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We investigate the photon statistics, entanglement and squeezing of a pn-junction sandwiched
between two superconducting leads, and show that such an electrically-driven photon pump gener-
ates correlated and entangled pairs of photons. In particular, we demonstrate that the squeezing of
the fluctuations in the quadrature amplitudes of the emitted light can be manipulated by changing
the relative phase of the order parameters of the superconductors. This reveals how macroscopic
coherence of the superconducting state can be used to tailor the properties of a two-photon state.

The realization of solid-state photon sources that are
capable of on-demand generation of entangled photon
pairs is highly desired for quantum information process-
ing and communication [1], as well as for high precision
measurements [2–4]. Such two-photon processes are in-
herently non-classical, i.e. they cannot be expressed nat-
urally in terms of simple coherent states. Pairs of en-
tangled photons are routinely generated by parametric
down conversion [5, 6]. In this approach, a laser pumps a
nonlinear optical crystal, leading to extremely low over-
all conversion efficiencies from electrons pumped into the
laser to photon pairs out of the nonlinear crystal. These
obstacles could be overcome by the two-photon counter-
part of a light-emitting diode (LED), i.e., a device into
which electrons are injected and which emits entangled
photon pairs directly, leading to squeezed light. The over-
all quantum efficiency of such a device could be close to
unity. Recently, entanglement of an electrically driven
source of photon pairs was demonstrated, based on the
recombination of bi-excitons [7]. An alternative to bi-
excitons are Cooper pairs. In both cases one expects
that upon radiative recombination the entanglement of
the electrons is inherited by the two-photon final state.
In distinction to bi-excitons, Cooper pairs form coherent
two-electron states that scatter weakly among each other,
are only weakly affected by impurities, and, quite cru-
cially, can be manipulated externally, e.g., using SQUID
geometries, Andreev reflection at applied magnetic fields
or electrically tunable Josephson coupling. The prox-
imity effect at superconductor-semiconductor junctions
was indeed demonstrated for InAs/InAlAs coupled to
niobium [8]. This is in accordance with the theoreti-
cal prediction [9, 10] and observation [11–14] of an en-
hanced luminescence rate at such an interface. The ex-
citing physics of a Josephson LED was discussed in the
context of quantum dot [15–18] and solid-state based de-
vices [19].

In this paper we show that a superconductor-LED-
superconductor heterostructure is a source of non-
classical light and, most importantly, demonstrate how

one can manipulate the two-photon coherence by vary-
ing the relative phase between the two superconductors
that are coupled to the pn-junction. The key physical
idea of our theory can be rationalized as follows: the
non-equilibrium dynamics of the photon pump can be de-
scribed in terms of an effective photon Hamiltonian that
is similar to the Hamiltonian of a quantum parametric
amplifier:

Hpa = ωb†b+
(
ζe−ieV0tb† + iγe−i2eV0tb†b† + h.c.

)
, (1)

where b† is a photon creation operator, ω is the pho-
ton frequency (we set ~ = 1) and the coefficients ζ and
γ arise from pumping photons electronically via super-
conducting leads with applied potential difference eV0.
The resulting photon state of such a system is squeezed
|ψphoton(t)〉 ∼ exp(γtb†b† − γ∗tbb) |0〉 [20]. We show that
the pair production amplitude γ ∼ |∆v||∆c|ei∆ϕ is de-
termined by the gap of the two superconductors (see
Fig. 4) and depends on the phase difference ∆ϕ between
them. Thus, by changing the relative phase ∆ϕ of the
Cooper pair wave functions, e.g. via an external field
in a SQUID geometry, one can control the squeezing in
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FIG. 1. (Color online) Schematic setup of squeezed light-
emitting diode consists of pn-junction with proximity induced
superconductivity present in both valence (v) and conduction
(c) bands. Electronic coherence of Cooper pairs is transferred
to the photons leading to two-mode squeezing of the quadra-
ture operators A±

qλ in vacuum controlled by the relative phase
of the two superconductors ∆ϕ = ϕc−ϕv. Entangled photon
pairs of frequency of the order of the band gap ωq ≈ εc − εv
are emitted in the active region (red star).
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a detuned parametric amplifier [21]. This demonstrates
how the coherence of the Cooper pair, together with the
macroscopic coherence of the superconducting state can
be used to tailor the properties of a two-photon state. In
what follows we substantiate this qualitative picture by
explicit many body calculations, show that the squeezing
of the resulting photon state can indeed be manipulated
by changing ∆ϕ and determine the two-photon correla-
tion function that emerges as a result of the supercon-
ducting coherence.

The set-up of our system is sketched in Fig. 4. We cou-
ple a pn-junction on each side to superconducting leads
and apply an external voltage. The system is character-
ized by the Hamiltonian

H = Hph+Hc+Hv+
∑

k,q,σ,λ

(
gb†qλv

†
k−qσckσ + h.c.

)
, (2)

where Hph =
∑

q,λ ω
0
qb
†
qλbqλ is the bare photon Hamil-

tonian. We assume emission of linearly polarized pho-
tons with λ = ±, but the case of circular polarization,
such as occurs, for example, in GaAs due to spin-orbit
coupling [16] is a straightforward generalization of our
model. The electronic part Hc + Hv describes the leads
consisting of a superconducting conduction band on the
right, with creation operators c†kσ, band dispersion εc,k
and proximity induced superconducting gap ∆c, and a
superconducting valence band on the left, with creation
operators v†kσ, band dispersion εv,k, and superconducting
gap ∆v. If we include the respective chemical potentials
µc and µv with µc−µv = eV0, given by the applied volt-
age V0, we have (α = c or v):

Hα − µαNα =
∑
kσ

(
εαk − µα

)
α†kσαkσ

+
∑
k

(
∆αα

†
k↑α
†
−k↓ + h.c.

)
. (3)

The coupling between photons and electrons is described
by a coupling constant g and leads to emission of a photon
for each electron transition from conduction to valence
band. We give an estimate for g in the Supplemental
Material.

We first derive an effective photon Hamiltonian Heff

for this heterostructure. Technical details are provided in
the Supplementary Material. Its purpose is to elucidate
the nature of the photon dynamics and to obtain a tool
to investigate the properties of the photon subsystem.
The effective Hamiltonian is designed to generate, up to
second order in perturbation theory, the same Heisenberg
equations of motion for the photonic operators as the
full Hamiltonian. We thus determine the equations of
motion for the photon operators b†kσ(t) perturbatively in
the photon-electron coupling constant g and deduce Heff

from them. We deal with a nonequilibrium problem in
steady state. The external bias voltage that drives the

system out of equilibrium leads to time-dependent phases
in the effective Hamiltonian and we obtain

Heff =
∑
q,λ

{
ωqb
†
qλbqλ +

(
ge−ieV0tζq(t)b†qλ

+ g2e−2ieV0tγqb
†
qλb
†
−qλ + h.c.

)}
. (4)

The effective Hamiltonian Heff has the form of the Hamil-
tonian of the quantum parametric amplifier in Eq. (55)
and describes electronic pumping of photons via coupling
to superconducting leads. It consist of three parts that
correspond to different aspects of the junction.

