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9.1 Quantum Statistical Mechanics
9.1.1 Reminder
We defined the retarded Green’s function,
i

Xap (t=t) = 2 {[A(1), B(t)])eq O (t = 1),

and showed that its analytic continuation,
o .
XaB (2) =/ dre*"xap (1),
— 00
is analytic for Jm (z) > 0. We then showed that the limit

1
w)=— lim ¥ z=w+ie
xaB (w) 7_‘_6_>0+XAB( + ig)

is well defined.
We finished with the spectral function

1

ﬁﬁ (Hn — Hq) Aanqn(S (an — w) 5

n,q

§ap (W) =
and showed that’s its time-space counterpart is

Eap (1) = 5 (4.0, BO)).

Therefore,
Xap (t—t) =210t —t)éap(t—1t).

We will inspect the function
Eaat (W) = TImxaat (W) = X4at (W)

9.1.2 What we will do today

(9.1)

(9.2)

(9.4)

We will show that this spectral function is related to the dissipation in the system. We will also show that these
results can be elementary derived from the KMS condition. We will finally show that these results are not unique to

Bosons. We will see how is related to the Kramers-Kronig relations.

9.1.3 Physical meaning of £,4: (w) — Dissipation

Reminder: we are looking on a perturbation V coswt. Let’s recall Fermi Golden Rule: the probability per unit time

to have a transition between a state |¢;) and a group of final states |¢) is

™ 2
S 5m 107 1V 180 [8 (g — ) +6 (i — )]
f
If E¢ > E;, this is energy absorption; if Ey < E; this is emission.
Let us define a (t) = acoswt. Then, the total energy absorbed per unit time is

dWabs _ La2
dt  2h2

D L hw |Ang|? 6 (wen — w)
ngq

and the total energy emitted per unit time is

7ra2

dWcms _ Laz
dt  2AK2

> T hw |Ang|* 6 (wng — w) = oz > Tghw [Apg|* 6 (wgn — w) -
ngq nq

(9.8)

(9.9)

(9.10)

At thermal equilibrium the lowest levels are more populated, or II,, > II,. Therefore, combining these last two

equations we obtain

AW ma? a?
O e (I, — IIg) hw |Anq‘2 6 (wgn —w) | = 551‘““ (w).-

nq

(9.11)



9.1.4 Symmetrized version of FDT

Let’s inspect again the correlation ~
Cap (t) = (A(t) B(0)),

that define the statistical fluctuations in a quantum way. It is not real, since
(A(t)B(0)" = (B(0)A(t)).

In order to symmetrize, we define

Sap(t)=1(A(t)B

—~

0)+B(0) A(t))
0)})-

-
b
Sy

Taking its Fourier transform we have

Sap (w)=m Z (IT,, + II,) Apg Bynd (wgn — w)
nq

Let’s massage it a bit:
T, + 11
o, + 11, = (11, - 11,) —-2
I = (0~ T1,)
1 + efﬁ(EqiEn)
q) 1 — e B(Eq—En)
1+ e A
= (Hn - Hq) 1_ e—Bhw’
where we used the direct Gibbs factors of 1I,, ;. Therefore,

1 +e—,ﬁhw

or

Sap (w) = hcoth (ﬁ;w) fap (W).

This is the symmetrized FDT.

Exercise: Show that for i — 0 we get the classical version.

9.1.5 Einstein’'s relations

Let’s return to the correlations.

Cap () = T Ears (&) = 20 (145 () a (),
where
1
np (W) = T R
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(9.12)

(9.13)

(9.14)

(9.15)

(9.16)

(9.17)

(9.18)

(9.19)

(9.20)

People like to say: “Oh, look! We have the Bose-Einstein factor. Therefore it proves the Bosonic nature of the
photons”. However, our derivation had nothing to do with Bosons! Therefore, it has no relation with the Bose-Einstein

statistics.

9.1.6 Another derivation based on KMS

Let’s inspect
1 1

€ap = 5 ([A1), B0)) = o (Cap (1) = Cpa(-1)).

2h
From KMS we have B ~
Cap (t) =Cpa(—t— lhﬁ) .
It implies that B ~
Cpa(=t) = Cap (t —ihp).

