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Abstract. In this paper, we consider a population of cells. Each cell is
governed by the same pathway comprising of biological species following
an underlying mathematical model. For this population, we are interested
not only in the mean value of the concentration of each species, but also
in their distribution. Obviously, as the concentrations of these species are
correlated by the pathway in a given cell, one would need the distribution
over the full dimension (the number of species). This is intractable to
even represent, let alone compute. Alternatively, one would need billions
of simulations in order to achieve a statistically meaningful explicit
representation of this distribution. Instead, we propose to represent this
distribution in an approximated way, by considering explicitly pairs of
concentrations of variables, called clusters. For accuracy reasons, we
cannot assume that these clusters are disjoint. When these clusters form
a tree, one can compute joint probabilities efficiently. We can compute in
polynomial time the tree of clusters minimizing the error made by this
approximated representation. Last, we show how to perform approximated
probability inference from a discrete stochastic abstraction of the pathway.
We experiment on various biological pathways and compare accuracy
w.r.t. other forms of approximation of the distribution.

1 Introduction

Quantitative models play an important role in systems biology. Specifically,
stochastic behaviors are of particular interest to us. There are two sources of
stochasticity : intrinsic and extrinsic. With intrinsic source of stochasticity, the
dynamics of a single cell may present a stochastic behavior, for instance due to the
randomness with which a (small molecular count) species would bind to another.
That is, two perfectly similar cells may depict different behaviors. Such pathways
would usually be modelled using stochastic models, such as continuous time
Markov chains (CTMCs). To simulate them efficiently, finite state projection [13],
moment closure [9] and coarse-graining [7] methods have been proposed. With
extrinsic source of stochasticity, a single cell may have a perfectly deterministic
behavior. However, when considering a population of cells, different cells would
show different behaviors due to (even slight) differences, e.g. in the concentrations
of some key molecules [6, 18].



Additionally, we are interested in studying multi-scale biological systems
(see [8] for an overview). That is, we are interested in the dynamics of a tissue,
made of tens of thousands of cells. In this context, capturing the extrinsic source
of stochasticity is crucial. In order to study multi-scale systems in a tractable
way, we advocate a two step approach: Firstly, abstract the low level model
of the pathway of a single cell into a stochastic discrete abstraction, e.g. using
[11] or the tool DBNizer [16]. The main point is that value domain of variables
of interest (such as concentrations) are discretized. As a result, even while the
dynamics may be deterministic on continuous input, it would appear stochastic
under discretization regimen. We can then consider each cell as a transformer
of probability distributions. Secondly, use a model of the tissue, which does not
explicitly represent every cell but qualitatively explains how the population (or
a finite number of structured populations) evolves. In this way, one needs not
explicitly represent the concentration of each of the tens of thousands of cells, but
rather keep one probability distribution (per population). One main issue is to
represent these probability distributions, as doing it exactly is usually intractable.

In this paper we propose to compactly represent and compute the probability
distributions in an approximate manner. Key to such an approximation will be
that the error between the compact representation and the original distribution
is kept as low as possible, while ensuring that it is compact. Additionally, basic
operations on these distributions, such as marginalization, needs to be tractable.
We first describe several approximate representations of large distributions. These
representations are from the information theory community. We test such repre-
sentations over distributions obtained from several pathways run on populations
of cells with slightly different molecular concentrations. Further, we show how to
use these representations to approximately infer [3,14,17] probability distributions
from stochastic discrete abstraction [11,16].

A good trade-off between accuracy and tractability for representing a dis-
tribution is the use of non-disjoint clusters of two variables of the distribution,
structured as a tree (or a forest), that is an acyclic graph. The associated repre-
sentation is the projection of the probability distribution over eac of these clusters.
On different pathways, we found that the error incurred by such a representation
was small. This representation allows to compute the set of vk joint probabilities
over k variables in time O(nvk+1), for n the total number of variables and v
the number of discretized interval for each variable. That is, time O(n · v) per
computed value. Further, there exists a tractable algorithm [5] which allows to
compute the most accurate set of clusters forming a tree (forest), which is not
the case for structure more complex than trees, such as triangulations [12].

