction on w € A* the value
Ty(w) € Z. For w = ¢, we let Ty(w) = F(q). Otherwise
let 7,(aw) = T5(q,a)(w) + A(g, a)(w). Finally, the function
computed by the H-transducer 7 is defined as 7, : A* — Z.
Observe that all the functions 7, are total.

Let us recall the standard definition of 6* via 6*(q,ua) =
5(6*(q,u),a) and §*(q,e) = ¢. Using this notation, a simple
induction shows that Tg(w) = > ... AM0*(¢q,u),a)(v) +
F(6*(q,w)). As a consequence, H-transducers are closely
related to Cauchy products.

Example IV.12. We have depicted in a ZPoly_;-
transducer and a ZPolyy-transducer computing the function

1,4+ for A = {a,b}. The first one can easily be identified
with the minimal automaton of 1,4+ (up to considering that
a state is final if it outputs 1). The second one has a single
state and it “hides” its computation into the calls to ZPoly,.
One can check e.g. that 1 = 1,4+ (aab) = (1 — 144+ (ab)) +
(1 —=144+(b)) —Lga~(e) +0.

The reader may guess that every function f € ZPoly,
can effectively be computed by a ZPoly, _,-transducer. We
provide a stronger result and show that f can be computed by
some specific ZPoly,,_-transducer whose transition function
is uniquely defined by Res(f)/ ~k_1.

Definition IV.13. Let k > 0, let T = (A, Q, qo, 6, H, A\, F') be
a ZPoly,,_-transducer and f: A* — Z. We say that T is a
k-residual transducer of f if the following conditions hold:

o T computes f;

o Q=Res(f)/ ~i1;

o forall w € A*, wi f € 6*(qo, w);

e M@, A) C Spany(Res(f)) NZPoly,_;.

Given a regular language L, the O-residual transducer of its
indicator function 17, can easily be identified with the minimal
automaton of the language L, like in However,
for k > 1, the k-residual transducer of f € ZPoly, may not
be unique. More precisely, two k-residual transducers share
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a,b |0

(a) A ZPoly_,-transducer computing 1,4+.
a | 1-— ]-aA*

@ 0

b | —1aa
(b) A ZPoly,-transducer computing 1,4+

Fig. 3: Two transducers computing 1, 4+.

the same underlying automaton (A4, @Q,d, A), but the labels A
of the transitions may not be the same.

Example IV.14. The ZPoly_,-transducer (resp. ZPoly,-
transducer) from is a 0-residual transducer (resp. 1-
residual transducer) of 1, 4~. Let us check it for the 1-residual
transducer. First note that b1 4+ ~g a>blgar ~g lga-,
hence |Res(144+)/ ~o | = 1. Thus a 1-residual transducer
of 14,4+ has exactly one state qo. Furthermore the labels
of the transitions of our transducer belong to A\(Q,A) C
Spany(Ress(a)) since 1 — 1,4+ = (a>1ga-) —

Example IV.15. Let A := {a, b}. The function f : w > |w]|, X
|wl|p € ZPoly, has a single residual up to ~1-equivalence. A

2-residual transducer of f is depicted in

Example IV.16. Let A = {a}. The function g : w —
(=1)I*I'x|w| € ZPoly, has two residuals up to ~q-equivalence.

A 1-residual transducer of g is depicted in

1aA*‘

al(avf)—f:rwe|wp

()0
b| (b f)—frwr|wl,
(a) A 2-residual transducer of f: w — |w|q|w]p.

0 al0

oW oss
al| (aavg) —g:wrs 2 x (=1)

(b) A 1-residual transducer of g: w — (—1)"!|w].

Fig. 4: Two residual transducers.

I
al0 ST@®

———)'\aal>f;

flaa) = [f(aa) = f(b)] + (D)

Fig. 5: Example of a partial execution of to build

a k-residual transducer of a function f: A* — Z such that
aa> f ~p b f. Nodes are labelled by their creation time. At
this stage, Q = {e> f}, O = {a> f,b> f}. The red node is not
created, and the blue transition is added instead, corresponding
to the “else” branch line 10 of

Now, let us describe how to build a k-residual transducer 747

for any f € ZPoly,. As an illustration of how 748
works, we refer the reader to 749

Algorithm 1: Computing a k-residual transducer of
f € ZPoly,

1 O:={fre};
2 Q=g
3 while O # @ do

4 choose wr f € O;

5 for a € A do

6 if wa> f A1 v fforal v>f € OWQ then

7 O =0dv{wa> f};

8 S(wr f,a) = wav f;

9 AMwr f,a) =0

10 else

11 let frv e OWQ be such that
wad f ~g_q vd f;

12 S(wr f,a) =v> f;

13 Mwp f,a) = wa> f —v> f;

14 end

15 end

16 0 =0~ A{w>f};

v Q= Qu{wsf)

18 F(wb f) = f(w);

19 end

Lemma IV.17. Let k > 0. Given f: A* — 7 such that 70
Res(f)/ ~r—1 is finite, |Algorithm 1| builds a k-residual 75

transducer of f. Its steps are effective given f € ZPoly,. 752
Remark 1V.18. In we need to “choose” a way s

to range over the elements of O and the letters of A. Different 7
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choices may not lead to the same k-residual transducers.

We deduce from [Cemma V.17 that ZPoly,,_,-transducers
describe exactly the class ZPoly,, (Corollary IV.19).

Corollary IV.19. For all k > 0, ZPoly,, is the class of
functions which can be computed by a ZPoly,,_,-transducer.
Furthermore, the conversions are effective.

Corollary IV.20 (To be compared to [Remark IV.5). For all
k>0, ZPoly, = {f: A* = Z : Res(f)/ ~p_1 is finite}.

V. STAR-FREE Z-POLYREGULAR FUNCTIONS

In this section, we study the subclass of Z-polyregular
functions that are built by using only FO-formulas, that we call
star-free Z-polyregular functions. The term ‘“‘star-free” will
be justified in As observed in introduction,
very little is known on deciding FO definability of functions
(contrary to languages). The main result of this section shows
that we can decide if a Z-polyregular function is star-free.
Our proof crucially relies on the canonicity of the residual
transducer introduced in We also provide several
characterizations of star-free Z-polyregular functions, that

specialize the results of

Definition V.1 (Star-free Z-polyregular). For k > 0, we
let ZSFj = Spany ({#¢ ¢ € FOut < k}). Let
ZSF = J,, ZSFy, it is the class of star-free Z-polyregular
functions.

We also let ZSF_; := {0}. Similarly to ZPoly,, ZSF; =
SpanZ({#go Tp € MSOk} U {1{5}}).

Example V.2. ZSF is exactly the set of functions of the form
>; 011, where the ; € Z and the 11, are indicator functions

of star-free languages (compare with [Example I1.6).

Example V.3. The function w — |w|, X |wl|py is in ZSF;.
Indeed, the formulas given in are in FO.

Now, we give an analogue of that charac-

terizes ZSF as Z-rational expressions based on indicators of
star-free languages, forbidding the use of the Kleene star.

Theorem V4. Let f: A* — Z, the following are (effectively)
equivalent:

1) f is a star-free Z-polyregular function;

2) f belongs to the smallest class of functions that contains
the indicator functions of all star-free languages and
is closed under taking external Z-products, sums and
Cauchy products.

Proof. We apologize for the inconvenience of looking back at
Proposition II.16| and noticing that the property holds mutatis
mutandis for first-order formulas. In particular, one obtains the
equivalent of [Equation (1)| of [Theorem II.18|

ZSFy, =Span;({1.,®---®1p, 3)
: Lo, ..., Ly star-free languages})
and the result follows. O

Example V.5. The function 144 ®@14+: w — |w|, be-
longs to ZSFy, and the function 14+q® 1+ @ 1par +
1o p @14« @1gar: w = |wly X |w|p, belongs to ZSFs.

A. Deciding star-freeness

Now, we intend to show that given a Z-polyregular function,
we can decide if it is star-free. Furthermore, we provide
a semantic characterization of star-free Z-polyregular func-
tions leveraging ultimate N-polynomiality. We recall (see
that a function f: A* — Z is ultimately 1-
polynomial when, for all avg, w1, a1, . .., we, ap € A*, there ex-
ists P € Q[X1,...,X,], such that f(apw; ay--- ’LUfZOég) =
P(Xy,...,Xy), for Xy, ..., Xy large enough. Being ultimately
1-polynomial generalizes star-freeness for regular languages,

as easily observed in

Claim V.6. A regular language L is star-free if and only if
11 is ultimately 1-polynomial.