It implies, in turn, that its Fourier transform reads

/dteiwtC‘AB (t —inB) (t) = /dteiw(t“hﬁ)éAB

= e*ﬂhw/dtei“’tC’AB.

(9.21)

(9.22)

(9.23)

(9.24)
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Therefore,
¢aB (w) = 271h (CAB (w) — e’ﬁh“OAB (w)) (9.25)
’ Cap (W) = 20 (14 np () €ap ()| (9.26)
QED. O

Remark. In order to prove the quantum nature of photons (meaning, the radiation is quantized), one does not need the
black body radiation. In fact, all one needs is the FDT. Einstein, in his 1905 proof, used thermodynamic arguments to
show that light has to be quantized. However, the first real need of the quantum nature was Haroche’s demonstration
of single photons, on which he got the Nobel prize.

9.1.7 Another look on causality — Kramers-Kronig relations

Here the causality is manifested in © (7). We need a small set of assumptions:
1. Xap (7) is real (response function);
2. |xap (7)] is bound (< M); and
3. xap (7) is causal (meaning, it is 0 for 7 < 0).

Assumptions (2) and (3) imply that xap (w) is well defined and does not have poles for Jm(z) > 0 (2 = z + iy).

Therefore,
(oo}

: M
xag (z+1y) = / dzxap (7)e¥Te ™7 < R (9.27)
— o0

Remark. Physical system has poles only in the lower half of the complex plane. For example, for the Harmonic
oscillator

mz +myz: +mwiz = F (1), (9.28)
we have solutions of the form .
2 (t)=— dt' G-t f{t), (9.29)
———

—o00
retarded Green’s function

where f (t) = F (t) /m. In other words,

G (1) + G (1) + wiG (1) = =6 (1), (9.30)
such that ) -
G(r) = — / dw g (w) e, (9.31)
2 J_
where .
g (w) = w2 + i’yw — w2’ (932)

iy o 2\ Y2
We have poles at +w; — 3, where wy = (wj — .

Now, we want to calculate this retarded Green’s function.
e For 7 <0, G(7) =0. Hence, w = a + i3, f > 0 and e" % = efTe~1o7,

e For7>0,w=a—1i8, 8 > 0 and

e T —yr /2SN WIT

1
— _9 o = E— .
G(7) i Z 27 (w —wy +i%) (w4 wr +i3) ¢ w1 033

resid.

Note that in the Harmonic oscillator example we needed the ~ in order to get poles in the lower half of the plane.
However, we already showed in this course that this v always exists in fluctuating systems. Equivalently, we could say
that a response to a Harmonic perturbation cannot be infinite in time. [remark end)

Example. Let’s inspect

Xw =) 13 (9.34)

has poles on the real axis, w = w; + ie. Then,

. m —2ne gipd
X (w1 +1ie) = o (1 +2e =0 WO) . (9.35)

These poles blur and become a line dividing the upper and lower planes.
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The Kramers-Kronig relations imply that
Xap (w) =X (W) +ix" (w). (9.36)

Let wy € R. Let’s look on a half-circle contour I with ie distance above the real axis. Its integral reads

§1§ X®@) 4,20, (9.37)
T

W — Wo

Let us define another contour IV, which is half-circle around wq with radius é > €. Then, its integral reads

§é X (@) dwzoz/“°6,,.+Lm ...—%inx(wo). (9.38)

r W — Wy 0o 0o+d

iy
A
r
w
€l %
< > X
¥ wo

Figure 9.1: Integration contours of the Kramers-Kronig relations.

Let’s look on the principal value,

0o wo—10 0o
P/ X (@) dw:/ +/ . (9.39)
—oo W — Wo —o0 wo+6

X (wo) = %73 /_oo wX_(iuzodw. (9.40)

Hence,

Therefore we obtain the Kramers-Kronig relations,

1 0o 1
X/ (WO) — _i_,'])/ X (W) dw,
T oo w — Wo

(9.41)
1 o0 !
X// (WO) — _77)/ de.
T J oo W—Wo
These Kramers-Kronig relations are a result of the causality.
Recall that we had ,
XAp = lim San (W) dow’. (9.42)

e=0t J_oo W —w —ie