2 Representing a Distribution of Probability

In this section, we will assume a probability distribution P over a set X of
random variables (for instance concentrations of molecules). We assume that
these variabes take discrete values in the same set V of values (for instance,
V = {low,medium,high}). Typically, in our case, the size |V | of V would be
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small, typically around 5, while the size |X| of X would be larger, typically
around 30. In case a system has continuous variable (for instance with V = R+),
there are several schemes to obtain a discrete set of values, for instance using
Lloyd-Max algorithm (see [16] for a discussion). We denote by X the tuple
of variables in X, and by x a tuple in V X . For a subset Y ⊆ X of variables,
we will denote by (xk)k∈Y a tuple in V Y . We will denote by P (X = x) the
probability that the tuple of variable X takes the tuples of values x, and by
P (Xk = xk)k∈Y that for each k, variable Xk takes value xk. By definition,
we have P (Xk = xk)k∈Y =

P
{xi|i/∈Y } P (X = x) with xi = xi for all i. This

operation is called marginalization.

The exact representation of a probability distribution over the set of variables
X with values in V involves |V ||X| values (each encoding a probability in [0, 1]).
We call such values joint probabilities. While this is feasible for small |X|, it starts
to be intractable as soon as |X| becomes larger.

2.1 Approximated representations

There are several ways to approximately represent probability distributions.
The first obvious way is to assume that the joint probability is equal to the
product of individual probabilities. In this way, it suffices to keep only (marginal)
probabilities P (Xi = xi) for each species i, that is |V | · |X| values overall. We
call such an approximation fully factored, and denote it by PFF :

PFF (X1 = x1, · · · , Xn = xn) =
Y

i

P (Xi = xi)

Obviously, with such a scheme, correlations between variables are lost.
It is not too hard to understand that such representation will fail in cases
where correlations are not negligeable. One could thus think of (disjoint) clus-
ters of correlated values, relations between (disjoint) clusters being handled
in the succint fully factored form. We call such approximation as clustered
approximation, assuming a known clusterisation (Kj)1≤j≤c with c clusters:
Pcluster(X1 = x1, · · · , Xn = xn) =

Q
j≤c P (Xi = xi)i∈Kj

. Assuming that each

cluster is of size m (with c = |X|
m ), this gives a representation using |X|m · |V |

m

values overall, that is using the values P (Xi = xi)i∈Kj
for every cluster j.

In general, there are correlation between almost each species involved in a
biological pathway (which we will confirm in Section 5). The previously proposed
representations impose no correlation between most of the species, and hence a
lot of information is lost using these compact representations. We thus propose
to use non-disjoint clusters, allowing to keep correlations between each species.
The representation thus keep c · 5m values P (Xi = xi)i∈Kj

, as above. Notice that

c ≥ N
m as clusters are non-disjoint. One cannot reuse the formula of Pcluster, as

variables can be used in different clusters, and their contribution would be counted
several times. Instead, one has to discount the contribution of a variable of a
cluster when it has already be counted for a previous cluster. The approximated
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probability distribution, denoted PNDC (for non-disjoint clusters) it represents is
the following:

PNDC(X1 = x1, · · · , Xn = xn) =
Y

j≤c

P (Xi = xi)i∈Kj

P (Xi = xi)i∈
S

`<j
K`∩Kj

(∗)

Notice that PFF is a special case of Pcluster, and that Pcluster is a special
case of PNDC . What is true on PNDC thus also applies for PFF and Pcluster.

Proposition 1. PNDC is a distribution, that is
P

x∈V X PNDC(X = x) = 1.
Further, it does not depend upon the order in which clusters are evaluated.

2.2 Obtaining good clusters

A main problem with the clustered representation (disjoint or not) is to obtain
good clusters, that is clusters for which PNDC will approximate well the real
probability distribution P . In that respect, the Chow Liu algorithm [5] allows
to compute an optimal tree (actually, a forest in general, that is with possibly
several roots), or alternatively an acyclic graph. Clusters are the pairs formed
by transitions on that tree. More formally, let T = (X,E) an undirected acyclic
graph, with X the set of variables. Let S = {x | ¬∃y, {x, y} ∈ E}, that is the
set of nodes with no neighbours. The clusters associated with T are the pairs
{x, y} ∈ E, plus the set S of singletons.