Example V.7. It is easy to see that w — |w|, X |wl|p is
ultimately 1-polynomial. As a counterexample, recall the map
frwes (=D x |wl|. The map f is ultimately 2-polynomial
because X + (—1)>X 12X + 1) and X — (—1)*X2X are
both polynomials. However, f is not ultimately 1-polynomial
since X + (—1)X X is not a polynomial.

Now, let us state the main theorem of this section.

Theorem V.8. Let k > 0 and f € ZPoly,. The following
properties are (effectively) equivalent:

1) f € ZSF;

2) f € ZSFy,;

3) f is l-ultimately polynomial.
Furthermore, this property is decidable.

Let us observe that implies an analogue of
for the classes ZSFj,. We conjecture that a direct
proof of is possible. However, such a proof
cannot rely on factorizations forests (that cannot be built in
FO), and it would require a (weakened) notion of FO-definable
factorization forest as that proposed in [25].

Corollary V.9. ZSF; = ZSF N ZPoly,,.

Corollary V.10 (FO free variable minimization). Let f € ZSF,
then f € ZSFy, if and only if | f(w)| = O(|w|*). This property
is decidable and the construction is effective.

Proof. Let f € ZSF be such that |f(w)] = O(|w|¥). By

Theorem I11.3| we get f € ZPoly,, thus by
f € ZSFy. All the steps are effective and decidable. O

The rest of is devoted to sketching the proof
of Given f € ZPoly,,, the main idea is to use

its k-residual transducer to decide whether f € ZSF. Indeed,
this transducer somehow contains intrinsic information on the
semantic of f. We show that star-freeness faithfully translates
to a counter-free property of the k-residual transducer, together
with an inductive property on the labels of its transitions.

Definition V.11 (Counter-free). A deterministic automaton
(A4, Q,qo,9) is counter-free if for all ¢ € Q, uw € A*, n > 1,
if 6(q,u™) = q then 6(q,u) = q (see e.g. [4]). We say that a
‘H-transducer is counter-free if its underlying automaton is so.

Example V.12. The ZPoly-transducer depicted in
is not counter-free, since 4(qo,aa) = qo but §(qo, a) # qo-
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is a direct consequence of the more precise
Note that the semantic characterization (ftem 2)
is not a side result: it is needed within the inductive proof of
equivalence between the other items.

Theorem V.13. Let k > 0 and f € ZPoly,, the following
conditions are equivalent:
1) f € ZSF;
2) f is ultimately 1-polynomial;
3) for all k-residual transducer of f, this transducer is
counter-free and has labels in ZSFj_1;
4) there exists a counter-free ZSFy,_1-transducer that com-
putes f;
5) f € ZSFy.
Furthermore, this property is decidable and the constructions
are effective.

The proof of will be done by induction on

k > 0. First, let us note that a counter-free transducer computes
a star-free function (provided that the labels are star-free).

Lemma V.14. Let k > 0, a counter-free ZSF,_-transducer
(effectively) computes a function of ZSFy.

We show that star-freeness implies ultimate 1-polynomiality.
This result generalizes ultimately 1-polynomiality of the

characteristic functions of star-free languages (see [Claim V.6).
Lemma V.15. Let f € ZSF, then f is ultimately 1-polynomial.

Proof. From we get that 1, is ultimately 1-

polynomial if L is star-free. The result therefore immediately

follows from [Theorem V.4| and [Lemma 11.27] O

Last but not least, we show that ultimate 1-polynomiality im-

plies that any k-residual transducer is counter-free.
is the key ingredient for showing

Lemma V.16. Let k > 0. Let f € ZPoly, which is ultimately
1-polynomial and T be a k-residual transducer of f. Then T is
counter-free and its label functions are ultimately 1-polynomial.

Proof of The (effective) equivalences are

shown by induction on k > 0. For [ltem 5| = [ltem 1] the
implication is obvious. For [ltem 1| = [ltem 2| we apply
ILemma V.15 For |[Iltem 2| = |[[tem we use
which shows that any k-residual transducer of f is counter-
free and has ultimately 1-polynomial labels. Since these labels
are in ZPoly,_,, then by induction hypothesis they belong
to ZSFj_1. For [Item 3| = [ltem 4] the result follows because
there exists a k-residual transducer computing f. For
= we use Lemma V.14l

It remains to see that this property can be decided, which is
also shown by induction on k > 0. Given f € ZPoly,, we can
effectively build a k-residual transducer of f by
If it is not counter-free, the function is not star-free polyregular.
Otherwise, we can check by induction that the labels belong
to ZSFj_1 (since they belong to ZPoly;_,). O

B. Relationship with polyregular functions and rational series

Let us now specialize the multiple characterizations of ZPoly
presented in to ZSF, which completes the third

column of [Table Tl

Bojariczyk [7, page 13] introduced the notion of first-order
(definable) polyregular functions. It is an easy check that star-
free Z-polyregular functions are obtained by post composition

with sum, in a similar way as |Proposition II.

Proposition V.17. The class ZSF is (effectively) the class
of functions sumof where f : A* — {£1}* is first-order
polyregular.

Now, let us provide a description of ZSF in terms of
eigenvalues in the spirit of Intuitively, it shows
that a linear representation (I, u,F) computes a function
in ZSF if and only if Spec(y:(A*)) contains no non-trivial
subgroup, mimicking the notion of aperiodicity for monoids El

Theorem V.18 (Star-free). Let f : A* — Z, the following are
(effectively) equivalent:
1) f is a star-free Z-polyregular function;
2) f is a Z-rational series and for all minimal linear
representation (I, u, F') of f, Spec(u(A*)) € {0,1};
3) f is a Z-rational series and there exists a linear represen-
tation (I, p, F') of f such that Spec(u(A*)) C {0,1}.

Proof. For [Item 2| = [Item 3| the result is obvious.

For = consider a minimal presentation of f
using (I, i, F') of dimension n. Then consider a word w, A a
complex eigenvalue of p(w). Thanks to [Lemma I1.25] there
exists w, v j,u;,v; € A* for 1 < i,j < n such that \AX =
St i1 @i f(viw*u;). Because f € ZSF, f is ultimately 1-
polynomial thanks to This entails that X +— X
is a polynomial for X large enough. Therefore, A € {0, 1}.

For [Item 3| = [Item 1| let us prove that the computed
function is ultimately 1-polynomial, which is enough thanks
to Because the eigenvalues of the matrix
w(w) € M™™(Z) for w € A* are all in {0, 1}, its characteris-
tic polynomial splits over Q, hence there exists P € M™"(Q)
such that T := PM, P~ is upper triangular with diagonal
values in {0,1}. In particular, u(w)* = P~!TXP, but a
simple induction proves that the coefficients of 7% are in
Q[X] for large enough X, hence so does y(w)™. Pumping
multiple patterns at once only computes sums of products of
polynomials, hence the function is ultimately 1-polynomial.

Thanks to it is star-free Z-polyregular. O

Remark V.19. When showing |ltem 3| = |ltem | we have
in fact shown that the following weaker form of ultimate 1-
polynomiality characterizes 7Z.SF among Z-rational series: for
all u,w,v € A*, there exists P € Q[X], such that f(uwXv) =
P(X), for X large enough.

Beware that slightly differs from

the latter deals with a polynomial upper bound, whereas an
equality is needed to characterize star-freeness.

Example V.20. Let u,v,w € A*, then |1o4(uvwXv)| < 1 for
every X > 0. However, 1444 &€ ZSF.

As a concluding example, let us observe that our notion
of star-free Z-polyregular functions differs from the functions

'Beware: the spectrum of a linear representation may not be a semigroup.
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definable in the weighted first order logic introduced by Droste
and Gastin [26} Section 4] when studying rational series.

Example V.21. Thanks to [26) Theorem 1], the map f: w —
(=1)I*l|w| is definable in weighted first order logic (however,
f & ZSF as shown in [Example V7). Similarly, the indicator
function 1o4q is also definable in weighted first order logic, even
though the language of words of odd length is not star-free.

VI. OUTLOOK

This paper describes a robust class of functions, which
admits several characterizations in terms of logics, rational
expressions, rational series and transducers. Furthermore, two
natural class membership problems (free variable minimization
and first-order definability) are shown decidable. We believe
that these results together with the technical tools introduced
to prove them open the range towards a vast study of Z- and
N-polyregular functions. Now, let us discuss a few tracks which
seem to be promising for future work.