The first part is the photon energy renormalized by the
interaction ωq − ω0

q ∝ |g|2, which is of no fundamental
importance to our analysis.

The second term describes the effect of the device being
a source of single photons. It also occurs in the normal
state where it describes radiation of the usual light emit-
ting diode and produces single photons at a constant rate.
In the presence of superconducting leads and the macro-
scopic electronic coherence, however, this term also con-
tributes to the emergence of two-photon coherence. The
different physical processes that contribute to the coher-
ence are depicted in Fig. 2(a). The “coefficients” ζq (t)
contain fermionic creation and annihilation operators. As
a consequence of the non-equilibrium state, these oper-
ators depend on the initial values of the fermionic oper-
ators well in the past where we assume that the system
was decoupled and in local equilibrium. They act as ran-
dom external (non-commuting) fields, which arise from
the coupling of the photons to the fermionic bath, and
commute with the photon operators [bqλ, ζ

†
q] = 0 but not

with their hermitian conjugate [ζq, ζ
†
q] 6= 0. At T = 0

in the superconducting state, they are defined by cor-
relators such as (for details consult the Supplementary
Material)∫ t

−∞
dt′dt′′〈ζq(t′)ζ−q(t′′)〉ei(ωq−eV0−i0+)(t′+t′′)

= −2
∑
k

uckvcku
∗
vkv
∗
vke

2i(ωq−eV0)t

(ωq − eV0 − i0+)2 − (Eck + Evk)2
. (5)

They contain the superconducting energy dispersions
Eαk =

√
(εαk − µα)2 + |∆α|2, the BCS coherence-

factors uα,k and vα,k and we have neglected correc-
tions to the quasi-particle energies by photon momenta
Eαk+q ≈ Eαk. Most important is the third term, where
at T = 0 holds

γq =
∑

k,s=±

− 1
2s uckvcku

∗
vkv
∗
vk

(ωq − eV0 − i0+) + s (Eck + Evk)
. (6)

This term is responsible for the fact that Heff does have
the form of a parametric amplifier, producing entangled
photon pairs. Entanglement is meant in the sense that
the emitted photon pairs have opposite momentum and
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FIG. 2. (Color online). (a) Three processes that give rise

to the peaks in |〈b̃qλb̃−qλ〉| are quasi-particle tunneling from
conduction to valence band and the reverse process, leading
to the peaks at ωq = eV0 ± (|∆c| + |∆v|), as well as tun-
neling of Cooper pairs, which gives the peak at ωq = eV0.

(b-c): Photon coherence 〈b̃qλb̃−qλ〉 at time t = 0 and at zero
temperature (b) and finite (photon) temperature Tph = eV0

(c). Other parameters are chosen as eV0 = 2eV, ∆c = 1meV,
∆v = 1meV, ∆ϕ = 0, g2ρc = ∆c/20, and η = 0.1meV. Plot
shows real part (red), imaginary part (blue dashed) and ab-
solute value (black dotted).

same chirality. If the coefficients ζ†q and ζq were numbers
and would not contain fermionic operators of the initial
state, we would immediately see that Eq. (52) describes a
system that produces squeezed light [20]. The subsequent
analysis shows that this is still the case, even with the
more complicated form of Heff .

To analyze whether the emitted light is squeezed we
determine the uncertainties of the quadrature amplitudes
of the electric field

E(x, t) =
∑
q,λ

iEωq

(
b̃qλελe

i(q·x−ωqt) − h.c.
)

(7)

with b̃qλ(t) = bqλ(t)eiωqt, Eωq =
√
ωq/2ε0εrL3, vacuum

and relative permittivity ε0 and εr, volume L3 and linear
polarization vector ελ. We consider the fluctuations of
the two-mode quadrature operators

A±qλ = N±
[
b̃†qλ + b̃†−qλ ± (b̃qλ + b̃−qλ)

]
(8)

with N+ = 2−3/2 and N− = −i2−3/2. In vacuum where
〈b†qλbqλ〉 = 0, it follows directly from the bosonic com-
mutation relations that (for details see Supplementary
Material)〈

(∆A±qλ)2
〉

=
1

4

(
1± 2Re〈b̃qλb̃−qλ〉

)
, (9)

FIG. 3. (a) and (b) Normal and anomalous diagrams con-
tributing to the dressed photon propagator D = D0 +
D0ΠelD0, where D0 denotes the free photon propagator and
Πel the photon self-energy due to coupling to electrons. Solid
(dashed) lines denote conduction (valence) electron propaga-
tors and wiggly lines denote photon propagators.

where (∆A)2 = (A − 〈A〉)2. Here 〈b̃qλb̃−qλ〉 depends on
the superconducting phase difference ∆ϕ and can easily
be determined from our model. The key finding is that
the expectation value (see Eq. (15)) that determines the
uncertainties of the quadrature amplitudes of A±qλ can be
changed if one changes the relative phase of the super-
conductor. If we picture the squeezing as an uncertainty
ellipse (see Fig. 4), changing ∆ϕ simply rotates it.

Next we address the problem of squeezing and pho-
ton statistics using a more rigorous approach that allows
more easily for a generalization to higher order processes
and feedback of the photon system onto the supercon-
ducting leads. To this end we use the Schwinger-Keldysh
formulation [2] of the Hamiltonian in Eq. (2) and inte-
grate out the fermionic degrees of freedom to arrive at
an effective photonic action on the Keldysh time-contour
given by

Seff
ph =

∫ ∞
−∞

dtdt′
∑

q,q′,λ

B̄qλ(t)D−1
qq′;λ(t, t′)Bq′λ(t′) , (10)

where Bqλ(t) =
(
bclqλ, b̄

cl
−qλ, b

q
qλ, b̄

q
−qλ

)T
carries both the

Keldysh {cl, q} and the Nambu structure. The photonic
propagator

D−1 = D−1
0 −Πel −Πbath (11)

acquires self-energy corrections due to the coupling to
the superconducting leads Πel as well as a coupling to
an external (Markovian) photon bath Πbath, which leads
to a finite photon linewidth η [4, 23]. We consider one-
loop processes such as those shown in Fig. 3(a,b). Im-
portantly, the electronic coherence of the Cooper pairs is
transferred to the photons via the anomalous elements of
the photon self-energy [see Fig. 3(b)].

We first focus on the zero temperature limit in both
the leads and the photonic system, and calculate the re-
sulting photonic coherence between modes of opposite
momenta by inverting the Dyson equation (53) up to
second order in the electron-photon coupling g to find

〈b̃qλ(t)b̃−qλ(t)〉 =
∑
k

2g2uckvcku
∗
vkv
∗
vke

2i(ωq−eV0)t

(νq − iη)(νq + Ek − iη)
.

