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Both themultifractality andmultilacunarityspectrumareembodiedin theanalyticstructureofa new generalizedenergyinte-
gral. A first applicationis madeto non-trivial linearCantorsetsandexactresultsareobtainedfor dimensions,for periodicityof
oscillationsinorder-qcorrelationandfor entropies.

1. Introduction It is a well known result of fractal geometry(Frost-
man’stheorem) [1] that ~ is a lowerboundto the

In thetheoryofdynamicalsystemsthecentralrole Hausdorifdimensionof J.
of characterizii~gthe metric andergodicproperties In this Letterweextendthis resultby introducing
of thesetswhich areinvariantundertheiterationof a newgeneralizedenergyintegral (GEl) whosesin-
maps,is takenby theinvariantnormalizedmeasures gularitiesgive the generalizeddimensions(GD) of
they support.It is remarkablethat thesemeasures the set J. Thedefinition of the GD we adoptis the
oftengive information onthegeometryofthesetand, following [2]. Considerthe minimal covering ~‘ of
in particular,ott its fractalproperties.For example, thesetJwithballsofradiusland,denotingwithB (x;
givena strangeSetJanda finite measure~u,consider 1) theball whosecenteris atxeJ,computethe cover
for eachpositive ~, the energyintegral function Dq(l) accordingto

~Z(t)= $$ IIx—yII ~d~t(x) d~(y), (1) Dq(l)= _~_jlog(~~u’7(B(x;1))) log~l. (3)

where IIx—YU is a suitablenorm on J, anddefinethe If thefunctionDq (I) hasa limit for l—~0 thenwecall
divergenceabscissaf as this limit D~the generalizeddimensionof orderq of

thesetJwith respecttothemeasure~. Wealsorecall
t= inf{r; 1’(r) = + oo}. (2) thattheLegendretransformoftheGD givesthef(a)

spectrumof singularitiesof the measure~t andthis

Work supportedin partwith a MPI 60%grant, is oneof the reasonsfor investigatingthe GD [3].
2 IstitutoNazionaledi FisicaNucleare,Sezionedi Bologna,Bo- The coveringprocedureillustrated abovehas a

logna,Italy. continuouscounterpart[2]. In factif wedefinethe
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q-correlation integral Cq(l) accordingto meantto be on r. Now, accordingto (5) the q-cor-
relation integralscalesasC~(l)

1Dq(q—~)for I small.
C (l)= I y~ (B(x;l)) d~u(x) (4) .

‘~ j As a consequenceif we takethis into accountin the
Stieltjesintegral (7) becomes

then 4

1 logCq(l) ~q(T)~ J /Dq(q_1)_t1 dl, (10)
D~ hm— . (5)

,_.oq—l log!

whereA is the diameterof J.The smallestreal r for
which the GE! diverges,is r= (q — 1 )Dq. This sug-

2. Generalizedenergyintegral gestsextendingFrostman’stheoremby definingthe
spectrumof thegeneralizeddimensionsdirectly from

Wedefinethegeneralizedenergyintegral~ ‘r) as the divergenceabscissaof the GEl:

= $ $ I~ylI Dq = —~--jinf{r; ~q(T) = +oo}. (11)

xya_
2(B(x;j~x_y~~))d~(x)dy(y). (6) Taking (11) asadefinition for the GD, onecanin-

veil the procedurein the following way. First corn-
We observethat ~1’q(r) canbewritten asthe Mellin putetheGE! through (6), takeits inverseMellin to
transformof the Stieltjesmeasured~q(1), obtain Cq(1) andfinally look at the powerlaw scal-

ingofC~(l).
di (r) = I ~ dC (1) (7) We applied[4] thistechniquesuccessfullyto some

J ‘1 ‘ dynamicalsystemsin the caseq=2, wherethe GE!
(6) reducesto the ordinaryenergyintegral (1). Ad-

where ditional resultswereobtainedfor thelinearCantors.