Weaker logics: Boolean combinations of existential first-
order formulas define a well-known subclass of first-order logic,
often denoted B(3FO). Over finite words, B(3FO)-sentences
describe the celebrated class of piecewise testable languages
(see e.g. [6]). In our quantitative setting, one could define for all
k > 0 the class of linear combinations of the counting formulas
from B(3FO)y, as we did for ZPoly,, (resp. ZSFy) with MSOy
(resp. FO). While this class seems to be a good candidate
for defining “piecewise testable Z-polyregular functions”, it
does not admit a free variable minimization theorem depending
on the growth rate of the functions. Indeed, let A := {a, b}
and consider the indicator function 1,4+ = #¢ for p(z) ==
a(x) ANVy.y > x € B(3FO);. Even if |1,4-(w)| = O(1),
this function cannot be written as a linear combination of
counting formulas from B(3FO),. Indeed, if we assume the
converse, then 1,4+ could be written Z?:l 0;1r, for some
piecewise testable languages L;, which implies that a A* would
be piecewise testable, which is not the case.

Star-free N-polyregular functions: A very natural question
is, given an N-polyregular function (recall that it is an element
of NPoly = Spany(#¢ : ¢ € MSO)) to decide whether it
is in fact a star-free N-polyregular function (i.e. an element
of NSF := Spany(#¢ : ¢ € FO)). In this setting, we
conjecture that NSF = NPoly N ZSF. This question seems
to be challenging. Indeed, the techniques introduced in the
current paper cannot directly be applied to solve it, since the
residual automaton (see of a N-polyregular function
may need labels which are not N-polyregular, or even not
nonnegative. In other words, replacing the output group by an
output monoid seems to prevent from representing the functions
with canonical objects based on residuals.

Polynomial functions and sequential products: It is worth
mentioning that the model of Z-polyregular functions as
defined here does not coincide with what is sometimes
called “Newton polynomial functions” [27, Proposition 3.1].
Newton polynomial functions over (Z,+) are precisely the Z-
polyregular functions f such that | Res(f)/ ~x | = 1 for every
k € N [27, Theorem 3.2]. As Newton polynomial functions
can be valued in any group G, it begs the question of the

generalization of Z-polyregular functions to G-polyregular
functions. To our knowledge, the proof techniques developed
in this paper cannot be applied to a non-commutative output
group. Even for commutative groups, first-order definability
becomes less meaningful as the indicator function 1gye, is first-
order definable (using one free variable) when G = (Z/2Z, +).

Star-free Z-rational series: In there is no gen-
eralization of the class ZSF among the whole class of Z-
rational series. We are not aware of a way to define a class
of “star free Z-rational series”, neither with logics nor with Z-
rational expressions. Indeed, allowing the use of Kleene star for
series automatically builds the whole class of Z-rational series
(including the indicator functions of all regular languages).

From a logical standpoint, it is tempting to go from
polynomial behaviors to exponential ones by shifting from
first-order free variables to second order free variables. While
this approach actually captures the whole class of Z-rational
series, it fails to circumscribe star-freeness. To make the above
statement precise, let us write MSO™ (resp. FO) as the set
of MSO (resp. FO) formulas with free second-order variables,
i.e. of the shape p(X1,...,X}). Given ¢ € MSO™, we let
#p(w): A* — Z be the function that counts second-order
valuations. As an example of the expressiveness of this model,
let us illustrate how to compute w — (—2)1*! & ZPoly.

Example VL1. Let ¢(X) = X, then #p(w) = 21*|. Ler
W(X) be the first-order formula stating that X contains the
first position of the word, X contains the last position of the
word, and if t € X, then t+1¢ X and x +2 € X. It is an
easy check that #1 = 1leyen, even though ¢ € FOX (but recall
that 1even is the indicator function of a non star-free regular
language). Now, w — (—2)1"! equals #p x (241 — 1).

We are now ready to explain formally how both FOX and
MSOX captures Z-rational series.

Proposition VI.2. For every function f: A* — 7, the
following are equivalent:

1) f is a Z-rational series;
2) f € Spang({#¢ : ¢ € MSO™});
3) f€Spany({#¢ : ¢ € FO*}).

In our setting, it seems natural to say that w — 2/l should
be a star-free Z-rational series, contrary to w — (—2)!*! (as

observed in [Example V.21] this approach contrasts with the
weighted logics of Droste and Gastin [26], for which (—2)I*! is

considered as “star free”). Recall that in we have
characterized ZSF as the class of series whose spectrum falls
in {0,1}. Following this result, we conjecture that a “good”
notion of star-free Z-rational series could be those whose
spectrum falls in the set R, of nonnegative real numbers. This
way, exponential growth is allowed (e.g. for w — 2/*!) but no
periodic behaviors (e.g. for w +— (—2)!).
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APPENDIX A

PROOFs OF[SECTIONTI|
A. Proof of

In this section, we show that the functions of ZPoly, are closed by precomposition under
a regular function. This proof is somehow classical and inspired by well-known composition
techniques for MSO-transductions.

Definition A.1 (Transduction). A (k-copying) MSO-transduction from A* to B* consists in
several MSO formulas over A:

o forall 1 <j <k, aformula gpj'-)"m(ac) € MSO;;

e forall 1 < j<kanda € B, aformula <p‘;(ac) € MSOq;

o forall 1 <j,j" <k, aformula 3 (r,z2') € MSOa.

Let w € A*, we define the domain D(w) :== {(4,j) : 1 <i<|w[,1<j<kw[E @]Dm(i)}.
Using the formulas goé’. (z) (resp. gojfj, (z,2')), we can label the elements of D(w) with letters of
B (resp. define a relation < on the elements of D(w)). The transduction is defined if and only
if the structure D(w) equipped with the labels and < is a word v € B*, for all w € A*. In this
case, the transduction computes the function that maps w € A* to this v € B*.

It follows from [19] that regular functions can (effectively) be described by MSO-transductions.

Claim A.2. Let £ > 0, k > 1, ¥(x1,...,2¢) € MSOy be a formula over B and f: A* —
B* be computed by a k-copying MSO-transduction. Let us write W = {x1,... x, {1k}
There exists formulas 0, € MSO, over A where p ranges in W, such that for all w € A¥,

#o(f(w)) =2 ew #0p(w).

Proof Sketch. Assume that the transduction is given by formulas 90]'?°m(x), ¢4 (z) € MSO; for

a € B and ¢35 (z,2") € MSO as in [Definition A.1} Let ¢ be an MSO formula over B with
first order variables x1, ..., 2, and second order variables (Xy,..., Xy), (Y7,...,Y%),.... Let
p be a mapping from {z1,...,x¢} to {1,...,k}. We define by induction on ¢ the formula 1,

as follows (it roughly translates the formula from B to A using the transduction):

(HLEQD) = \/ Jx. ()ODom A Pp+[z5]
k
(3X.p), = 3X1,..., Xp. /\ (Vz € Xj, 027 (2)) A o,
(=0)p = =(pp)
(¢ ‘P/)p =ppV 90;;
(Pa(@))p = ¢pa) (@)
(x <y),:= @:(x) o(y) (@, y).

X \/ (pDom

It is then a mechanical check that the translation works as expected. In the following equation,
we fix w € A* and we let pos: D(w) — [1:|f(w)|] be the function that maps a tuple (4, j)
to the corresponding position in the word f(w) € B*. To simplify notations, given p €
W, a word w € A*, and a valuation 7: {x1,...,2,} — [L:|w|], we write pos[T x p|(Z) =

Az € X;)

pOS(T(JIl),p($1)), BER) pOS(T(ﬂ?z),p(.’Ez)).
#o(f(w)) = #{v:{zr,... xp = [Lf(w)] : f(w) E (), ... v(z)}
=Y #ri{on, . wd = (L] ¢ f(w) = v(pos[r x p)(7))}
peW
‘
= Z #v:{z, .z = {L |} rw EY(v) A /\ @przl)(x
peW i=1

We then let 6, == 1, A /\Z 1 gop(T (i) to conclude. O



The result follows immediately since ZPoly, is closed under taking sums and Z-external
products.

B. Proof of |Proposition I1.11

We first show that any Z-polyregular function can be written under the form sum og where
g : A* — {£1}* is polyregular. This is an immediate consequence of the following claims.

Claim A.3. For all ¢ € MSO, there exists a polyregular function f: A* — {+1}* such that
#p =sumof.