(12)

Here, νq = ωq−eV0 is the photon frequency measured rel-
ative to the applied potential difference and the location
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of one of the resonances is determined by the Bogoliubov
dispersion Ek = Eck + Evk. The product of BCS co-
herence factors uckvcku

∗
vkv
∗
vk = |∆c||∆v|ei∆ϕ/4EckEvk

depends on the relative phase ∆ϕ = ϕc − ϕv between
the two superconductors. Using the Keldysh approach,
we can thus confirm the above results for the phase de-
pendent quadrature amplitudes and our ability to ma-
nipulate light squeezing by coupling to the supercon-
ducting phase difference ∆ϕ. Note that in the rotating
frame of the photon fields the squeezing ellipse rotates
with the detuning off the central (Cooper-pair) peak like
〈b̃qλ(t)b̃−qλ(t)〉 ∼ exp[2i(ωq − eV0)t].

While we can perform the momentum sum numeri-
cally for the most general parameters, here we make
a simplifying assumption of parabolic band dispersions
εck = k2/2m∗c + D/2 and εvk = −k2/2m∗v − D/2 with
effective masses m∗c ,m

∗
v and band gap D. For a symmet-

ric choice |∆c| = |∆v| ≡ |∆|, m∗c = m∗v, µc = D/2 + δ
and µv = −µc, where δ defines the (quasi-) Fermi ener-
gies in the two bands related to the applied voltage by
eV0 = D + 2δ, we can evaluate the correlator analyti-
cally. The summation over momenta in Eq. (15) in this
case yields

〈b̃qλ(t)b̃−qλ(t)〉 = g2ρc|∆|2ei∆ϕe2i(ωq−eV0)t (13)

×
2 arcsin(ν̃q − iη̃) + π[−1 +

√
1− (ν̃q − iη̃)2]

(νq − iη)2
√

4|∆|2 − (νq − iη)2
,

where ρc denotes the fermionic density of states at the
Fermi surface and ν̃q = νq/2|∆| and η̃ = η/2|∆| are
dimensionless frequencies and decay rates.

In Fig. 2(b), we present the zero temperature expec-
tation value 〈b̃qλ(t)b̃−qλ(t)〉 of Eq. (49) for a particular
choice of parameters. The function exhibits two peaks,
one at frequency ωq = eV0 − |∆c| − |∆v| and one at
ωq = eV0. The lower frequency peak corresponds to
quasi-particle tunneling from the conduction to the va-
lence band, while the peak at ωq = eV0 is due to tun-
neling of Cooper pairs. The sum over momenta only
broadens the quasi-particle peak. Both processes involve
the emission of photons and are thus possible at T = 0
in the absence of a finite photon density.

We have also obtained results for the photon coherence
in the presence of a finite temperature Tph > 0 thermal
background of photons. As shown in Fig. 2(c) a third
peak at frequency ωq = eV0 + |∆c| + |∆v| appears at
photon temperature Tph > 0, which corresponds to the
absorption of photons from the thermal background and
transfer of quasi-particles from the valence to the con-
duction band. The three processes are schematically de-
picted in Fig. 2(a).

In addition we analyze the photon-photon correla-
tion functions by coupling the photons Bq(t) to ex-
ternal counting fields. As expected, the density cor-
relations between the photons of the same momentum
〈〈nqλnqλ〉〉 ≡ 〈n2

qλ〉 − 〈nqλ〉2 obey the thermal relation

〈〈nqλnqλ〉〉 = 〈nqλ〉[〈nqλ〉+1]. These correlations simply
reflect the tendency of bosonic particles to bunch. Two
photons with the same momentum q must have been
emitted in uncorrelated events since Cooper pairs have
total momentum zero.

In the presence of electronic coherence, however, there
also appear density correlations between photons of op-
posite momenta

〈〈nqλn−qλ〉〉 = |g|4
∑
k,k′

|∆c|2|∆v|2

16EckEck′EvkEvk′
(14)

× 1

(ν2
q + η2)(νq + Ek + iη)(νq + Ek′ − iη)

,

where νq = ωq − eV0 and Ek = Eck + Evk. These cor-
relations are inherited from the coherence of the Cooper
pairs within the BCS many-body state. As before, we ob-
serve the asymmetric peak structure at zero temperatures
with two peaks occurring at ωq = eV0 − |∆c| − |∆v| and
ωq = eV0 corresponding to tunneling of quasi-particle
and Cooper pairs from the conduction to the valence
band. Again, at finite (photon) temperatures a third
peak emerges at ωq = eV0 + |∆c|+ |∆v| due to the corre-
lated absorption of photons from the thermal background
imprinting density correlations between nqλ and n−qλ.

In summary, we have shown that a pn-junction in prox-
imity to two BCS superconductors can be operated to
emit squeezed light, produces entangled photon pairs and
affects the photon density correlations. Squeezing occurs
between modes of opposite momenta and results from a
transfer of the electronic coherence of the Cooper pairs
to the photons. The squeezing angle is controlled by
the phase difference between the two superconductors.
This squeezed light emitting diode enables us to use the
macroscopic coherence of superconductors to manipulate
the photon coherence in a two-photon pump.
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SUPPLEMENTAL MATERIAL TO
“MANIPULATION OF A TWO-PHOTON PUMP
IN SUPERCONDUCTOR – SEMICONDUCTOR

HETEROSTRUCTURES”

EFFECTIVE PHOTON HAMILTONIAN

In this section we derive the effective photon Hamil-
tonian Heff in Eq. (4) of the main text. The effective
Hamiltonian is an operator acting solely on the photon
subspace. It generates the correct Heisenberg equations
of motion for the photon operators bqλ up to second order
in the photon-electron coupling constant g.

The derivation starts from the Hamiltonian of the full
system defined in Eq. (2) of the main text

H = Hph +Hc +Hv +
∑

k,q,σ,λ

(
gb†qλv

†
k−qσckσ + h.c.

)
,

(15)

where g denotes the complex electron-photon coupling
constant. To obtain time-independent superconducting
gap functions ∆α with α ∈ {c, v}, one has to measure the
electronic energies relative to the two different chemical
potentials µα in the respective band, and write

Hα − µαNα =
∑
kσ

(
εαk − µα

)
α†kσαkσ

+
∑
k

(
∆αα

†
k↑α
†
−k↓ + h.c.

)
. (16)

The electronic Hamiltonian is diagonalized by a standard
Bogoliubov transformation

αkσ = uαkβ
α
kσ + σ̄vαk(βα−kσ̄)† , (17)

with coherence factors uαk = [ 1
2 (1 + εαk−µα

Eαk
)]1/2 and

vαk = [ 1
2 (1 − εαk−µα

Eαk
)]1/2. The total Hamiltonian in

Eq. (15) transforms to

H = Hph +
∑
α,k,σ

Eαk(βαkσ)†βαkσ (18)

+
∑
k,q,σ

(
Ãqk(βckσ)†βvk−qσ + B̃qkσβ

c
k,σβ

v
q−kσ̄ + h.c.

)
with Eαk =

√
(εαk − µα)2 + |∆α|2 and

Ãqk = ḡbqλūckuvk−q − gb†−qλvckv̄vk−q (19)

B̃qkσ = σḡb−qλv̄ckuvk−q + σgb†qλuckv̄vk−q . (20)

In the Supplemental Material we denote the complex con-
jugate of a complex number z by z̄. The Heisenberg equa-
tions of motion for photon and Bogoliubov quasi-particle
operators are given by

ḃH,qλ(t) = i [H, bH,qλ(t)] (21)

β̇αH,kσ(t) = i
[
H,βαH,kσ(t)

]
. (22)
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In the following, we explicitly write the subscript H for
operators in the Heisenberg picture to distinguish them
from operators in the Schrödinger picture that appear in
the Hamiltonian.