The Chow Liu algorithm uses mutual information MI in order to select the
clusters, as described in Algo. 1. The MI is defined by:

MI(Xi, Yi) =
X

xi,xj

P (Xi = xi, Xj = yj) log
P (Xi = xi, Xj = xj)

P (Xi = xi)P (Xj = xj)

Let KT be the clusters associated with the tree T . We can compare the
approximation PT of distribution P obtained using KT and the approximation
PS obtained with the set of clusters associated with any another tree S. We
obtain in Prop. 2 the optimality of the tree built using the Chow-Liu algorithm,
as its divergence is optimal in terms of Kulback-Leibler divergence KL. Formally:

KL(P,Q) =
X

x∈V X

P (X = x) log
P (X = x)

Q(X = x)

Proposition 2. [5] We have KL(PT , P ) ≤ KL(PS , P ).

Algorithm 1: Chow Liu Algorithm computing an optimal tree of clusters

For all Xi 6= Xj {compute MI(Xi, Xj)}.
Create a sorted list of pairs (i, j) of vertices by decreasing MI(Xi, Xj).
Remove all (i, j) from list if (i, j) creates a cycle with transition before in list.
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2.3 Marginalizing variables out

Equation (∗) can be used to obtain probabilities when a subset Y ⊂ X of variables
are used, from the probabilities in clusters. Formally, given xs ∈ Y for all s ∈ Y ,
we define PNDC(Xj = xj)j∈Y =

P
xt|t/∈Y PNDC(X1 = x1, . . . , Xn = xn), the

marginalisation of PNDC(X1 = x1, . . . , Xn = xn) on Y .
For that, for all node s at depth i, we denote Ys the descendants of s that

are in Y , plus {s} if it is not in Y . We compute PYs
inductively: given t a son of

s, from the computation of PYt
, one can simply obtain P (Yt ∪ {s}) by applying

the formula:

P (Xj = xj)j∈Yt∪{s} =
P (Xj = xj)j∈Yt · P (Xs = xs, Xt = xt)

P (Xt = xt)

We can do the same for every son t of s. Let Tt = Yt ∪ {s} if t ∈ S, and
Tt = Yt ∪ {s} \ {t} otherwise. We can then compute

P (Xj = xj)j∈Tt

by marginalizing out t when t is not in S.
From there, one can compute PYs

, by joining together all the PTt
and dividing

by P (Xs = xs) c− 1 times, where c is the number of sons of s in the tree:

P (Xj = xj)j∈Ys
=
Y

t sons of s

P (Xj = xj)j∈Tt

P (Xs = xs)c−1

Hence, we can compute all probability values over a subset Y of n variables.
This computation can thus be done in a reasonable amount of time, |X| · |V |
times the number |V |n of values to compute:

Proposition 3. Let Y ⊆ X. Then computing PNDC(Xj = xj)j∈Y for all possi-
ble tuples (xj)j∈S ∈ V Y can be done in time O(|X| · |V ||Y |+1).

3 Stochastic Discrete Abstractions of Biological Pathways

In this section, we describe one particular stochastic discrete abstraction of
biological pathways, called a Dynamic Bayesian Network (DBN). Later, we will
demonstrate how the approximated representations of distributions can be used
to perform approximated inference, examplified on this particular model of DBN.

3.1 Dynamic Bayesian Networks

A DBN is a compact representation of a Markov Chain. It describes the dynamics
of the system (the pathway), over T + 1 discrete time steps {0, . . . , T}. The DBN
is defined over the set X of random variables. For each time point t and each
variable i in X, the DBN provides how some variables influence the value of Xi.
We call these variables parents of i, denoted ı̂. Formally, the influence is given by
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a conditional probability table (CPT). For time pooint t and variable i, we denote
the table by CPTt,i. It assigns to each value x ∈ V of Xi and each tuple (uj)j∈ı̂
of values of the parents (Xj)j∈ı̂ the probability denoted CPTt,i(x | (uj)j∈ı̂) that
Xi takes value x at time t given that the values of Xj was uj at time t− 1, for
all parents j ∈ ı̂ of i. For instance, CPT1,i(2, (3, 4)) = .4 means that there is
probability .4 to have variable Xi taking value 2 at time point 1 knowing that
Xi was 3 and Xj was 4 at time point 0, for ı̂ = {i, j}, that is Xi, Xj are parents
of Xi. In general, for u ∈ V X , we denote by uı̂ the subtuple of u only containing
values for j ∈ ı̂.