Proof. Polyregular functions are characterized in [20, Theorem 7] as the functions computed by
(multidimensional) MSO-interpretations. Recall that an MSO-interpretation of dimension k£ € N
is given by a formula p< (&, %) defining a total ordering over k-tuples of positions, a formula
©P°™ (&) that selects valid positions, and formulas ¢®(%) that place the letters over the output
word [20, Definition 1 and 2]. In our specific situation, letting ¢ < be the usual lexicographic
ordering of positions (which is MSO-definable) and placing the letter 1 over every element of

the output is enough: the only thing left to do is select enough positions of the output word.

For that, we let ©P°™ be defined as ¢ itself. It is an easy check that this MSO-interpretation
precisely computes 17(*) over w, hence computes f when post-composed with sum. O

Claim A4. The set {sumof : f: A* — {+1}* polyregular} is closed under sums and external
Z-products.

Proof. Notice that sumof +sumog = sumo(f-g) where f-g(w) = f(w)-g(w). As polyregular
functions are closed under concatenation [7]], the set of interest is closed under sums. To prove

that it is closed under external Z-products, it suffices to show that it is closed under negation.

This follows because one can permute the 1 and —1 in the output of a polyregular function
(polyregular functions are closed under post-composition by a morphism). O

Let us consider a polyregular function g: A* — {+1}*. The maps ¢g;: w — |g(w)|; and
g—: w +— |g(w)|-1 are polyregular functions with unary output (since they correspond to a
post-composition by the regular function which removes some letter, and polyregular functions
are closed under post-composition by a regular function [7]). Hence g_ and g are polyregular
functions with unary output, a.k.a. N-polyregular functions. As a consequence, sumog = g4 —g—
lies in ZPoly.

APPENDIX B

PROOFS OF[SECTION I1-C|
A. Proof of

Let f € ZPoly, and g € ZPoly,, we (effectively) show that f ® g € ZPoly;,,, ;.

First, observe that if f,g,h: A* — Z and 7,0 € Z, then (vf+dg9) @h =~(f®g)+ (g h).

Thus it is sufficient to show the result for f = #¢ and g = #¢ with p(z1,...,z;) € MSOg
and ¥(y1,...,y¢) € MSOy. For all w € A* we have:

#e@#D)W) = Y D D Luflilrplineain) X Lofittiul=e/ Grodo)
0<i<|w] 1,ees g <8 J1yee0,00>1
= #p(e) - #1h(w)

+ 3 DD Luegtn i) X Ll e (e, )

1<i<|w] 41 yee s <8 150000 >0

= #o(e)  #P(w) + #(¢ (2 21, 20) AP (201, 0)) ()

where ¢’ (z,21,...,25) € MSOg41 is a formula such that w = ¢’(4,41, .. .,4) if and only if
i1,..,0, < ¢ and w[l:d] = (i1,. .., i) (this is a regular property which is MSO definable),
and s1m11arly for ',
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B. Proof of Propasition 1114

Let £ > 0, we want to show that ZPon,€Jr1 = Spany ({1 ® f : L regular, f € ZPoly,}).
Observe that for all f: A* — Z, {E} ® f equals f, therefore ZPoly, C
Spany ({1, ® f : L regular, f € ZPoly,}). As in the proof of [Claim IL.13] it is sufficient to
show that #¢ for p(z1,...,2k+1) € MSOg1, can be written as a linear combination of 1;, ® f
where L is a regular language. Observe that for all w € AT, for all valuation iy,...,i; of
x1,...,Tk, we can define P == {1 < j <k :4; =min{iq,...,ix}} (i.e. the x; for j € P are
the variables with minimal value). Therefore, for all w € A*:

#ow)= Y Yo #en Naj=lun )\ @ > lu)(w).

OC PC[1:k] w=uv,uzte jeEP jEP
It is an easy check that one can (effectively) build a regular language L C A% and a formula
¥ such that for all u € A%, v € A*, wv |= e ANjep(j =[ul) AN(A\jgpz; > |ul) if and only
if u € LY and v = ¥ ((2;),;2p). Thus, for all w € A*:

#ow)= > > 1pe(u) x #7(v)

0C PC[1:k] w=uv

= Y (Are#p)(w)

PC PC[1:K]

=g

Notice that " has exactly k — |P| < k — 1 free-variables, thus g belongs to
Spany ({1 ® f : L regular, f € ZPoly, }). Observe moreover that g(e) = 0 = #¢(e) because
k+1>0.

APPENDIX C
PROOFS OF[SECTION II-DI

A. Proof of [emma T2

Let f: A* — Z be a Z-rational series and (I, i, F') be a minimal Z-linear representation of
f of dimension n. First note that (I, i, F') is also a minimal Q-linear representation of f by
[I1, Theorem 1.1 p 121] (Q-linear representations are defined by allowing rational coefficients
whithin the matrices and vectors, instead of integers). Let w € A*, A € Spec(u(w)) and consider
a complex eigenvector V € M™1(C) associated to X\. We let |[|V|| := !V'V, observe that it
is a positive real number. Because (I, u, F') is a minimal Q-linear representation of f, then
Spang ({p(u)F' : w € A*}) = Q" by [11} Proposition 2.1 p 32]. Hence there exists numbers
a; € C and words u; € A* such that V=377, a;ju(u;)F. Symmetrically by [1I} Proposition
2.1 p 32], there exists numbers 3; € C and words v; € A* such that 'V = Y"1 | B;Iu(v;).
Therefore:

MV = TV p(w)XV = Z a; B p( vywx uj)F = Z ;35 f (v;w uJ)

1,j=1 3,j=1

The result follows since ||V|| # 0 (it is an eigenvector).

B. Proof of Lemma 127

If L is a regular language, the fact that 1, is N-polynomial for some N > 0 follows from the
traditional pumping lemmas. Now let f,g: A* — Z be respectively ultimately N;-polynomial
and ultimately Na-polynomial. The fact that f + g and §f for § € Z are ultimately (N7 x Na)-
polynomial is obvious. In the rest of we focus on the main difficulty which is the
Cauchy product of two functions. For that, we will first prove the following claim about Cauchy
products of polynomials.

Claim C.1. For every p € N, Ef(:o 1P is a polynomial in X.

Proof. 1t is a folklore result, but let us prove it using finite differences. If f: N — Q, let
Af:n— f(n+1)— f(n). Let us now prove by induction that every function f: N — Q such
that AP f = 0 for some p > 1 is a polynomial. For p = 1, this holds because f must be constant.



For p+ 1 > 1, if we assume that AP*1f = 0, then A?f is a constant C. Let g == f — C'2}

prs 1218

and remark that APg = 0. By induction hypothesis g is a polynomial, hence so is f. 1219
Finally, a simple induction proves that AP+2(X EZXZO i?) = 0. O 1220
Claim C.2. Let P,Q € Q[X,Y1,...,Ys] be two multivariate polynomials, then their iz
Cauchy product P® Q(X,Y1,...,Y,) = ZZ-XZO P, Y1,...,Yo)Q(Y —i,Y1,...,Ys) belongs 122
OQ[X,YVL...,Y%]. 1223

Proof. By linearity of the Cauchy product, it suffices to check that the result holds for products 1224
of the form (XPY{" -+ V) (XY - V1) = (XP@ X9) x Y - VPV .. Y. Hence, 12

the only thing left to check is that X?” ® X7 is a polynomial in X. 1226
Y
XP@XUY) =Y #(Y —i)
i=0
Y q
=3y (F)r
i=0 k=0
Y
=3 (e e
k=0 =0
/g Y
— —kyk p+q—k
— Z (k) (=1)4*y Zzp q
k=0 =0
Which is a polynomial thanks to O reer

Let us now prove that f ® g is ultimately N := (N; X Ng)-polynomial For that, let us consider 122
o, UL, A1, ..., U, ap € A* and prove that (f®g)(a0u{VX1a1 éVXZag) is a polynomial for 120

Xi,...,X, large enough. 1230

(f@g)(aouy “ar - up ™ tag) = flaguy o -ug ag)g(e)

¢ logl—1

NX; .
+3° 3 flaguf M ag - u) Y (ay[1:))
J=0 =0
. NX;
x g((a [Z+1:|aju)uj+1' eay)

uj | 1X_1

¢ |
+Z Zo Z Flaoud oy - ujvy(ujv[lz]))x

g((ud it 1: \uNu) NGV )

From the hypothesis on f, we deduce that the first term of this sum is ultimately N;-polynomial, 12a1
hence ultimately N-polynomial. We conclude similarly for the second term of this sum, because 123
the product of two polynomials is a polynomial. 1233

Let us now focus on the third term. Using the induction hypotheses on f and g, there
exists polynomials P;; and @;; such that the following equalities ultimately hold, where
(Xq,... ,Xj, ... Xy) denotes the tuple obtained by removing the j-th element from (X1, ..., Xy):

Flaouy Xaq -l Y (Wl [1:4])) = Pia(Y, X1, .., Xy, Xe)
g(@N it ) T ) = QY X, Xy Xe)



1234

1235

1236

1237

1238

1239

1240

1241

1242

1243

1244

1245

1246

1247

1248

1249

1250

1251

1252

1253

1254

1255

1256

1257

1258

1259

As a consequence, we can rewrite the third term as a Cauchy product of polynomials for large
enough values of Xy,..., Xy:

14
Z ‘ Flaoul ™ rag - ulY (u [L:d]) g (@ i+ Lol [u) 770y

) .
=> Pii(Y, X1, .., X, X0)Q,4(X; =Y —1,Xy,..., X

JIRER

aXZ)

Thanks to [Claim C.2] we conclude that this third term is also ultimately a polynomial.