While so far everything has been exact, we now expand
the Heisenberg equations of motion up to second order
of perturbation theory in the photon-electron coupling
constant g. To do this systematically we first separate the
trivial phase evolution of the photon and quasi-particle
operators by defining

bqλ(t) ≡ eiω
0
qtbH,qλ(t) (23)

βαkσ(t) ≡ eiEαktβαH,kσ(t) . (24)

In this gauge the derivatives of bqλ(t) and βαkσ(t) are at
least of linear order in g. Formally integrating Eq. (22)
yields

βαkσ(t) = i

∫ t

t0

dt′
[
H(t′), βαkσ(t′)

]
, (25)

where H(t) is the full Hamiltonian in the new gauge de-
fined in Eqs. (23) and (24). We now terminate the ex-
pressions in Eq. (25) after the first order in g, and plug
them into the equation of motion of the photon opera-
tors (21). In this equation we expand in g as well and
neglect terms of third and higher order.

The crucial step is now the following. Since we want
to find an effective photon Hamiltonian that contains
only photon operators bqλ, we need to integrate over the
fermionic degrees of freedom. Assuming that the differ-
ent subsystems were decoupled and in local equilibrium
in the far distant past, at time t0, we know how to eval-
uate the expectation values of operators at that time. In
particular, the two superconducting leads were in a BCS
state. We thus evaluate all fermionic operators that ap-
pear as bilinears of the same band in the equation of
motion (21). These operators occur in the terms that
are quadratic in the coupling g, and we find

ḃqλ(t) = −igei(ωq−eV0)tζq(t)− i|g|2νqbqλ(t0)

− ig2e2i(ωq−eV0)t(γq + γ−q)b†−qλ(t0) . (26)

Here, we have defined the complex coefficients

νq = −
∑
k,σ

(
|uck|2|uvk|2(nckσ − nvkσ)

ωq − eV0 − Eck + Evk + iη

− |vck|2|vvk|2(nckσ − nvkσ)

ωq − eV0 + Eck − Evk + iη

− |uck|
2|vvk|2(1− nckσ − nvkσ̄)

ωq − eV0 − Eck − Evk + iη

+
|vck|2|uvk|2(1− nckσ − nvkσ̄)

ωq − eV0 + Eck + Evk + iη

)
(27)

and

γq =
1

2

∑
k,σ

uckvckūvkv̄v,k

×
(

nckσ − nvkσ
ωq − eV0 − Eck + Evk − iη

− nckσ − nvkσ
ωq − eV0 + Eck − Evk − iη

+
1− nckσ − nvkσ̄

ωq − eV0 − Eck − Evk − iη

− 1− nckσ − nvkσ̄
ωq − eV0 + Eck + Evk − iη

)
, (28)

where we have neglected corrections to the quasi-particle
energies by photon momenta Eαk+q ≈ Eαk. The term
that appears at linear order in the coupling g is given by

ζq(t) =

−
∑
k,σ

(
uckūvke

i(−Eck+Evk)tβckσ,t0(βvk−qσ,t0)†

+ vckv̄vke
i(Eck−Evk)t(βckσ,t0)†βvk+qσ,t0

+ σvckūvke
i(Eck+Evk)t(βckσ,t0)†(βv−k−qσ̄,t0)†

− σuckv̄vkei(−Eck−Evk)tβckσ,t0β
v
q−kσ̄,t0

)
. (29)

Importantly, it still contains fermionic operators βαkσ,t0 ≡
βαkσ(t0) at the initial time t0. This is due to the non-
equilibrium nature of the problem. Technically, it oc-
curs since we can only trace over terms that are bi-
linear in fermionic operators of the same band. These
fields do not commute with their own hermitian conju-
gate [ζq(t), ζ†q(t)] 6= 0. We can work with those non-
commuting coefficients ζq(t) just as with random external
fields (appearing, for example, in a Langevin equation).
Since we keep terms up to O(g2), we only need to know
the second order correlators of the fields such as

〈ζq(t′)ζ−q(t′′)〉 6= 0 . (30)

These correlators can be readily derived from the explicit
expression in Eq. (29). For example, at T = 0 the corre-
lator required to compute the anomalous photon corre-
lations, 〈bqλb−qλ〉, is given by∫ t

−∞
dt′dt′′〈ζq(t′)ζ−q(t′′)〉ei(ωq−eV0−i0+)(t′+t′′)

= −2
∑
k

uckvckūvkv̄vke
2i(ωq−eV0)t

(ωq − eV0 − i0+)2 − (Eck + Evk)2
. (31)

Coming back to the equation of motion of the photon
operators in Eq. (23), we observe that since the terms
that contain bqλ(t0) are already of O(g2), one may re-
place bqλ(t0)→ bqλ(t) in those terms as the difference is
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at least of O(g3). Transforming Eq. (23) back from the
rotated to the Heisenberg frame, we finally get

ḃH,qλ(t) = −iω0
qbH,qλ(t)− ige−ieV0tζq(t)− i|g|2νqbH,qλ(t)

− ig2e−2ieV0t(γq + γ−q)b†H,−qλ(t) . (32)

The effective Hamiltonian Heff can now be read off
from Eq. (32) by demanding that it generates the correct
equations of motion for the photon operators up toO(g2),

ḃH,qλ(t) = i
[
Heff, bH,qλ(t)

]
+O(g3) , (33)

and one finds

Heff =
∑
q,λ

{(
ω0
q + |g|2νq

)
b†qλbqλ +

(
ge−ieV0tζq(t)b†qλ

+ g2e−2ieV0tγqb
†
qλb
†
−qλ + h.c.

)}
. (34)

The first coefficient νq is defined in Eq. (27) and leads to
an unimportant renormalization of the photon frequency.
The second coefficient ζq(t) is defined in Eq. (29) and
appears together with a single photon operator. It has
contributions which are present also in the absence of
superconductivity. These terms are responsible for the
photon emission in a normal light emitting diode. On the
other hand, some contributions appear only in the pres-
ence of superconducting leads. Importantly, these terms
also add to the anomalous photon correlator 〈bqλb−qλ〉.
The last coefficient γq is defined in Eq. (28) and appears
together with two photon operators. It is entirely due to
superconductivity and thus not present in a normal light
emitting diode.

Finally, we can give the ζq and γq terms physical inter-
pretations by calculating the anomalous photon correla-
tor 〈bqλb−qλ〉, which is shown in Fig. 2 of the main text.
At zero temperature, this expectation value exhibits two
peaks: one at ωq = eV0 which corresponds to the tunnel-
ing of Cooper pairs and one at ωq = eV0 − |∆c| − |∆v|
which corresponds to the tunneling of quasi-particles (see
Fig. 2(a)). The ζq term describes emission of a photon
pair by splitting two different Cooper pairs and subse-
quent tunneling of two quasi-particles. Due to the pres-
ence of macroscopic coherence in the superconducting
state this process contributes to the anomalous photon
expectation value. The γq term, on the other hand,
also contains contributions from the tunneling of Cooper
pairs. We can see this by enforcing γq = 0 by hand,
because then the (single Cooper pair) peak at ωq = eV0

vanishes.