~ ‘I’ — ~ 0’! In particularthemeromorphicstructureof 1’( r) was
~ / — J — XY ~ proven,which impliestheappearanceofoscillations

in log! for C(l), in agreementwith numericalex-

xy~—2(B(x,IIx—yjl)) d~t(x)d~t(y). (8) periments[6,7]. Moreover,if J arisesas the invar-
iant set underthe smoothmap T andthe norm is

It is easyto checkthat ~q(l) is proportionalto the replacedby the dynamicnorm
correlation function Cq(!) previously defined. In-
deedusingastandardargumentin fractal geometry Ijx—yQk= max 1 T’x— T’yIJ , kaZ + , (12)
we observethat~u(B(x,r)) definesitself a measure O~Jak—l

and the residueof the pole of d’ k( r) at r=D
2 scalesfor

= $ dj~(x) $ ~u~
2(B(x; IIx—yII) dp(y) largekasexp[ —kh

2(/L)],whereh2(~)isthe2-Renyi
B (x I) entropy [8] ofthe measurey (which is supposedto

beinvariantandergodic[9] underthe mappingT).

This allows oneto graspthe 2-entropywith a new
= J d1u(x) J ~u~

2(B(x; r)) dp(B(x, r)) . exact formula.
0 Usingthe GE! diq( r) with q a parameterandr a

1 ~ complexnumber,theseandsimilarresultscanbeex-
= j ~q— ‘(B (x; I)) d~(x) tendedto any q. Forinstanceoscillatorycorrections,

whichhavebeennumericallyobservedforsomeq�2,

areexhibitedby all correlationfunctionsCg(1); they
= _j Cq(!) , (9) are notin generaltrivially relatedto eachotherand

q we proposeto call them the multilacunarity spec-
where on the secondline the inner integration is tram [6b, 161. Theyall havetheir roots in the com-
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plex polesof theGEL Thepositionsoftherealpoles
give the dimensionspectrum.If the dynamic norm ~q(T)= IILrlx_LIIyILT
is used,defining d’ ~(r), the residuesof the polesat
r=(q—1)D~ scale for large k as ~
exp[ —k(q—1 )h~Cu)],where hq(p) is the q-Renyi
entropyof the measurep. + ~P~(r), (15)

We havestartedthis programon a varietyof ex- where ~Pq(r) is an entirefunction of r.
amples,both apalytically and numerically. In this To go furtherwe needa scalingcondition on the
Letterwe restrictthe analysisto beparticularfamily measureof the ball B(x, IIx—yIi). Using againthe
ofCantorsfor which thesingularitiesof theGE! can balancepropertywe have
be relativelysimply andexplicitly determined.

9u(B(L~’x,IL~’x—L~’yII)

3. Multifractal linear Cantorsets =p~J 0(ItL~’x—L~’yII
J

Let L: [0,l]-+P be a piecewiselinearmap of the 11L’L’II) dp(z)
unit intervalsuchthatL ‘[0,1] is thedisjoint union
of s sets:

— ~ pj$ 0(IILT’x—LI’yII
j,~i 3S

L~[0,l]= U I~, I,~I,=O, for/�j.
1=I —IILT’z—Lr’xII)d/t(z). (16)

The lengthofeachI~is the scale2,< 1. Theinvariant If we requirethat
set for this map is the Cantorset:

max diameter(L~[0,l])
1~ai~es

J= fl L”[O,l] . (13)
n=0 ~ mm distance(LT’[0,1J,L~,[0,lJ)

We canputon J a setof L-ergodic measuresp char- (17)
acterizedby the fact that each I, has a weight:

p( !~r~J) and , ~v1= 1. Eachof thesemeasures then the secondterm in theright handsideof (16)
is calleda balancedmeasurewithweights(P,,..., PS). vanishesand we obtain (using the linearity of the
Thesemeasureshavetwo otherinterestingproper- L~’):
ties [10]. Lettixtg LI’ be thejth inversebandof L

p(B(L1’x, IjL~’x—L~’y~I))
definedon [0,1], A a measurableset of Jandf(x)
a continuousscalarfunction on J,we have =p1p(B(x, IIx—yII)). (18)

,u (LI’ A) =p~p(A), (1 4a) Thetechnicalcondition(17) isintroducedherefor
simplicity. It meansthat the non-emptyintervalsof

f(x) du(x) = ~ p3 jf(Lr ‘x) dp(x). (14b) the Cantorset are smallerthan the empty intervals.$ S1=’ Equalityis reachedfor the ordinaryternaryCantor
set,for which of course(18) holds.The condition