APPENDIX D
PROOFS OF[SECTION III

A. Proof of

First of all, given a leaf x € Leaves(F'), Skel(z) = {x} contains x. Hence, every leaf is
contained in at least one skeleton. It remains to show that if t and t' are two nodes such that
x € Skel(t) and z € Skel(t'), then Skel(t) C Skel(t') or the converse holds.

As Skel(t) contains only children of t, one deduces that x is a children of both t and t'.
Because F' is a tree, parents of = are totally ordered by their height in the tree. As a consequence,
without loss of generality, one can assume that t is a parent of t'. Because Skel(t) is a subforest
of F' containing z, it must contain t'. Now, by definition of skeletons, it is easy to see that
whenever t' € Skel(t), we have Skel(t') C Skel(t).

B. Proof of |Claim II1.18]

Let z € Leaves(F'), we show that the number of 2’ such that 2’ depends-on x is bounded
(independently from x and F' € F%)). Observe that skel-root(z’) is either an ancestor or the
sibling of an ancestor of skel-root(x). Observe that for all t € Nodes(F'), Skel(t) is a binary
tree of height at most d, thus is has at most 27 leaves. Moreover, skel-root(z) has at most d
ancestors and 2d immediate siblings of its ancestors. As a consequence, there are at most 3d x 2%
leaves that depend on z.

C. Proof of

Let d > 0, M be a finite monoid, pu: A* — M, k > 1, and ¢ € INV;. We want to build a
function g € ZPoly,,_; such that for every F' € Fh, g(F) = #(¢(Z) A sym-dep(Z))(F) (since
F! is a regular language of A*, it does not matter how ¢ is defined on inputs F' ¢ Fh).

First, we use the lexicographic order to find the first pair (x;, ;) that is dependent in the
tuple . This allows to partition our set of valuations as follows:

{Z € Leaves(F) : F,Z |= ¢ A sym-dep(Z)}
= L—ﬂ {Z € Leaves(F) : F,Z = ¢ A sym-dep(x;, ;) A /\ —sym-dep(zx, x¢)}

1<i<j<n (k,£) <1ex (4,7)
= L—ﬂ {Z € Leaves(F) : F,Z =1 A xj depends-on z; A /\ —sym-dep(xg, z¢)}
1<i<j<n (k,0) <iex (2,3)
:::1bm—»]'(j?)

U{Z € Leaves(F) : F,Z |= 1 A x; depends-on z; A /\ —sym-dep(zx, z¢)}
(k,Z)<|ex(i,j)

=i ()

As a consequence, # () Asym-dep) = >, i, #Winsj + #Vicj — #Yinj A Yicj (the last
term removes the cases when both x; depends-onx; and x; depends-on x;, which occurs e.g.
when z; = z;).



vi

We can now rewrite this sum using 3=* x;.1 to denote the fact that there exists exactly ¢
different values for x so that ¢(...,z;,...) holds (this quantifier is expressible in MSO at every
fixed £). Thanks to there exists a bound Ny over the maximal number of leaves
that dependent on a leaf x; (among forests of depth at most d.) Hence:

# (¥ A sym-dep) = Z #Yinj + #hicj — #ing N ic
1<i<j<n

= Z Z f- #Elzem]—.zbi_}j

1<i<j<n 0<6< Ny

+ Z Z 0 H#T
1<i<j<n 0<A<Ng4
- Z Z - #3:€$i~’l/)i—>j N Yij

1<i<j<n 0<f<Ny

D. Proof of
In order to prove [Lemma III.23} we consider f such that fingep 7 0. Our goal is to construct

a pumping family to exhibit a growth rate of fingep. To construct such a pumping family, we
will rely on the fact that independent tuples of leaves have a very specific behavior with respect
to the factorization forest. Given a node t, we write start(t) := min<{y € Leaves(F') N Skel(t)}
and end(t) := max<{y € Leaves(F) N Skel(t)}.

Claim D.1. Let z4,... s Lk be an independent tuple of k > 1 leaves in a forest F € F!,
factorizing a word w. Let t be the vector of nodes such that t; := skel-root(z;) for all 1 <1i < k.
One can order the t; according to their position in the word w so that 1 < start(t;) < end(t;) <
-+ < start(ty) < start(ty) < |w.

Proof. Assume by contradiction that there exists a pair ¢ < j such that start(t;) > end(t;).

We then know that start(t;) < start(t;) < end(t;). In particular, skel-root(start(t;)) = t; is an

ancestor of start(t;), hence t; is an ancestor of t;. This contradicts the independence of Z.
Assume by contradiction that there exists 4 such that start(t;) = 1 (resp. end(t;) = |w]|). Then

skel-root(z;) must be the root of F', but then & cannot be an independent tuple. O

Given an independent tuple z1, ..., z; € Leaves(F), with skel-root(Z) = , ordered by their
position in the word, let us define mg = p(w(l:start(ty)—1]), my = p(wlend(ty)+1:wjy,,])
and m; == p(wlend(ty)+1:start(t;41)—1]) for 1 <i < k — 1.

Definition D.2 (Type of a tuple of skel-root). Let F' € F'| factorizing a word w, T be an
independent tuple of leaves in F, and t = skel-root(Z). Without loss of generality assume
that the nodes are ordered by start. The type s—type(%} in the forest F is defined as the tuple
(TTLU7 Skel(tl), myy...,Mr—1, Skel(tk)7 mk)

At depth d, there are finitely many possible types for tuples of k£ nodes, which we collect
in the set Types, ;. Moreover, given a type T' € Types, ;, one can build the MSO formula
has—s—typeT(B over F* that tests whether a tuple of nodes tis of type T', and can be obtained as
skel-root(Z) for some tuple Z of independent leaves. The key property of types is that counting
types is enough to count independent valuations for a formula 1) € INV.

Claim D.3. Let k > 1, d > 0, M be a finite monoid, u: A* — M be a morphism. Let
T € Typesyy, F € FY, @ and § be two k-tuples of independent leaves of F such that
s-type(skel-root(x1), ..., skel-root(zy)) = s-type(skel-root(y1), .. ., skel-root(yx)) = T.

There exists a bijection o: Ly — Lo, where L1 = Leaves(F) N Ule Skel(skel-root(z;)) and
Ly := Leaves(F) N Ule Skel(skel-root(y;)), such that for every z € L%, for every formula
¥ € INVy, F |=9(2) if and only if F = ¢(0(2)).

Proof Sketch. Because of the type equality, we know that Skel(skel-root(z;)) and
Skel(skel-root(y;)) are isomorphic for 1 < ¢ < k. As the skeletons are disjoint in an independent
tuple, this automatically provides the desired bijection o.

Let us now prove that o preserves the semantics of invariant formulas. Notice that this property
is stable under disjunction, conjunction and negation. Hence, it suffices to check the property for
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the following three formulas between,, (z, ), left,, (), right,,(y) and isleaf(z). For isleaf, the
result is the consequence of the fact that ¢ sends leaves to leaves.