ESTIMATE OF ELECTRON-PHOTON
COUPLING CONSTANT g

In this section, we derive an estimate of the value of the
electron photon coupling constant g. In particular, we are

interested in the product |g|2ρc, where ρc is the electronic
density of states, since it appears in the final formulas for
the squeezing (see Eq. (13)) and the density correlations
(see Eq. (14)). The microscopic coupling of photons and
electrons is described by the dipole Hamiltonian [1]

Hel−ph =

∫
V

d3xΨ†(x)(−d ·E(x))Ψ(x) , (35)

with electronic field operator Ψ(x) and electric dipole
operator d = e0x. The electric field reads

E(x) = i
∑
q,λ

√
~ωq

2ε0εrV

(
bqλελe

iqx − h.c.
)
, (36)

where ε0 denotes the vacuum permittivity, εr the relative
permittivity of the semiconductor and ελ the polarization
vector. We keep ~ explicitly in this section. We now ex-
pand the electronic field operator Ψ(x) in terms of Bloch
functions φαkσ = eikxuαk(x) of valence and conduction
band α ∈ {c, v} as Ψ(x) = 1√

V

∑
α,k,σ φαkσ(x)αkσ, and

estimate the relevant overlap matrix element as∫
d3x

V
φ∗ckσ(x)x · ελφvk′σ(x)eiqx ∼ aBδk−k′−qδσσ′ ,

(37)

where aB denotes the Bohr radius. Writing Hel−ph in
the form of Eq. (2) yields the coupling constant

g = ie0aB

(
~ωq

2ε0εrV

)1/2

. (38)

The electronic density of states is given by ρc =

V m
3/2
∗
√
εF /(~3

√
2π2) with effective mass m∗. It is con-

venient to express the Fermi energy in terms of the carrier
density n. It is controlled via doping of the semiconduc-
tor as εF = (3π2)2/3~2n2/3/(2m∗), which follows from
n = k3

F /3π
2 and k2

F = 2m∗εF /~2. The electronic density
of states as a function of carrier density is thus given by

ρc =
V m∗(3π

2)1/3n1/3

2π2~2
. (39)

The required product of coupling constant and density
of states that enters our final result of the squeezing in
Eq. (13) is thus given by

|g|2ρc =
( 3

π

)1/3m∗
me

1

εr
aBn

1/3~ωq , (40)

where me denotes the electron mass and aB = 0.529 ·
10−10 m is the Bohr radius. The numerical factor evalu-
ates to (3/π)1/3 = 0.985.

To give a numerical estimate of |g|2ρc we use realistic
values of GaAs, which are m∗ = 0.067me, ~ωq = 1.424
eV, εr = 12.9 and doping in the range of n = 1016cm−3−
1019cm−3. For this range of doping we find

|g|2ρc = n1/3 3.853 · 10−11cm eV

= 8.3 · 10−6 eV− 8.3 · 10−5 eV . (41)
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In the main text in Fig. 2 we use the realistic value of
|g|2ρc = 5 · 10−5 eV.

TWO-MODE SQUEEZING

The two-mode quadrature operators are defined in
terms of the photon creation and annihilation operators
as [1]

A±qλ = N±
[
b̃†qλ + b̃†−qλ ± (b̃qλ + b̃−qλ)

]
(42)

where N+ = 2−3/2 and N− = −i2−3/2. The photon
operators are in the rotating frame and are related to the
Heisenberg operators as b̃qλ = bqλe

iωqt. The fluctuations
of an operator A are defined as〈

(∆A)2
〉

=
〈

(A− 〈A〉)2
〉
, . (43)

One obtains the fluctuations of the two-mode operators
straightforwardly from Eqs. (42) and (43) as

〈
(∆A±qλ)2

〉
=

1

4

(
1 + 〈b̃†qλb̃qλ〉+ 〈b̃†−qλb̃−qλ〉

± 2Re〈b̃qλb̃−qλ〉
)
, (44)

where we have used that 〈A±qλ〉 = 0 and that in our
system there exist no correlations between

〈b̃qλb̃qλ〉 = 〈b̃−qλb̃−qλ〉 = 〈b̃†−qλb̃qλ〉 = 〈b̃†qλb̃−qλ〉 = 0 .

(45)

At zero temperature, the expectation values of the
photon number operators vanish as well 〈b̃†qλb̃qλ〉 =

〈b̃†−qλb̃−qλ〉 = 0 and we are left with Eq. (9) of the main
text describing the degree of squeezing at zero tempera-
ture 〈

(∆A±qλ)2
〉

=
1

4

(
1± 2Re〈b̃qλb̃−qλ〉

)
. (46)

KELDYSH DESCRIPTION OF BIASED
PN-JUNCTION WITH SUPERCONDUCTING

LEADS

In this section, we describe the details of the non-
equilibrium Keldysh calculation that is used to derive the
anomalous expectation value 〈b̃qλ(t)b̃−qλ(t)〉 in Eq. (12)
and the density-density correlations 〈〈nqλn−qλ〉〉 in
Eq. (14) of the main text. We mainly follow the notation
of Ref.[2].

Action on the Keldysh contour

We start from the Hamiltonian of the biased pn-
junction defined in Eq. (2) of the main text

H = Hph +Hc +Hv +
∑

k,q,σ,λ

(
gb†qλv

†
k−qσckσ + h.c.

)
.

(47)

Given the Hamiltonian, the Keldysh action on the closed
time contour reads

S = Sph + Sc + Sv −
∫
C
dt

∑
k,q,σ,λ

(
gb̄qλv

†
k−qαckσ + c.c

)
(48)

with (α ∈ {c, v})

Sph =

∫
C
dt
∑
q,λ

b̄qλ(i∂t − ωq)bqλ (49)

Sα =

∫
C
dt
∑
kσ

ᾱkσ(i∂t − εαk)αkσ

−
∑
k

(
∆αᾱk↑ᾱ−k↓ + c.c

)
. (50)

Here, bqλ denote the complex coherent state fields of the
photons, αkσ are fermionic Grassmann fields and εαk de-
scribe the band dispersions.

To work with time-independent proximity induced
BCS gap functions ∆α (α ∈ {c, v}) we have to measure
the electronic energies with respect to the two different
chemical potentials µα in the two respective bands. For-
mally, this is achieved by a gauge transformation of the
form

ckσ → c̃kσ = ckσe
iµct (51)

vkσ → ṽkσ = vkσe
iµvt , (52)

which results in

Sα =

∫
C
dt
∑
k,σ

(
i∂t − (εαk − µα)

)
α†kσαkσ

−
∑
k

(
∆αα

†
k↑α
†
−k↓ + c.c.