The semantics of the DBN is thus the following: Given an initial probability
distribution P 0 at time t = 0, the DBN defines inductively the probability
distribution P t with:

P t(X = x) =
X

u∈V X

P t−1(X = u)
nY

i=1

CPTt,i(xi | uı̂) (1)

The inference problem: The inference problem is the following. We are given
a DBN as entry (i.e the CPTs and the parents relation) plus an initial set of
marginal values P t=0(Xi = ui) for all value ui and variable Xi. We are asked to
compute the marginal P t(Xi = xi) for all time point t, and all variable x and
value xi. Performing exact inference for a DBN with many variables |X| is not
computationally feasible, as it requires taking into account all possible states of
the system (that is, |V ||X| states). We thus resort to approximate inference.

3.2 A generic inference algorithm

We present a generic inference algorithm on DBNs based on any approximation
app(P ) of a probability distribution P , extending the Factored Frontier (FF)
algorithm [14] which is based on a fully factored approximation app(P ) = PFF .
After this, we will propose and implement an approximation using the non disjoint
clusters approximation app(P ) = PNDC . In this approximation, clusters Kt are
computed for each time point t: in general, we can have Kt 6= Kt′ .

We denote P t the distribution at time t computed inductively from a initial
probability distribution P 0 by the DBN following Eq. 1. We will represent
approximately P t by another probability distribution Bt, called the belief state.

The belief state Bt is computed inductively as follows: First, let B0 =
app(P 0). Then, inductively from t = 1, we let B̃t be the exact probability
distribution computed by CPT t from Bt−1, that is mimicking Eq. 1: B̃t(X =
x) =

P
u∈V X Bt−1(X = u)

Qn
i=1 CPTt,i(xi | uı̂). Finally, we define Bt =

app(B̃t). We can analyze the error ∆t = |P t −Bt| obtained at time t, w.r.t the
one step error ε0 = maxP |P −app(P )| of app. Following [17], this scheme ensures
that, denoting by β ≤ 1 the contraction factor associated with the DBN:

Proposition 4. ∆t ≤ ε0
Pt
j=0 β

j. Further, if β < 1, we have ∆t ≤ ε0
1−β .
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Algorithm 2: Clustered Factored Frontier (CFF)

Input : Parents ı̂ for each i, set Kt of clusters for each time point t
Input : Initial conditions P 0, probability tables CPT t

i (x|uı̂)
Initialization: : B0(xi, xj) = P 0(xi, xj) for all cluster {i, j} ∈ K0, xi, xj ∈ V
for t ∈ [1..T ] do

for (i, j) ∈ Kt, xi ∈ V, xj ∈ V do
Bt(xi, xj) =

P
(uk)k∈ı̂∪̂

Bt−1
NDC(uk)k∈ı̂∪̂ × CPT t

i (y|uı̂)× CPT t
j (z|û) ;

/* Bt−1
NDC(uk)k∈ı̂∪̂ is computed from clusters using Prop.3 */

In general, B̃t cannot be computed explicitly. We can however show that for
app(P t) = P tKt for a set Kt of non disjoint clusters at time t associated with a
tree T t, one can compute Bt(xi, xj) inductively using Prop. 5, as Bt−1NDC(Xk =
uk)k∈ı̂∪̂ can be computed using Prop. 3 from the value of Bt−1 on clusters Kt−1

at time t− 1.

Proposition 5. Let Xi, Xj be two variables and ı̂, ̂ their parents. Then:

Bt(Xi = xi, Xj = xj) =
X

(uk)k∈ı̂∪̂

Bt−1NDC(Xk = uk)k∈ı̂∪̂×CPT ti (xi|uı̂)×CPT tj (xj |û)

Denoting pa the maximal number |̂ı ∪ ̂| of parents of a cluster {i, j}, we get:

Theorem 1. For app the approximation on the tree of clusters, Algo. 2 induc-
tively computes Bt from B0 in time O(t · |V |pa+1 · (|X|+ |V |) · |X|).