Let us prove the result for between,, and leave the other and leave the other cases as
an exercise. Let (y,z) € L?. By definition of Lj, there exists 1 < 4,5 < k such that y €
Leaves(F') N Skel(skel-root(z;)) and z € Leaves(F') N Skel(skel-root(x;)). To simplify the
argument, let us assume that y < z and ¢ +1 = j. Let w = forest(F'), and m,, , == p(wly : 2]).
One can decompose the computation of m,, , as follows:

my,. = p(wly : z])
= p(wly : end(z;)]wlend(x;) + 1 : start(a; 1) — 1wstart(x;41) : 2])
= u(wly : end(z;)])m;p(w(start(z;) : 2])
Therefore, p(wly : z]) only depends on Skel(skel-root(y)) = Skel(skel-root(z;)), the position
of y in Skel(skel-root(y)), Skel(skel-root(z)) = Skel(skel-root(x;11)), the position of z in
Skel(skel-root(z)), and m;, all of which are presreved by the bijection o. Hence, p(wly : z]) =

w(wlo(y) : 0(z)]). Therefore, F' = between,, (y, z) if and only if F' |= between,, (o (y),o(z)).
It is an easy check that a similar argument works when j # i + 1. O

Now, we show that counting the valuations of a INV formula can be done by counting the
number of tuples of each type.

Lemma D4. Let k> 1, d > 0, M be a finite monoid, : A* — M be a morphism. For every
1 € INVy, there exists computable coefficients Ay > 0, such that the following functions from
F! to N are equal:

#Vingep = #(¥ A ~sym-dep) = Z A7 - #has-s-typer
TE€Typesy

Proof. Using the claim, we can now proceed to prove
#i) A —sym-dep(F) = D Lrpy)

Z indep

Z Z Z 1F‘:¢’(f) ]'fzskel—root(i‘) 1has—s—typeT ®

TeTypesy 1. teNodes(F) & indep

= Z Z 1has—s—typeT(f) Z ]‘F\:lﬁ(f) lf:skel—root(f)

TETypes, 1, teNodes(F) Z indep

> Y lhascrpe AT

TeTypesy 1, {cNodes(F)

Z Ar#(has-s-typer (%))

TeTypesy

The coefficient A\ does not depend on the specfic { such that s—type(f) = T thanks to
Claim D.3| and the fact that ¢ € INV. O

The behavior of the formulas has-s-type; is much more regular and enables us to
extract pumping families that clearly distinguishes different types. Namely, we are going
to prove that given £k > 1, d > 0, a finite monoid M, and a morphism p: A* — M,
{#has-s-type; : T € Typesd,k.} is a Z-linearly independent family of functions from F7; to Z.

Lemma D.5 (Pumping Lemma). For all T' € Types, , there exists a pumping family (w)2 ,F X )
such that for every type T" € Types, 1, #( has-s-typer, ) (F™) is ultimately a Z-polynomial in
X that has non-zero coefficient for X1 ---X,, if and only if T = T'.

Proof. Let T' € Types, ;. be a type, it is obtained as the type of some tuple & of independent
leaves in some F' € F' factorizing a word w. Let t; := skel-root(x;) and S; := Skel(t;) for
1 < < k. Recall that p(word(S;)) = u(word(t;)) thanks to As a consequence,
S; is a subforest of t; that provides a valid p-forest of a subword of word(t;).

Now, as t; cannot be the root of the forest /' and is the highest ancestor of x; that is not a
leftmost or rightmost child, it must be the immediate inner child of an idempotent node in F.
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As a consequence, pi(word(S;)) = pu(word(t;)) is an idempotent. Therefore, for ever X; € N,
the tree obtained by replacing t; with X; copies of S; in F is a valid u-forest. We write F'X
for the forest F' where t; is replaced by X; copies of S;. This is possible because the tuple
Z is composed of independent leaves, hence t; and t; are disjoint subtrees of F' whenever
1<i#j<k )

Hence, FX is the factorization forest of the word w™ = ag(wy)X ey ... ap_1(wp)X*ay
where w; = word(.S;), a; = wlend(t;)+1:start(t;)—1] for 2 < i < k—1, g = w[l:start(t;)—1],
and o = wlend(tx)+1:|w|] are non-empty factors of w. .

We now have to understand the behavior of has-s-type; over F'X, for every 1" € Types, -

)X

To that end, let us consider 7" € Types, ;. Let us write £ for the set of nodes in F’ X that are
not appearing in any of the X; repetitions of S;, for 1 < ¢ < k. The set E has a size bounded
independently of X1, ..., X. To a tuple 5 such that F'X = has-s-type;(s), one can associate
the mapping pz: {1,...,k} = {1,...,k} W E, so that pz(i) = s; when s; € E, and pz(i) = j
when s; is a node appearing in one of the X; repetitions of the skeleton S; (there can be at
most one j satisfying this property).

Remark D.6. If s-type(s) = T", and p5(i) = j, then s; must be the root of one of the X copies
of Sj in F X Indeed, ¥ is obtained as skel-root () for some independent tuple i of leaves. Hence,
s; = skel-root(y;) which belong to some copy of S;, hence s; must be the root of this copy of
S;, because S; is a binary tree.

Given a map p: {1,...k} — {1,...,k} W E and a tuple X € N¥, we let C,,()?) be the set
of tuples § of nodes of FX such that s-type(s) = 7", and such that pz = p. This allows us to
rewrite the number of such vectors as a finite sum:

#( has-s-typer, (D) (F¥) = 3 #C,(X)

p: {1, k}—={1,... k}WE

Claim D.7. For every p: {1,...,k} = {1,...,k} W E, #Cp(f) is ultimately a Z-polynomial
in X. Moreover, its coefficient for X1 - - - Xy, is non-zero if and only if p(i) =i for 1 <i <k.

Proof. Assume that C’,,()? ) is non-empty. Then choosing a vector 5 € Cp()z ) is done by fixing
the image of s; to p(i) when p(i) € E, and selecting p; == [p~'({j})| non consecutive copies
of S; among among the X; copies available. All nodes are accounted for since
implies that whenever s; is in a copy of S}, then s; is the root of this copy, and since § is
independent, they cannot be direct siblings.

The number of ways one can select p non consecutive nodes in among X nodes is (for large
enough X) the binomial number (X 7;’“), as it is the same as selecting p positions among
X —p+1 and then adding p — 1 separators.

As a consequence, the size of Cp()z ) is ultimately a product of ( y for the non-zero p;,
which is a Z-polynomial in X1, ..., Xj. Moreover, it has a non-zero coefficient for X; ... X}
if and only if p; # 0 for 1 < j < k, which is precisely when p(i) = 1. O

Xj;?j+1)

We have proven that #( has—s-typeT,)(FX) is a Z-polynomial in X1,..., X}, and that the
only term possibly having a non-zero coefficient for X --- X} is #Ciq(X). Notice that if
#Cia(X) is non-zero, we immediately conclude that T' = T". O

Claim D.8. Ler P € R[X;, ..., X,| which evaluates to 0 over N, then P = 0.

Proof. The proof is done by induction on the number n of variables. If P has one variable and
P|N = 0, then P has infinitely many roots and P = 0. Now, let P having n + 1 variables, and

such that P(x1,...,2pn, Zny1) = 0 for all (z1,...,2,41) € N*T1. By induction hypothesis,
P(Xy,..., X, xp41) =0forall 2,41 € N. Hence forall xy,...,2, € R, P(x1,...,Zn, Xnit1)
is a polynomial with one free variable having infinitely many roots, hence P(x1,. .., Tpn, Tpt1) =
0 for every x,4+1 € R. We have proven that P = 0. O

We now have all the ingredients to prove [Lemma III.23| allowing us to pump functions built
by counting independent tuples of invariant formulas.
Let £ > 1, and finqep be a linear combination of #1; A = sym-dep, where 9; € INV},. Assume

moreover that fingep 7 0. Thanks to [Lemma D.4] every #1; A —sym-dep can be written as a
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linear combination of #has—s—typeT(ﬂ, hence findep = ZTeTypesd . Ar#has-s-type,, and the
coefficients Ay (now in Z) are computable. ’

Since fingep 7# 0, there exists T' € Types, ;. such that Ay # 0. Using there exists
a pumping family (w)Z JF X ) adapted to 7. In particular, f (FX ) is ultimately a Z-polynomial in
X , and its coefficient in X - - - X}, is the sum of the coefficients in X - - - X}, of the polynomials
#has-s-type, (FX) multiplied by A7+. This coefficient is non-zero if and only if 7' = T". Hence,
f(FX) is ultimately a Z-polynomial with a non-zero coefficient for X; - - - X.