)
, (53)

Importantly, the coupling constant g in Eq. (48) acquires
a time-dependent phase factor under this gauge transfor-
mation

g → g(t) = ge−i(µc−µv)t = ge−ieV0t (54)

which rotates with the applied bias voltage V0.

Transformation from contour to RAK basis

As usual, we write the integral over the closed contour
C as a sum of two integrals over the real line and intro-
duce fields b±qλ and α±kσ that reside on the forward (+)
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and backward (−) branches of the time contour [2]. Next,
it is convenient to perform a basis change from the con-
tour basis (±) to the RAK (retarded-advanced-Keldysh)
basis. For the complex bosonic fields, the transformation
reads

bclqλ =
1√
2

(
b+qλ + b−qλ

)
(55)

bqqλ =
1√
2

(
b+qλ − b

−
qλ

)
. (56)

It will be convenient to define bosonic spinors in the
particle-hole channel as

Bclqλ =
(
bclqλ, b̄

cl
qλ

)T
(57)

Bqqλ =
(
bqqλ, b̄

q
qλ

)T
(58)

(59)

and define the Keldysh spinor

Bqλ =
(
Bclqλ, B

q
qλ

)T
. (60)

Similarly, we group the fermionic Grassmann fields into
Nambu spinors

Ψ1
k =

(
v1
k↑, c

1
k↑, v̄

1
−k↓, c̄

1
−k↓
)T

(61)

Ψ2
k =

(
v2
k↑, c

2
k↑, v̄

2
−k↓, c̄

2
−k↓
)T
, (62)

and define the Keldysh spinor

Ψk =
(
Ψ1

k,Ψ
2
k

)
. (63)

Since the fields αjk↑ and ᾱj−k↓ (j = 1, 2) are grouped

together in Ψj
k, they also transform identically under the

transformation from the contour (±) to the RAK (1, 2)
basis

α1
k↑ =

1√
2

(α+
k↑ + α−k↑) (64)

ᾱ1
−k↓ =

1√
2

(ᾱ+
−k↓ + ᾱ−k↑) . (65)

The conjugates of those fields transform differently. This
is possible since, unlike the bosonic case where b±qλ and

b̄±qλ are complex conjugates, here ψ̄±kσ are independent
Grassmann fields [2]. Following the Ovchinnikov-Larkin
convention [3], the conjugate fields transform according
to

ᾱ1
k↑ =

1√
2

(ᾱ+
k↑ − ᾱ

−
k↑) (66)

α1
−k↓ =

1√
2

(α+
−k↓ − α

−
k↑) . (67)

The fields with j = 2 transform according to

α2
k↑ =

1√
2

(α+
k↑ − α

−
k↑) (68)

ᾱ2
−k↓ =

1√
2

(ᾱ+
−k↓ − ᾱ

−
k↑) (69)

and

ᾱ2
k↑ =

1√
2

(ᾱ+
k↑ + ᾱ−k↑) (70)

α2
−k↓ =

1√
2

(α+
−k↓ + α−k↑) . (71)

In terms of these spinors, the action takes the form

S =

∫ ∞
−∞

dtdt′
{∑

q,λ

B̄q,λD
−1
0,q(t, t′)Bq,λ

+
∑
k1,k2

Ψ̄k1(t)
[
G−1

0,k1−k2
(t, t′) + Vk1−k2(t, t′)

]
Ψk2(t′)

}
.

(72)

In the following, we give the expressions for the free pho-
ton and electron propagators D0,q(t, t′) and G0,k(t, t′) as
well as the coupling matrix Vk(t, t′).

Free photon Green’s function

The free photon Green’s function exhibits the block
form

D0,q(t− t′) =

(
DK

0,q(t− t′) DR
0,q(t− t′)

DA
0,q(t− t′) 0

)
, (73)

where free retarded, advanced and Keldysh Green’s func-
tion of the photons are defined as

DR
0,q(t, t′) = −i〈Bclqλ(t)B̄qqλ(t′)〉 (74)

DA
0,q(t, t′) = −i〈Bqqλ(t)B̄clqλ(t′)〉 (75)

DK
0,q(t, t′) = −i〈Bclqλ(t)B̄clqλ(t′)〉 . (76)

In frequency space D0,q(ω) =
∫∞
−∞ dtD0,q(t)eiωt they are

given by

D
R/A
0,q (ω) =

(
1

ω−ω0
q±i0

0

0 −1
ω+ω0

q±i0

)
(77)

DK
0,q(ω) = −2πi

[
2nB(ω0

q) + 1
](δ(ω − ω0

q) 0
0 δ(ω + ω0

q)

)
(78)

where the upper sign relates to DR
0,q. We assume inver-

sion symmetry ω−q = ωq and have introduced the Bose
function nB(ωq) = [exp(ωq/T )− 1]−1 at temperature T .

Free electronic Green’s function

The free electronic Green’s function exhibits the block
form

G0,k(t− t′) =

(
GR0,k(t− t′) GK0,k(t, t′)

0 GA0,k(t, t′)

)
, (79)
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where the retarded, advanced and Keldysh blocks are
defined as

GR0,k(t− t′) = −i〈Ψ1
k(t)Ψ̄1

k(t′)〉 (80)

GA0,k(t− t′) = −i〈Ψ2
k(t)Ψ̄2

k(t′)〉 (81)

GK0,k(t− t′) = −i〈Ψ1
k(t)Ψ̄2

k(t′)〉 . (82)

Within the superconducting state the retarded and ad-
vanced blocks read in frequency space as

G
R/A
0,k (ω) =


G

(p),R/A
0,vk 0 P

R/A
0,vk 0

0 G
(p),R/A
0,ck 0 P

R/A
0,ck

P̄
R/A
0,vk 0 G

(h),R/A
0,vk 0

0 P̄
R/A
0,ck 0 G

(h),R/A
0,ck


(83)

where

G
(p),R/A
0,αk (ω) =

ω + (εαk − µv)± i0
(ω ± i0)2 − E2

αk

(84)

G
(h),R/A
0,αk (ω) =

ω − (εαk − µc)± i0
(ω ± i0)2 − E2

αk

(85)

P
R/A
0,αk (ω) =

−∆α

(ω ± i0)2 − E2
αk

. (86)

and the (Bogoliubov) quasi-particle energies are given by

Eαk =
√

(εαk − µα)2 + |∆α|2 . (87)

The Keldysh block is given by

GK0,k(ω) =

=


GK0,vk(ω) 0 PK0,vk(ω) 0

0 GK0,ck(ω) 0 PK0,ck(ω)

−P̄K0,vk(ω) 0 −GK0,vk(−ω) 0

0 −P̄K0,ck(ω) 0 −GK0,ck(−ω)

 ,

(88)

where

GK0,αk(ω) = −2πi
(
1− 2nF (Eαk)

)
×
(
|uαk|2δ(ω − Eαk)− |vαk|2δ(ω + Eαk

)
(89)

PK0,αk(ω) = −2πiuαkvαk
(
1− 2nF (Eαk

)
×
(
δ(ω − Eαk) + δ(ω + Eαk

)
. (90)

We have introduced the Fermi function nF (ω) =
[exp(ω/T ) + 1]−1 at temperature T as well as the super-
conducting coherence factors uαk = [ 1

2 (1 + εαk−µα
Eαk

)]1/2

and vαk = [ 1
2 (1− εαk−µα

Eαk
)]1/2, uαkvαk = ∆αk

2Eαk
. We obtain

the Green’s function by expanding the electronic opera-
tors αkσ in terms of the Bogoliubov quasiparticle oper-
ators (see Eq. (17)). Their expectation values are then

evaluated in the BCS ground state. Note that since the
free electronic system is in thermal equilibrium, it holds
that

GK0,k(ω) = F (ω)
[
GR0,k(ω)−GA0,k(ω)

]
. (91)

with F (ω) = tanh(ω/2T ).