Some practical consideration. When implementing Algo.2, one has to be
careful. Because of rounding errors after thousands of numerical computations
(and also because of singularities, as explained in [15]), Bt may not be a distribu-
tion. It is of mathematical importance (for Prop. 1 to hold) to have that the value
of Bt(Xi = xi) is the same when marginalizing from different clusters containing
i. To obtain that, we first compute the value of Bt(Xi = xi) for all i and all
xi ∈ V and mutliply it by some constant to obtain

P
xi∈V B

t(Xi = xi) = 1.
Once this is fixed, we use an iterative proportional fitting procedure (IPFP) to fit
the value of Bt(Xi = xi, Xj = xj) for all xi, xj ∈ V such that for all xi ∈ V , we
have

P
xj∈V B

t(Xi = xi, Xj = xj) = Bt(Xi = xi) and for all xj ∈ V , we haveP
xi∈V B

t(Xi = xi, Xj = xj) = Bt(Xj = xj).

3.3 DBN Models as abstraction of biological systems

The dynamics of a pathway are often modeled by a system of equations. For
instance, with ODE systems, there is one equation of the form dy

dt = f(y,k) for
each molecular species y, with f describing the kinetics of the reactions that
produce and consume y, y being the molecules taking part in these reactions and
k denoting the rate constants associated with these reactions.
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Fig. 1. a) The enzyme catalytic reaction network (b) The ODEs model (c) The DBN
approximation for 2 successive time points

Liu et al. developed a DBNs abstractions from a system of ODEs [10, 11],
describing pathway dynamics. Its main features are illustrated by a simple enzyme
kinetics system shown in Fig. 1. Later, we extended this work to abstract even
hybrid stochastic deterministic pathways [16]. The main ingredients are similar:

The dynamics of the system is assumed to be of interest only for discrete
time points up to a maximal time point. Let us assume that they are denoted as
{0, 1, . . . , T}. There is random variable Xi corresponding to the concentration of
every molecular species. The range of each variable Xi is quantized into a set of
intervals Ii = {Ii0, . . . , Iiv−1}, with v = |V | the number of intervals (discretized
values) for variable Xi (typically v = |V | = 5). The quantized dynamics is
intrinsically stochastic, as even for deterministic dynamics (e.g. of an ODE
system), it is possible that two distinct deterministic configurations correspond to
the same quantized configuration, but their deterministic successors are in distinct
quantized configurations. Initial values of the system are assumed to follow a
distribution. Initial configurations are sampled according to this distribution,
and trajectories are generated by simulating the system from these samples.
These trajectories are then compactly approximated as a DBN, treated as an
approximation of the dynamics of the system.

The parent relations are obtain in different ways. In [10, 11], the reaction
network is used to define the parents: j ∈ ı̂ if j = i or if variable Xj appears in
the mathematical equation of species Xi. In [16], the relation is infered as to
maximize the mutual information between a variable i and its set of parents ı̂.

In both work, CPT entries are evaluated through simple counting of many
simulation of trajectories. For instance, among the generated trajectories, the
number of simulations where the value of Yj falls in the interval uj at time t− 1
for each j ∈ ı̂ is recorded, say Ju. Next, among these Ju trajectories, the number
of these where the value of Yi falls in the interval x at time t is recorded. If
this number is Jx then the empirical probability p is set to be Jx

Ju
. We refer

interested readers to Liu et al.’s work [10, 11] for the details. We thus haveP
x∈V CPTt,i(x | uı̂) = 1 for all tuples uı̂ of values at time t− 1.
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4 Biological Pathways

In this section, we present the pathways that we will perform experiments on.