As a side result, we have proven that a linear combination of #has-s-type, is the constant
function 0 if and only if all the coefficient are 0, which is decidable since one can enumerate
all the elements of Types, ;. For the converse implication, one leverages if one

coefficient is non-zero, then the polynomial f(F*) must be non-zero.

E. Proof of

Let P,Q € R[Xy,...,X,] be such that |P| = O(|Q|). We show that deg(P) < deg(Q).

If P =0, then deg(P) < deg(Q). Otherwise, let us write P = P; + P5 with P; containing all
the terms of degree exactly deg(P) in P. Because |P| = O(|Q)), there exists N > 0 and C > 0
such that |P(z1,...,z,)| < C|Q(x1,...,x,)| forall z1,...,2, € Nsuch that zq,...,2, > N.

Because Pj is a non-zero polynomial, there exists a tuple (x1,...,z,) € N\ {0} such that
o= P(21,...,2,) # 0 (Claim D-8). Let us now consider R(Y) := P(Yzy,...,Yx,) € R[Y],
and S(Y) = Q(Yxl, ..., Yx,) € R[Y]. Notice that R(Y) has degree exactly deg(P) and its
term of degree deg(P) is aYdeg(P ). Furthermore, S(Y) is a polynomial in Y of degree at most
deg(Q), with dominant coefficient 5 # 0. We know that for Y large enough, |[R(Y)| < C|S(Y)].
Since |R(Y)| ~yoo ||Y8(P) and [S(Y)] ~ oo |8]Y85) < |8V 98(Q) we conclude that
deg(P) < deg(Q).

APPENDIX E

PROOFS OF[SECTION TVI
A. Proof of [Clain V3

Let k > 0, f € ZPoly,, and u € A*. We want to show that u> f € ZPoly,,. Notice that for
every u, the map ulJ: w — ww is regular, hence u> f = f o (ulJ) belongs to ZPoly,, thanks to
Prop 0

B. Proof of Claim V7]

The fact that ~, is an equivalence relation is obvious from the properties of ZPoly. Furthermore
if f ~ g, then f—g € ZPoly,, thus u>(f—g) = u>f —urg € ZPoly, by
Furthermore it is obvious that § - f ~; 0 - g, and if f' ~ ¢’ then f + f' ~, g+ ¢’

It remains to show that u> (1, ® f) ~; (u>1)® f for L C A* and for this we proceed by
induction on |u|. By expanding the definitions we note that a> (17, ® g) = (a>17) ® g+11(g) X
(arg) for all a € A. By [Claim IV.4| we get a>g € ZPoly,, hence a> (1, ® g) ~j (a>1L) ®g.
The result follows since a>1;, = 1,-1;, and by [Theorem IL.18]

C. Proof of [emma TV

We first note that u>(6f +ng) = d(u> f) + n(urg), for all f,g : A* — Z, o,n € Z
and u € A*. Hence it suffices to show that holds on a set S of functions such
that Span;(S) = ZPoly,. For k = 0, we can chose S = {11 : L regular}. As observed
above, we have u>1y = 1,-1, and the result holds since regular languages have finitely many
residual languages. For k > 1, we can choose S = {1, ®g : g € ZPoly,_, L regular} by
Let 1, ® g € S. Then by [Claim IV.7] we get u> (1, ® g) ~jp—1 (ub1ly)®g =
1,-17 ® g. Since a regular language has finitely many residual languages, there are finitely many
~_1-equivalence classes for the (function) residuals of 17 ® g.



D. Proof of

Let f : A* — Z be a function such that Res(f)/ ~x_1. We apply which computes
the set of residuals of f and the relations between them. The states of our machine are not labelled
by the equivalence classes of Res(f)/ ~_1, but directly by some elements of Res(f). Remark
that the labels on the transitions are of the form wo f — v f when w f ~;_1 v f, hence
are in Spany(Res(f)) N ZPoly,,_; by definition of ~;_; (observe that the construction of these

labels is effective and that equivalence of residuals is decidable if we start from f € ZPoly,,).

Now, let us justify the correctness and termination of

First, we note that it maintains two sets O and @ such that O W Q C Res(f) and for all
f,g€0WQ we have f # g = f otr—1 g. Hence the algorithm terminates since Res(f)/ ~k—1
is finite and () increases at every loop. At the end of its execution, we have for all ¢ € Q) and
a € A, that §(q,a) ~—1 a>q and A(q,a) = a>q — (g, a).

Let us show by induction on n > 0 that for all a; - - - a,, € A", if g9 = ¢ = --- =% q,
is the run labelled by a; - - - a, in the underlying automaton , and g¢; - - - g, are the functions
which label the transitions, we have g, ~g_1 a1 ---a, > f and for all w € A*, f(ay - a,w) =
S 5 gi(ai - anw) + gn(w). For n = 0 the result is obvious because gy = f. Now, assume
that the result holds for some n > 0 and let a; - - - apan+1 € A*. Let gqg =% g1 —%2 -+ —9n+1
Gn+1 be the run and g¢; - -- g1 be the labels of the transitions. Since ¢, ~k—1 a1---a, > f
(by induction) we get Gpi1>qn ~k_1 A1 Apapy1>f DY Because ¢,41 =
0(Gn, Ana1) ~k—1 pt1>qn, then g1 ~k—1 a1+ anan1> f. Now, let us fix w € A*. We
have f(ay - anapp1w) = 2?22 gi(a; *++ anani1u) + gn(an+1w) by induction hypothesis. But
$ince gnt+1 = A(Gn, @nt1) = Gnt1>¢n — 0(¢ns Ang1) = Qg1 D Gn — gni1 We get ¢p(anpiw) =
Gnt1(w) + gni1(w). We conclude the proof that provides a k-residual transducer
for f by considering w = ¢ and the definition of F.

E. Proof of [Corollary TVI9

ILemma IV.17| shows that any function from ZPoly,, is computed by its k-residual transducer
(which is in particular a ZPoly,_,-transducer). Conversely, given a ZPoly, _;-transducer
computing f, it is easy to write f as a linear combination of elements of the form 1; ® g (see
e.g. [Section F-B), where g is the label of a transition, thus f € ZPoly, .

E. Proof of

Every map in ZPoly, has finitely many residuals up to ~_; thanks to [Lemma IV.§] We now
prove the converse implication. Let f such that Res(f)/ ~j_1 is finite. By [Lemma IV.17| there
exists a k-residual transducer of f (which is in particular a ZPoly, _;-transducer). Thanks to

[Corollary TV.19] it follows that f € ZPoly,.

APPENDIX F

PROOFS OF[SECTION VI
A. Proof of [Claim V6|

Let L be a regular language such that 1y, is ultimately 1-polynomial. Then, for every u,w,v €

A*, there exists a polynomial P € Q[X], such that 1 (uwXv) = P(X) for X large enough.

This implies that P is a constant polynomial, and in particular 17 (uvwX*1v) = 17 (uwXv) for
X large enough. As a consequence, the syntactic monoid of L is aperiodic, thus L is star-free
[S]. Conversely, assume that L is star-free. It is recognized by a morphism p into an aperiodic
finite monoid M. Because M is aperiodic, for every x € M, M+ = 2IM| Hence, for all
o, W1, O, ..., Wp,0p € A*, 1L(a0wf(1a1 - --wX‘ag) is constant for Xy,..., X, > |M]| since
it only depends on the image u(aowf(lal cewp foy).

B. Proof of [Lemma V1

Let 7 = (4, Q,qo, 9, \) be a counter-free ZSFj,_1-transducer computing a function f : A* —
Z. Since the deterministic automaton (A4, @, go,d) is counter-free, then by [4] for all ¢ € Q the
language L, := {u : 6(qo, u) = ¢} is star-free. So is Lya for all a € A. Now observe that:

f = Z 1L7a®>‘(q,a)'

q€Q
acA

We conclude thanks to

1418

1419

1420

1421

1422

1423

1424

1425

1426

1427

1428

1429

1430

1431

1432

1433

1434

1435

1436

1437

1438

1439

1440

1441

1442

1443

1444

1445

1446

1447

1448

1449

1450

1451

1452

1453

1454

1455

1456

1457

1458

1459

1460

1461

1462

1463

1464



1465

1466

1467

1468

1469

1470

1471

1472

1473

1474

1475

1476

1477

1478

1479

1480

1481

1482

1483

1484

1485

1486

1487

1488

1489

1490

1491

1492

1493

1494

1495

1496

1497

1498

1499

xi

C. Proof of [Cemma VTd

Let k > 0. Let f € ZPoly, which is ultimately 1-polynomial and 7 = (A, Q, o, 0, H, A\, F')
be a k-residual transducer of f. Since ultimate 1-polynomiality is preserved under taking linear
combinations and residuals, the function labels of 7 are ultimately 1-polynomial (by definition
of a k-residual transducer). It remains to show that 7 is counter-free.

