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On an Estimate Concerning Quantum Diffusion
in the Presence of a Fractal Spectrum.
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Universita di Milano, Sede di Como - Via Castelnuovo 7, 22100 Como, Italy
INFN, Sezione di Pavia - 27100 Pavia, Italy

(received 14 September 1992; accepted in final form 29 December 1992)

PACS. 03.65D - Functional analytical methods.

Abstract. - An inequality is proven, relating the rate of spreading of wave packets to the
information dimension of the spectrum. This result makes use of a new and general definition of
the growth exponent based on discrete Mellin transforms, and corrects an erroneous statement
in a previous proof of a similar estimate.

Studies on quantum transport in crystals and quasi-crystals at low temperature have
brought into light a connection between singular continuous energy spectra and quantum
diffusion. Multifractal energy spectra have been identified in various models for the motion of
quantum particles over one-dimensional discrete lattices[1-3] and the corresponding
long-time behaviour of wave packets has been found to be diffusive, with the mean-square
displacement of the particle increasing asymptotically as some power of time more or less
close to one. Some quite general results about this connection between spectral properties
and asymptotic dynamical properties can be derived within the mathematical framework of
spectral theory. In ref. [4] it was pointed out that a singular spectrum is actually a necessary
condition in order that the «growth exponent» may be less than 2 in the 1-dimensional case.
How the precise value of this exponent is related to the fractal structure of the spectrum is
still an open question, though some heuristic arguments indicate that it should be equal to
twice the fractal (Hausdorff) dimension[2,4] as indeed it was found (within numerical
accuracy) in the hitherto investigated cases. Although for a different asymptotic parameter a
precise relation to generalized dimension has been found [5], to the best of the author’s
knowledge the only exact result about the growth exponent is still the lower bound
established in ref,[4], according to which this exponent cannot be less than twice the
information dimension of the spectral measure of the diffusing state; this type of bound is also
discussed and generalized in ref. [6].

The first problem in the way of a rigorous analysis of the growth exponent is that of giving
a clean definition of the exponent itself. In this paper such a definition is given, using
analytical tools which have been extensively used for other purposes in the study of singular
measures [7]. This new definition allows for a more precise formulation of the lower bound of
ref. [4], which is here proven afresh to hold for any initial state as soon as the corresponding
spectral measure satisfies a certain assumption. The new proof substantially improves the
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previous one, which implicitly assumed a special choice of the state but was erroneously
claimed to have a more general validity in ref. [4].

Let % be a separable Hilbert space, B = {e, },.n a complete orthonormal set of vectors of
H, and U a unitary operator in # with a purely continuous spectrum. For ¢ € % and integer

¢t let

Then it is known that

14
lim ¢, [F= im ¢! 3 |4, (6)]* =0.

t— x

Therefore in some sense the distribution p, () = |, |7 spreads over the base B, and its 2nd
moment, i.e. the quantity

Ep(t) = ?nzpn @
diverges to + o« in the limit { — «. Let

D5 = (v e 7,50 [(ea |1 < + o0

and assume that

+

JB=t=F]wU‘(_@‘B)¢ {0}.

If Y e {5 the 2nd moment is finite for all ¢ (in the following the suffix B will be dropped
whenever not strictly necessary). A very convenient means for investigating the long-time
behaviour of the 2nd moment (and of other quantities to be defined below) is provided by a
discretized version of the Mellin transform [7], which is formally defined for complex 3 as
follows:

259 = 377180 D). M

If the series in eq. (1) converges for 8 = §,, then it converges V3 such that Re (8) > Re (5); if
it diverges for 3 = £, then it diverges V3, so that Re(3) < Re(5;). A growth exponent 5, (¢)
for the 2nd moment can then be defined as the infimum of the real 8's such that the series
converges. Likewise, Va > 0 one can define a growth exponent 3, for the «-th moment. The
basic tool of this paper is still another growth exponent 3y, which is defined for any state J as
follows, For e (0,1) let

n(e, ¢, t) = min {n: kgnpk < €H¢”2}~

This function has the following properties: 1) % is non-decreasing for ¢ —0; 2) 7 — « for
t — », because all the p, (£) tend to 0 in that limit due to the continuity of the spectrum; 3) the
Chebyshev inequality, which holds if ¢ e .7 5:

nls, ¢, t) < e V2EV2W, b)Yl 2)
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A Mellin transform can be defined for 7, too:

W(B, e, ¢) = élt—ﬁ‘lﬁz(s, g, b).

The transform W has properties similar to those of Z(3,¢). In particular, a convergence
abscissa 8(¢, ¢) can be defined. Since 7 is non-decreasing as ¢ — , it follows that 3(e, ¢) is
itself non-decreasing; then let
Bo) = lim B(e, §) = sup Bls, ).
=0 0<e<1

For ¢ e (g the Chebyshev inequality (2) yields Bo () < Ba ().