Enzyme catalysis system: The simple enzyme catalytic system is shown in
Fig. 1 a). It describes a typical mass action based kinetics of the binding (ES) of
enzyme (E) with substrate (S) and its subsequent catalysis to form the product
(P). The value space of each species (variable) is divided into 5 equal intervals.
The time scale of the system is 10 minutes which was divided into 100 time
points. The parents relations for the DBN are obtained using [10,11]. Conditional
probability tables were populated by drawing 105 simulations from the underlying
ODE model.

EGF-NGF pathway: The EGF-NGF pathway describes the behavior of cells
to EGF or NGF stimulation [4]. The ODE model of this pathway is available
in the BioModels database and consists of 32 differential equations (one for
each molecular species). The value domains of the 32 variables were divided
into 5 equal intervals. The time horizon of each model was assumed to be 10
minutes which was divided into 100 time points. The parents relations for the
DBN are obtained using [10,11]. To fill up the conditional probability tables, 105

trajectories were generated by simulating the ODE model.

Abstracted Apoptosis pathway: TNF-related apoptosis-inducing ligand
(TRAIL), an apoptosis inducing protein in cancer cells, has been considered
as a target for anti-cancer therapeutic strategies. Biological observations on HeLa
cells [18] suggest that in a population of cells, TRAIL application only leads to
fractional killing of cells. Further, there is a time dependent evolution of cell
resistance to TRAIL. These phenomena are modelled in the Hybrid Stochastic
Deterministic (HSD) model [2], based on [1]. We build an abstraction (including
the parent relations) using [16], consisting of the 10 most important (out of
58) protein variables, with at most 4 parents per variable. The time horizon of
the model is the first 105 minutes period after injection of TRAIL, which was
divided into 20 time points. Again, as before, 105 trajectories were generated by
simulating the HSD model to fill up the conditional probability tables.

R 
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Fig. 2. Apoptosis pathway
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5 Experiments

We have implemented our algorithms in Python. The experiments were done on
a Intel i7-4980HQ Intel (2,8 GHz quad core Haswell with SMT) with 16 GB of
memory. For each of the pathway casestudy discussed in the previous section, we
consider the following:

– the exact and approximated probability distributions at an arbitrarily chosen
time point. As one cannot get the exact joint probability for the large system,
we evaluate them considering the mutual information between any pair of
variables (computed from 10.000 simulations of the system), to understand
where correlations are lost. Results can be found in Fig. 5.

– the approximated inference algorithm, compared with statistical simulations
of the DBNs using the algorithm from [15]. Results can be found in Fig. 7.

Enzyme catalysis system The system is very simple with only 4 variables.
The tree obtained using the Chow-Liu algorithm is the same over all time points,
with {{E,S}, {E,P}, {E,ES}} as set of non disjoint clusters. To compare with
a disjoint cluster representation, we chose the set of disjoint clusters with highest
mutual information, that is {{E,S}, {ES,P}}. On this example, in addition to
computing the largest difference in MI, we provide the maximum difference of
the probability of joints and the Kullback-Leibler divergence as the system is
small enough to compute them.

TRAIL-induced apoptosis pathway. We provide in Fig. 3 two trees com-
puted by the Chow Liu 68 algorithm at the 20 and 105 minutes of our abstraction
of the apoptosis pathway.

Most links of the tree follow direct correlations, except for the link Bid-cPARP
at 105 minutes. Our interpretation is that at 105 minutes, Bid does not play
much of a role anymore, and its correlation is not meaningful. Further, Bax,
Bcl2c and Mcl1, which are highly correlated, and which transduce and inhibit

Bid 
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Flip 

XIAP 
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Mcl1 
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C3*-

PARP 
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Bid 

Bcl2c 
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XIAP 
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tBid:Bax 

C3*-

PARP 

R* 

Fig. 3. Trees build from the abstracted Apoptosis pathway. At 20 minutes on the left,
and 105 minutes on the right.

10



the signal are connected towards the downstream only through R∗. The reason is
that the correlation with R∗ is higher than the direct correlations, and as a tree
is produced, the direct correlations are removed by the algorithm. Notice that
this interaction graph can change in time (compare at time 20 and 105 when Bid
swap from one side of the tree to the other side).