Let o, w € A* and suppose that §(qo, o) = 6(go, cw™) for some n > 1. We want to show that
5(qo, aw) = 5(qo, ). Since §(qo, @) = 6(qo, cw™X) and §(qo, aw) = 5(qo, caw™ +1) for all
X > 1, it is sufficient to show that we have §(qg, aw™X 1) = §(qg, aw™X) for some X > 1.

Let M > 1 given by for the ultimate 1-polynomiality of f. We want to show
that (aw™™*1p f) ~p 1 (™ > f), ie. [(cw™H > f)(w) — (cw™ > f)(w)] = O(|w|*1)
since the residuals belong to ZPoly. For this, let us pick any ag, wy, a1, -+, wg, ap € A*. By
Theorem II1.3] it is sufficient to show that:

[(aw™ > f — aw™* 1 f) (o - wiFayg))|
= O((Xl + -+ Xk)kil)

Because f is ultimately 1-polynomial, for all X, X;,---, X}, > M, f(awXagw;" ~-~w,§’“ak)
is a polynomial P(X, Xy,..., Xy). Our goal is to show that |P(nM, X;,..., Xx) — P(nM +
LXy,...,Xk)| = O(X1 + -+ Xg|"1). Since f € ZPoly,, we have |P(X, X1,...,X;)| =
O(|X + X1 + -+ + X;|"). Thus by |Lemma III.24|, P has degree at most k, hence it can be
rewritten under the form Py + X P, + --- + X" P, where P;(X1,..., X)) has degree at most
k — 4. Therefore:

|P(nM, X1,...,X) — P(nM +1,X1,..., Xy)]
=[S PXa e X (M) = (M 4 1))
S Z?:l |Pi(Xla .. 7Xk)|(nM+ 1)2

since the term P vanishes when doing the subtraction. The result follows since the polynomials
P; for 1 <14 < k have degree at most k—1.

D. Proof of [Prapastiion VI

The proof of the proposition is essentially the same as [Proposition II.11| by noticing that
everything remains FO-definable. We will underline the parts where the two proofs differ, and
in particular when using stability properties of star-free polyregular functions.

We first show that any star free Z-polyregular function can be written under the form sum og
where g : A* — {£1}* is star-free polyregular. This is a consequence of the following claims.

Claim F.1. For all ¢ € FO, there exists a star-free polyregular function f: A* — {£1}* such
that #p = sumof.

Proof. Star-free polyregular functions are characterized in [20, Theorem 7] as the functions
computed by (multidimensional) FO-interpretations. Recall that an FO-interpretation of dimension
k € N is given by a FO formula ¢<(Z, %) defining a total ordering over k-tuples of positions, a
FO formula ¢P°™ (&) that selects valid positions, and FO formulas (%) that place the letters
over the output word [20, Definition 1 and 2]. In our specific situation, letting ¢< be the usual
lexicographic ordering of positions (which is FO-definable) and placing the letter 1 over every
element of the output is enough: the only thing left to do is select enough positions of the output
word. For that, we let oP°™ be defined as ¢ itself. It is an easy check that this FO-interpretation
precisely computes 1/(%) over w, hence computes f when post-composed with sum. L

Claim F.2. The set {sumof : f: A* — {£1}* star-free polyregular} is closed under sums and
external Z-products.

Proof. Notice that sumof +sumog = sumo(f - g) where f - g(w) = f(w) - g(w). As star-free
polyregular functions are closed under concatenation [7], the set of interest is closed under
sums. To prove that it is closed under external Z-products, it suffices to show that it is closed
under negation. This follows because one can permute the 1 and —1 in the output of a star-free
polyregular function (star-free polyregular functions are closed under post-composition by a
morphism [7, Theorem 2.6]). O



Let us consider a star-free polyregular function g: A* — {£1}*. The maps g;: w —
lg(w)|; and g_: w — |g(w)|_1 are star-free polyregular functions with unary output (since they
correspond to a post-composition by the star-free polyregular function which removes some letter,
and polyregular functions are closed under post-composition by a regular function [7]]). Hence
g— and g, are star-free polyregular functions with unary output, a.k.a. star-free N-polyregular
functions. As a consequence, sumo g = g4 — g_ lies in ZSF.

E. Proof of
Item 3| = is obvious. For [ltem 2| = it is sufficient to show that if ¢(X1,...,X,,)

is an MSO” formula, then #¢ is a Z-polyregular function. We show the result for n = 1, i.e.
for a formula ¢(X). Let us define the language L C (A x {0,1})* such that (w,v) € L if and
only if w = ¢(S) where S = {1 <i < |w| : v[i] = 1}. Using the classical correspondence
between MSO logic and automata (see e.g. [17]), the language L is regular, hence it is computed
by a finite deterministic automaton 4. Given a fixed w € A*, there exists a bijection between the
accepting runs of .4 whose first component is w and the sets .S such that w = ¢(S). Consider the
(nondeterministic) Z-weighted automaton A’ (this notion is equivalent to Z-linear representations,
see e.g. [11]]) obtained from A by removing the second component of the input, adding an output
1 to all the transitions of A, and giving the initial values 1 (resp. final values 1) to the initial
state (resp. final states) of A. All other transitions and states are given the value 0. Given a fixed
w € A*, it is easy to see that A’ has exactly #¢(w) runs labelled by w whose product of the
output values is 1 (and the others have product 0). Thus A computes #¢. This proof scheme
adapts naturally to the case where n > 1.

For [Item 1| = [Item 3| let us consider a linear representation (I, yt, F') of a Z-rational series.

Claim F.3. Without loss of generality, one can assume that j1(A*) C M™™({0,1}), at the cost
of increasing the dimension of the matrices.

Proof Sketch. Let N = min(1, max{|u(a);;| : a € A,1<1,j <n}), we define the new
dimension of our system to be m = n X N X 2. As a notation, we assume that matrices
in M™™ have their rows and columns indexed by {1,...,n} x {1,..., N} x {£}. For all
a € A, let us define v(a) € M™™ as follows: forall 1 <i,j <n,1<v,v' <N

1 if |M(a)i7j| >0 A0 < u(a)i,j
V(@) Gwab). Gt = 0  otherwise
1 if |M(a)i7j| > A0 > p(a)i,j

(@) (0,4, G —) = {O

otherwise

T if u(a)ijl > v A0 < p(a)i

V(@) (i), —) = {O

otherwise

1T if u(a)ijl = v" A0 > p(a);;

v a)Gv,—), (4,0 = 1
( )(,, ):(4:0"5+) {0 otherwise

Let us now adapt the final vector by defining for every 1 < ¢ <n,1 <v < N, F(’i o) =

max(0, F;), and F(; = —min(0, F;). For the initial vector, let us define for every 1 <i < n,
I(’i_1 = I; and I(’i_l._) = —1I;, and let I’ be zero otherwise. It is then an easy check that
(I',v, F") computes the same function as (I, u1, F). O

As a consequence, [i(w)F =}, ; Iijj(w); jFj, let us now rewrite this sum as a counting
MSO formula with set free variables.

For all 1 < i,j < n, one can write an MSO formula v; ;(x) such that for all 1 < p < |w|,
w = ¢, j(p) if and only if p(wlp]);; = 1. Furthermore, for all 1 < 4,5 < n, one can write
an MSO formula 6; ; with variables XIL", Xg“t for 1 < p <n such that a word w satisfies eizj
whenever for every position = of w there exists a unique pair 1 < p,q < n such that z € X}
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and z € X3, if 2 € X" then (z + 1) € XN, the first position of w belongs to X" and X",
and the last position of w belongs to X" and X;“t.

lw| -1

p(w)i,j = Z p(w1])i sqym(wllwl]) sr—1y.5 H p(w s(k41)

s: {1,....k—1}—{1,...,n}

#| 6; AV /\ (€ XM Awe X = 1y ;(z) | (w)

1<ij<n

=Ty

10 We have proven that Ip(w)F is a Z-linear combination of the counting formulas 7; ; via
wor  Tp(w)F =3, ; IiFj-4#7; j(w). Notice that all the formulas used never introduced set quantifiers,
1522 hence the formulas belong to FO and have MSO free variables.
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