Photon-electron coupling matrix

The photon-electron coupling matrix in Eq. (72) is
given by

Vk(t) =

(
V clk (t) V qk (t)
V qk (t) V clk (t)

)
, (92)

where the different blocks read (a ∈ {cl, q})

V ak (t) =
1√
2


0 g(t)b̄a−k 0 0

ḡ(t)bak 0 0 0
0 0 0 −ḡ(t)bak
0 0 −g(t)b̄a−k 0

 .

(93)

Photon bath

In the following, we assume that the photons are cou-
pled to an external photon bath. This provides a pathway
for the photons to decay out of the system. Starting from
the bath coupling Hamiltonian H =

∑
q,λ ω

bath
q a†qλaqλ+∑

q,p,λ λqp(b†pλaqλ + h.c.), we follow the standard treat-
ment of integrating over the environment [4]. Under the
assumptions that λqpλqp′ = 0 unless p = p′ (conserva-
tion of the in-plane photon momentum in coupling of the
photon mode in two-dimensional heterostructure to bulk
photon modes), that λqp = λq is independent of the sys-
tem photon momentum and taking the white-noise limit
of a frequency independent density of states ρbath and
coupling constant λ, we arrive at the bath-induced pho-
ton self-energy of the form [4]

Π
R/A
bath(ω) =

(
∓iη 0

0 ±iη

)
(94)

ΠK
bath(ω) = 2iη

(
coth ω

2T 0
0 coth −ω2T

)
, (95)

where η = πλ2ρbath and coth ω
2T = 2nB(ω) + 1. The

photonic Green’s function in Eq. (73) thus changes to

D̃−1
0,q = D−1

0,q −Πbath . (96)

This amounts to replacing in Eqs. (73)

±i0+ −→ ±iη (97)

and the delta functions in Eqs. (73) by Lorentzians

δ(ω − ωq) −→ 1

π

η

(ω − ωq)2 + η2
. (98)



Integration over electronic degrees of freedom 11

Integration over electronic degrees of freedom

Since we are interested in the effect of the photon-
electron coupling on the properties of the photons, we
choose to integrate over the fermionic degrees of freedom
and analyze the resulting effective photon action Seff

ph.
The full action S is quadratic in the fermion operators
(see Eq. (72)) and the Gaussian integral yields

Z =

∫
D[B] exp

[∫
t,t′

∑
q

iB̄q(t)D̃−1
0,q(t, t′)Bq(t′)

+ Tr log
(
−iG−1

0 (1 +G0V )
)]

= exp(iSeff
ph) , (99)

where
∫
t,t′

=
∫∞
−∞ dtdt′. We write the effective photon

action as

Seff
ph =

∫ ∞
−∞

dtdt′
∑
q

B̄q(t)D−1
q (t, t′)Bq(t′) (100)

with dressed photon propagator

D−1
q (t, t′) = D−1

0,q(t, t′)−Πbath(t, t′)−Πel,q(t, t′) (101)

that contains the self-energy Πel,q(t, t′) due to the cou-
pling of the photons to the electronic degrees of freedom.

Expanding the Tr log to second order in the coupling
constant g yields the self-energy

Πel,q(t, t′) =

(
0 ΠA

el,q

ΠR
el,q ΠK

el,q

)
. (102)

It describes physical processes of the form depicted by
the Feynman diagram in Fig. 3 of the main text. Im-
portantly, due to the superconducting nature of the elec-
tronic system, the photonic self-energy contains non-zero
anomalous contributions from diagrams of the type in
Fig. 3(b) of the main text. These terms are proportional
to g(t)2 or ḡ(t)2 and their phase thus evolves with the sum
of the two time arguments e±2ieV0(t+t′). To transform to
frequency space we write the anomalous elements, which
appear off-diagonal in our convention, as [5](

Πel,q(t, t′)
)
bb/b̄b̄

= e±2ieV0t
′
(

Π̃el,q(t− t′)
)
bb/b̄b̄

, (103)

where the lower sign relates to the element proportional

to g(t)2. The resulting functions
(

Π̃el,q(t − t′)
)
bb/b̄b̄

de-

pend only on the relative time arguments and can thus
be transformed to frequency space. Explicitly, the dif-
ferent components of the photonic self-energy due to the
coupling to the electrons evaluate to

Π
R/A/K
el,q (ω) =

(Π
R/A/K
el,q (ω)

)
11

(
Π̃
R/A/K
el,q (ω)

)
12(

Π̃
R/A/K
el,q (ω)

)
21

(
Π
R/A/K
el,q (ω)

)
22
,


(104)

where the retarded and advanced components read(
Π
R/A
el,q (ω)

)
11

= |g|2
∑
k

{
|uc|2|vv|2

ω− − Ek ± iη
− |uv|2|vc|2

ω− + Ek ± iη

}
(105)(

Π̃
R/A
el,q (ω)

)
12

= g2
∑
k

{
ucūvvcv̄v

ω− − Ek ± iη
− ucūvvcv̄v
ω− + Ek ± iη

}
(106)(

Π̃
R/A
el,q (ω)

)
21

= ḡ2
∑
k

{
ūcuv v̄cvv

ω+ − Ek ± iη
− ūcuv v̄cvv
ω+ + Ek ± iη

}
(107)(

Π
R/A
el,q (ω)

)
22

= |g|2
∑
k

{
|vc|2|uv|2

ω+ − Ek ± iη
− |uc|2|vv|2

ω+ + Ek ± iη

}
,

(108)

and the Keldysh components are given by(
ΠK

el,q(ω)
)

11
= −2πi|g|2

∑
k

{
|uc|2|vv|2δ(ω− − Ek)

− |vc|2|uv|2δ(ω− + Ek)
}

(109)(
ΠK

el,q(ω)
)

12
= −2πig2

∑
k

ucvcūv v̄v

×
{
δ(ω− − Ek)− δ(ω− + Ek)

}
(110)(

ΠK
el,q(ω)

)
21

= −2πiḡ2
∑
k

ūcv̄cuvvv

×
{
δ(ω+ − Ek)− δ(ω+ + Ek)

}
(111)(

ΠK
el,q(ω)

)
22

= −2πi|g|2
∑
k

{
|vc|2|uv|2δ(ω+ − Ek)

− |uc|2|vv|2δ(ω+ + Ek)
}
. (112)

Here, we have used the abbreviations

Ek = Eck + Evk (113)

ω± = ω ± (µc − µv) = ω ± eV0 . (114)

Note that we have neglected corrections to the quasi-
particle energies due to the photon momenta and used
Eαk+q ≈ Eαk. As a result, the photon self-energies are
in fact independent of the photon momentum q.