EGF-NGF pathway. On top of the clusters associated with the Chow Liu
tree and the FF representation, we consider a reasonable set of disjoint clusters,
grouping a species with its activated form, as their concentrations are very
correlated. This pathway also allows us to compare the inference algorithms with
another approximated algorithm, called HFF (Hybrid FF) [17]. In short, HFF
keeps a small number of joint probabilities of high value (called spikes), plus
an FF representation of the remaining of the distribution. The more spikes, the
more accurate and the slower the algorithm. In order to draw a fair comparison
and not be biased towards our algorithm, we report the error with FF as the
baseline, in terms of errors (FF=100) and time (FF=1).

Analysis of the approximations of the probability distributions We
now compare the different representations of the distributions. We display on
Fig. 4 the approximated correlations obtained using the different approximations
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Fig. 4. Comparison of Mutual Information between the 3 different probability distribu-
tion approximations at minute 5 (top). The bottom 2 diagrams show the exact mutual
information and the difference between exact and the clustered tree approximation.
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Enzyme catalytic reaction, probability distribution at 2 minutes:
Representation Mean MI max MI Error Max P error KL diverg.

FF 0.22 0.27 0.22 0.31
Disjoint Cluster 0.26 0.11 0.05 0.12
Tree Cluster 0.277 0.04 0.005 0.001
Exact 0.278 0 0 0

Apoptosis pathway, probability distribution at 105 minutes:
Representation mean MI max MI Error Size of representation

FF 0.06 0.32 50
Tree Cluster 0.1 0.12 225
Exact 0.12 0 107

EGF-NGF pathway, probability distribution at 5 minutes:
Representation mean MI max MI Error Size of representation

FF 0.016 0.6 160
Disjoint Cluster 0.019 0.2 775
Tree Cluster 0.023 0.07 775
Exact 0.026 0 1022

Fig. 5. Error of the approximations w.r.t. the real distribution for various pathways.

at time 5 minute of the EGF-NGF pathway. We can see a loss of information
mostly on lowly correlated biological component concentrations but the mutual
information between highly correlated variables is preserved. The scale is cubic
root based, half way between linear and log scale. In this way, differences can be
seen but are not too amplified. We report statistics on all pathways on Fig. 5.
Overall, the tree clustered representation succeeds in capturing at least 83% of
the mutual information, while FF captures only around 60%. Further, there are
pairs of variables highly correlated that FF consider independent (MI > 0.3),
which is not the case for the tree clustered representation. Last, the tree clustered
representation is compact enough (< 800 values).
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Fig. 6. Evolution of P (cPARP = 2) in the apoptosis pathway (left) and of P (ErkAct =
2) in the EGF-NGF pathway(right) as computed by the inference based either on FF
or Tree cluster approximations (broken lines), compared with the real value (solid line).
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Enzyme catalytic reaction:
Method Max. Error Mean Error (normalized) Nb. Error > 0.1 Comput. Time

FF 0.17 100 49 0.2s
Disj. Cluster 0.12 65 16 0.5s
Tree Cluster 0.004 3 0 0.6s

Apoptosis pathway:
Method Max. Error Mean Error (normalized) Nb. Error > 0.1 Comput. Time

FF 0.44 100 124 2.2s
Disj. Cluster 0.12 24 2 9.8s
Tree Cluster 0.06 13.7 0 13.8s

EGF-NGF pathway (normalized wrt FF for comparison with HFF):

Method Max. Error Mean Error Nb. Error > 0.1 Comput. Time

FF 100 100 100 1
HFF (3k) 62 60 50 10
HFF (32k) 49 38 35 1100

Disjoint Cluster 84 79 84 1.9
Tree Cluster 32 14 16 4.2

Fig. 7. Table representing the errors of the different inference algorithms.

Analysis for the inference algorithms We compare the evolution of concen-
trations of each molecule using the different inference algorithms (Fig. 7). Overall,
performing inference based on the tree clustered representation is fast (less than
100 seconds), while being the most accurate of all the inference algorithms we
tested, included HFF with a lot of spikes. To display the differences, we draw in
Fig.6 the probability that Erk∗ takes a medium concentration in the EGF-NGF
pathway and the probability that cPARP takes a medium concentration in the
apoptosis pathways, as computed in these different ways.