In order to estimate 53,(¢) one has to estimate the decay of the distribution p, (t). To this
end the following result will be used:

Lemma 1. — Let Y e A and let 6(3) be a real function tending to 0 in the limit ¢ — 07, such
that Vi e N, u(I) < 6(&;) for any interval I of length less than &, where u is the spectral
measure of ¢ and & = 2xt Y. Then Vi, ne N

P, (&) < c6(2xt ") Int,

with ¢ a constant independent of .
This result was proven in ref.[4] (eq. (5)). <&

In order to obtain an explicit form for the function 6, one has to investigate the scaling
properties of the spectral measure u. Let us assume that the local scaling index

1 I,
v (@) = lim og (I, )

-0 log¢ @

exists for u-almost all points « in the support of the spectral measure, I, , being an interval of
width ¢ centred at x; moreover, let us assume that

y(x) = ¥ = const u-a.e. 4)

Under assumption (4) ¥ can be identified with the information dimension of the spectrum.
Although assumption (4) guarantees that the measure of «most» small spectral intervals
scales as ¢7, it still does not ensure that the function 6(3) = 47 will satisfy the hypothesis of
lemma 1, because the limit (3) may not be uniform over the whole spectrum. Nevertheless, an
«approximately uniform» scaling is enforeced by the following:

Lemma 2. — Under assumption (4), Vn € (0,1) and Vy € (0, ), a subset J, , of [0,27] and a
positive constant C, ., can be found, such that
ud,,)>1-n
i) Vte Nand Ve e J, ,, u(l,(®) < C, , 8], where I,(x) is an interval of width & = 2x/t
centred at x.

The proof is obtained by taking the limit (3) over the sequence ¢; and by applying Egorov’s
theorem[8]. <©

The announced estimate on the growth exponents can now be obtained by applying
lemma 1 to the spectral component ¢, of the wave packet ¢ which belongs in the «large»
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subset J,; indeed, the following result shows that for small enough 7 the whole wave packet
has to spread at least as fast as that component.

_ Theorem. — Let the spectral measure of a vector ¢ € A\ {0} satisfy assumption (4). Then
Bo () = 27, and if moreover Y e A 3\ {0}, then also B3, (}) = 27.

Proof. - Given y € (0, 7), » > 0 and ¢, with ¢l = 1, define ¢, as the spectral projection of ¢
over the set J, defined in lemma 2 (the suffix y is not essential here); then =9 —4¢, 18
orthogonal to 5!41 and

g, 7 + e P = 1.
For any integer n,,

2 lali= 2 lalft T 1g,alf+2Re 3 @Fady e

The last term is easily seen to be < 2||¢,[|[l4,], so that
2 eltz 2l alf - 2l ®)

Now |4, || can be made arbitrarily close to 1 by choosing a small enough . In particular, given
¢, one can choose » so small that

ellgol? ~ 2l IV = g P > 5

With » chosen in this way, the last inequality together with (5) and with the definition of
(Y., ¢ t) entails that if ny < n(Y,, ¢ t), then

S k> <, (6)

n > ng

i.e. that T(e/2, ¢, ) > ng if my < Wle, &, t). Thus Be/2, ¢) = A, ), whence By () = B, ¢,).
In order to estimate (¢, ¢,) notice that for the vector ¢, the function 6 of Lemma 1 is provided
by Lemma 2 in the form

6()=C, 9",

7

so that for any integer n,

To
2_:1 [y, 012 < c@r)TC, ,mot " logt,

which implies that
(Y, & t) = c't"(logt)™?

with ¢’ a constant depending on <. Therefore, A(c, ¢,) = 2v. Since §, (¢) has been proved above
to be = (e, &), it must satlsfy the same inequality; moreover, since the latter holds Vy < 7 it
must also hold for y = ¥. The last statement in the thesis is an immediate consequence of the
Chebyshev inequality. <&
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Remarks. — 1) Under such general assumptions the possibility cannot be excluded that the
various growth exponents be infinite. Further assumptions concerning the operator U and
the base B are needed in order to obtain upper estimates for these exponents [9].

2) The above result holds not only for strictly (multi)fractal measures but even for
classical ones. In particular, with absolutely continuous spectra one has 5, = 2.

3) According to available numerical studies, the actual growth exponent can be
significantly larger than the above lower bound [9].

4) Mellin transforms may prove much more effective than shown here. For example,
the actual growth of the 2nd moment as a function of time sometimes displays an oscillatory
behaviour superimposed on the average power law behaviour [9], and the period of such
oscillations increases exponentially in time. An analysis of the complex singularities Z may
account for this behaviour, as in previous applications of the Mellin transform [7].

* % %

The author is grateful to G. MANTICA for initiating him to Mellin transforms.

REFERENCES

[1] KouMoOTO M., Phys. Rev. Lett., 51 (1983) 1198; TaNG C. and Koumoro M., Phys. Rev. B, 34 (1986)
2041; Hiramoro H. and Koumoro M., Int. J. Mod. Phys. B, 6 (1992) 281,

[2] GEISEL T., KETZMERICK R. and PETSCHEL G., Phys. Rev. Lett., 66 (1991) 1651; 67 (1991)
3635.

[8]1 ArTUsO R., CAsATI G. and SHEPELYANSKY D., Phys. Rev. Lett., 68 (1992) 3826.

[4] GuARNERI 1., Europhys. Lett., 10 (1989) 95.

[56] KETzMERICK R., PETSCHEL G. and GEISEL T., Phys. Rev. Lett., 69 (1992) 695.

[6] CoMBES J. M., Conmections between Quantum Dymamics and Spectral Properties of Time
Evolution Operators, preprint CPT-92/P.2782, Marseille (1992).

[7] Bessis D., GERONIMO J. and Moussa P., J. Stat. Phys., 34 (1984) 75.

[8] Yosipa K., Functional Analysis (Springer) 1965, p. 16.

[9] GuarNERI 1. and MANTICA G., in preparation.