Dressed photon propagator

We obtain the dressed photon propagator Dq(t, t′) by
inverting the Dyson equation (101) up to the second order
in the photon-electron coupling g:

Dq(t, t′) = D̃0,q(t, t′)

+

∫
t1,t2

D̃0q(t− t1)Πel,q(t1, t2)D̃0,q(t2, t
′) .

(115)
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Note that we take the bath induced self-energy Πbath(t−
t′) fully into account by using the bath dressed photon
propagator D̃0,q (see Eq. (96)) instead of the bare one
D0,q. When converting the integrals over time into inte-
grals over frequency using Fourier transforms, one must
be careful to take the relation in Eq. (103) into account.

Terms in Eq. (115) that involve normal components
of the self-energy, which are functions of the difference
of the two time arguments and appear in the diagonal
entries of Eq. (104), are of the form∫

t1,t2

f(t, t1)
(

Πel,q(t1 − t2)
)
b̄b/bb̄

h(t2, t
′)

=

∫
ω

e−iω(t−t′)f(ω)
(

Πel,q(ω)
)
b̄b/bb̄

h(ω) , (116)

where
∫
ω

=
∫∞
−∞

dω
2π . In contrast, terms which contain

anomalous components of the self-energy are of the form∫
t1,t2

f(t, t1)e±i2eV0t2
(

Π̃el,q(t1 − t2)
)
b̄b̄/bb

h(t2, t
′)

= e±i2eV0t
′
∫
ω

e−iω(t−t′)f(ω)
(

Π̃el,q(ω)
)
b̄b/bb̄

h(ω ± 2eV0) .

(117)

Photon expectation values

The anomalous photon expectation value
〈b̃qλ(t)b̃−qλ(t)〉 where b̃qλ(t) = bqλ(t)eiωqt deter-
mines the degree of squeezing of the produced light via
Eq. (9) of the main text. It is given by an anomalous
component of the Keldysh Green’s function at equal
times DK

q (t, t), which is calculated from Eq. (115). At
zero temperature, one finds

〈b̃qλ(t)b̃−qλ(t)〉 = i
(
DK

q (t, t)
)

12
e2iωqt

=
∑
k

2g2uckvckūvkv̄vke
2i(ωq−2eV0)t

(νq − iη)(νq + Ek − iη)
,

(118)

where νq = ωq− eV0 is the photon momentum measured
relative to the applied voltage and Ek = Eck+Evk. This
is the result in Eq. (12) of the main text.

The expectation value in Eq. (118) can also be analyti-
cally obtained in the presence of a thermal background of
photons, or any other photon distribution function of the
bath which enters via ΠK

bath(ω) in Eq. (95). Since the an-
alytical expression is rather lengthy, we choose to present
a plot of the resulting expectation value 〈b̃qλb̃−qλ〉 (at
t = 0) for a thermal distribution of photons in Fig. 2c of
the main text.

FIG. 4. Schematic view of the band energy conventions with
conduction and valence band dispersion εck and εvk, band
gap D and chemical potentials µc and µv. For simplicity, we
sketch the one-dimensional case. The location of the (quasi-)
Fermi energies in the two bands are denoted by δ and the
applied voltage by eV0 = µc − µv.

Summation over electronic momenta

The summation over electronic momenta in Eq. (118)
can be done analytically for the simplifying assumption
of parabolic band dispersions

εck =
k2

2m∗c
+
D

2
(119)

εvk = − k2

2m∗v
− D

2
(120)

with effective massesm∗c , m
∗
v and band gapD. For a sym-

metric choice of (momentum independent) gap ampli-
tudes |∆c| = |∆v| ≡ |∆|, effective masses m∗c = m∗v and
chemical potentials µc = D/2+δ, µv = −D/2−δ = −µc,
we find that ξck = εck−µc = −(εvk−µv) = −ξvk. Here,
δ refers to the location of the (quasi-) Fermi energies in
the valence and conduction band due to doping and the
applied strong forward bias [6]. Our choice of parameters
is depicted in Fig. 4. It follows that

∫
ddkf(ξck, ξvk) =

∫ ∞
−δ

dξρc(ξ +
D

2
+ δ)f(ξ,−ξ)

(121)

with the conduction band density of states

ρc(ε) = θ
(
ε− D

2

)V (m∗c)
3/2

√
2π2~3

√
ε− D

2
(122)

The sum of Bogoliubov energies takes the simple form

E(ξk) = Eck + Evk = 2
√
ξ2
k + ∆2 . (123)
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We can thus write Eq. (118) in the form

〈b̃qλ(t)b̃−qλ(t)〉 =
2g2|∆c||∆v|ei(ϕc−ϕv)

νq − iη

×
∑
k

1

4EckEvk[νq + Eck + Evk − iη]
(124)

=
g2|∆c||∆v|ei(ϕc−ϕv)

2(νq − iη)
H(νq,∆, η) , (125)

where we have defined the function

H(νq) =

∫ ∞
−δ

dξ
ρc(ξ + D

2 + δ)

(ξ2 + ∆2)[νq + 2
√
ξ2 + ∆2 − iη]

.

(126)

Changing variables from ξ to E(ξ) (see Eq. (123)) and
using that

dξ

dE
=

|E|
2
√
E2 − 4∆2

(127)

we obtain

H(νq) =

∫ 2
√
δ+∆2

2∆

dE h(E) +

∫ ∞
2∆

dE h(E) (128)

with

h(E) =
|E|

2
√
E2 − 4∆2

ρc
1
4E

2(νq + E − iη)
. (129)

Assuming that δ � 2∆, we can also extend the upper
limit of the integral over the states below the Fermi level
to infinity. We take the density of states ρc to be ap-
proximately constant and equal to its value at the Fermi
surface to obtain

H(νq) = 2ρc

(D
2

+ δ
)

×
∫ ∞

2∆

dE
2

E
√
E − 2∆

√
E + 2∆(νq + E − iη)

.

(130)

The integral is performed using dimensionless variables
x = E/2∆, ν̃q = νq/2∆ and η̃ = η/2∆ and one finds

H(νq) =
ρc
∆2

∫ ∞
1

dx

x
√
x− 1

√
x+ 1(x+ ν̃q − iη̃)

(131)

=
ρc
∆2

iπ
[
−1 +

√
1 + (iν̃q + η̃)2

]
+ 2 arcsinh[iν̃q + η̃]

2(iν̃)q + η̃)
√

1 + (iν̃q + η̃)2
.

(132)

Inserting this expression into Eq. (125), we find the result
of Eq. (13) in the main text

〈b̃qλ(t)b̃−qλ(t)〉 = g2ρc|∆|2ei∆ϕe2i(ωq−eV0)t (133)

×
2 arcsin(ν̃q − iη̃) + π[−1 +

√
1− (ν̃q − iη̃)2]

(νq − iη)2
√

4|∆|2 − (νq − iη)2
,
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