6 Conclusion

In this paper, we reviewed several approximated representations of probability
distributions. We discussed how these representations can be applied to perform
inference in discrete stochastic models. With different case studies, we show
that the approximation based on non disjoint clusters of size two forming a tree
structure offers the best trade-off between accuracy and tractability. In terms of
future work, we plan to automatically obtain a layered populations model from
more common agents based model of tissues (e.g. [19]) and use the approximate
representation of distribution to handle multilevel biological systems.
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Appendix

In this appendix, we give the proofs which could not be written in the main part
of the paper for lack of space.

Let t ∈ {1, . . . , T}. Let βt ≤ 1 be the contracting factor of the Markov chain
associated with CPT t at time t. By definition, we have that after applying
CPT t to two distributions ∆,∆′, the results ∆̃, ∆̃′ will be at distance at most
|∆̃− ∆̃′| ≤ βt|∆−∆′|. In particular, we have that |P t− B̃t−1| ≤ βt|P t−1−Bt−1|.
We now denote β = maxt βt.

Now following a reasoning similar to [17] we shall show that ∆t can be
bounded by ε0(

Pt
j=0 β

j) where ε0 is the maximum one step error given by:

ε0 = max
t
|Bt − B̃t−1|.

Proposition 4. ∆t ≤ ε0
Pt
j=0 β

j. Further, if β < 1, we have ∆t ≤ ε0
1−β .

Proof. By definitions and triangular inequality, we have:

∆t = |Bt − P t|
≤ |Bt − B̃t−1|+ |B̃t−1 − P t|
≤ ε0 + βt∆

t−1

Then by recursively computing the second factor, we obtain,

∆t ≤ ε0 + βtε0 + βtβt−1ε0 + . . .+ (βtβt−1 · · ·β1)ε0

≤ ε0(
tX

j=0

βj)

Further if β < 1, we have:

∆t ≤ ε0(
tX

j=0

βj) ≤ ε0(
∞X

j=0

βj) =
ε0

1− β

ut
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Proposition 5. Let Xi, Xj be two variables and ı̂, ̂ their parents. Then:

Bt(Xi = xi, Xj = xj) =
X

(uk)k∈ı̂∪̂

Bt−1NDC(Xk = uk)k∈ı̂∪̂×CPT ti (xi|uı̂)×CPT tj (xj |û)

Proof. For t > 0, we have:

Bt(xi, xj) =B̃t(xi, xj) =
X

x|xi=xi,xj=xj

B̃t(x)

=
X

x|xi=xi,xj=xj

X

u

Y

k

Bt−1NDC(u)(CPT tk(xk | uk̂))

=
X

u

Bt−1NDC(u)
X

x|xi=xi,xj=xj

Y

k

(CPT tk(xk | uk̂))

=
X

u

Bt−1NDC(u) · CPT ti (xi | uı̂) · CPT tj (xj | û)

The last of the above equalities follows since each of the summands within
the expression adds up to 1. We separate u into (v,v′) with v with variables in
ı̂ ∪ ̂. By applying the definition of marginalization, we obtain:

Bt(xi, xj) =
X

v

CPT ti (xi | vı̂) · CPT tj (xj | v̂)
X

v′

Bt−1NDC(v,v′)

=
X

v

CPT ti (xi | vı̂) · CPT tj (xj | v̂)Bt−1NDC(v)

ut

Theorem 1. For app the approximation on the tree of clusters, Algo. 2 induc-
tively computes Bt from B0 in time O(t · |V |pa+1 · (|X|+ |V |) · |X|).

Proof. The correctness of the proof comes directly from Prop. 5. The complexity
foolows from the following:

– The t comes from the induction on the time point.
– There are at most |X| clusters as each node as a unique parent on the tree,

which gives the last |X|.
– Now, for each cluster {i, j}, one computes at most |V |pa values corresponding

to Bt−1NDC(Xk = uk)k∈ı̂∪̂. This takes time |V |pa+1 · |X|, using Prop. 3.
– Further, Algo. 2 computes for each xi ∈ V and xj ∈ V a value by summing

over |V |pa values, which gives a complexity of |V |pa+2 = |V |pa+1 · |V |.
ut
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