Using the property (1 4b) it is possibleto find a couldprobablybealwaysrelaxedat thecostofamore
functional equationfor d~( r). Sincewe are inter- refinedasymptoticanalysis.In section4 wealsopro-
estedin the singularbehaviourof d~(r), we apply posean alternative.Here we continueusing (18),
the balanceproperty(1 4b) to eachvariablein (6) whichallows to rewrite(15) asa functionalequation
but collectingth~termswith the sameLI’. Indeed
the termslike IILr’ —L~’yJIwith i~jgive a finite / ~

contributionto the integral since the pointsL1’x ~q(t)~l — ~ p4(r). (19)

andLI’ y are at a positivedistance.We obtain
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Therefored)q(r) is a meromorphicfunctionof r and ~ (I) = 21 ~‘—‘ )~J)g

the polesare locatedat the solutionsof
~

S X ~ (n) cos(2~nlog’21ogl—y~”~+f3~”~)
~P?Ait=l. (20) I (24)

Fora given q, the realsolution r~0~=(q—l)Dq of where~ =arg(r,~”1)=arg(r~”~).
(20) is exactlythe sameonewould obtain usingthe The correlation functions exhibit oscillationsin
thermodynamicformalism [11]. We pointout that log! with thesameperiodfor anyq. Wehavealready
D

0 is just the fractal dimensionof the set [12] and noticedthat thesefeatureshavebeenobservednu-
is independentof the balancedmeasurewhich ap- merically for the ternaryCantorset [7] andare re-
pearsin the integral (6). Weexpectthat P0 ( r) does latedto the lacunarity.Here, for a classof Cantor
notdependon the measureat leastfor systemssuch sets,we explicitly establishthe connectionbetween
asthe mixing repellerswhich canbe nicely approx- the multilacunarityspectrumandthe meromorphic
imatedwith sequencesof linearCantors[13—15]. structureof the GEl.

When the scalesare equal (2~=A)but not the Finally to obtain the q-Renyi entropiesfor the
weights,we get explicitly all the polesof ø,,(r), Cantorsetsconsideredabove,we considerthe limit

r~”~=log~~py)log’A+2~tmnlog’ 2, 1im~-1--~-~logr~, (25)

n=0, ±1, ±2,..., (21) where~ is theresidueoftheGE! (computedwith
the dynamicnorm(12)) at thepoleDq. Usingagain

providinga descriptionof the multifractal multila- the method illustratedaboveandthe techniquein
cunarmeasurep. The generalizedspectrumof di- sectionIV of ref. [5] oneeasilyobtains
mensionis givenby

hq(p) ~_~~__1og(~~Y)=hq(~), (26)
Da~~j l—q

1 / which is preciselythe expressionfor theq-Renyien-
= — log ( ~ py) log—‘2. (22) tropy one obtains using the thermodynamical

q— 1 ~ formalism.

AlthoughDq is not definedfor q= 1, we canobtain
D, by a limiting process.Thisis thecasefor theabove
Cantorsets,andthe first termin the right handside 4. Discussionandconclusion
of (22) gives

First a possiblealternative.TheEl canbe gener-
= (~PjlogPo)log_’2~ (23) alizedas

which isjustthe information dimension [12], given ~1’,(r)= $ IIx—yII
by the ratio of the Shannon—Kolmogoroventropyof x

the measure—~,, p~logp,and its Lyapunov ex- xp~-
2(B(~(x+y);~IIx—yII))dp(x) dp(y),

ponent —logA [9,11,13]. If we suppose(asit hap- (27)
pens for q=2) that the residuesr~”~of the poles
p~)of d’q(T) decreasesufficiently fastforn largeand a more symmetric definition. It would make
do notall vanish,thenwecantaketheinverseMellin straightforwardthe aboveanalysisfor any linear
transformof the GE!, obtaining Cantorset with arbitraryscales,becausethe analog

of (18) for the scalingof the ball holdswithout any

restriction(suchas (17)) onthestructureoftheset.
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As a consequenceeqs.(21) and (22)which give the and is reasonablymanageablemathematicallyand
dimensionspectra,in agreementwith the resultsof numerically.
the thermodynamicalformalismand the lacunarity
structure,hold in full generality.

Moreover the correlation integralcorresponding Acknowledgement
to (27), andgiven by the r.h.s.of (8) whereB(x,

IIx—yII) is replacedby B(~(x+y), ~IIx—yII), turns S.V. wassupportedby a CNR—NATO fellowship
outto bemuchmoreconvenientfor numericalcorn- andwhishesto thankthe Observatoryof Nice where
putations.Indeedsome preliminary numerical re- part of this work wasperformed.
sults,obtainedwith this definition, are in excellent
agreementwith ourtheoreticalresultsandwill bere-
portedelsewhere. References
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