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We considertheMellin transformofthecorrelationintegralsandshowthat thedivergenceabscissaisthecorrelationdimension.
TheanalyticstructuieoftheMellin transformis explicitly describedfor someJuliaandCantorsets.Theexistenceofoscillations
in thecorrelationintegralfor theCantorsetsis proved.Extensionsoftheresultsto theorderdcorrelationintegralsarediscussed.

The analysis of the geometrical propertiesof v. AsaconsequenceC(1) behaveslike1~butexhibits
attractorsfor the flow of differentialequationsand oscillations.
mapsor fractals of any physical origin invariably The Mellin transformof the“order d correlation
involves the computationof a generalizeddimen- integrals” [7,81definesthe “order d energyinte-
sion [1]. grals” whichhavethe samesingularitystructureas

The HausdorffdimensionD in general escapes theordinaryenergyintegralswith aresidueatthefirst
numericalinvestigationswhile boundsto it like the pole on the real axis which is proportional to
fractal andthe correlationdimensions[21 can be exp( — dK2), asymptoticallyin d,whereK2 is thesec-
computedeven though the algorithms are always ond Renyientropy [71 (a lower boundto the Kol-
quitetimeconsuming[3]. mogoroventropy).

The correlation dimensionv is defined as the Let Ec l~”be a compactset and~ua probability
exponentof thepower law behaviorC(1) ~1~of the measurewith support on E; the energyintegral is
correlationfunction:deviationsfromlinearityin the definedby
log C(1) versuslog /wereobservedandcanseriously
affect theextrapolationprocedure[4]. ~a• ~u)= J d~i(x)d~i(y) (1)

In this letter we first show how the correlation EXE

integralis relatedtothe“energyintegral”,widely used
in themathematicalliterature[5], byaMellin trans- where I) II denotesthe euclideannorm in W’. The
form [6] andthatthe correlationdimensioncorre- equilibriummeasurejt~(x~,a) is theonewhichmm-
spondsto the abscissaof divergenceof the Mellin imizes(J) foragivena.TheHausdorifdimensionD
transform.For somesimplemodelswehaveworked isdefinedby
out the exactanalyticstructureof the Mellin trans- D=inf{a: (P(a,~)=oo}. (2)
formandwefind thatfor theanalyticcurveswecon- a

sideredit has only poles on the real axis so that For any other measurewe define a divergence
C(1) 1 as l—~O.For fractalsetslike theCantorwith abscissa
onescaleA, thereisasequenceof poleson alinepar-
alleltotheimaginaryaxiswhoseabscissaisprecisely v(z= inf{a: ø(a,p) = oo} (3)
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v(u)~D. (4) [0,l]—~[0,q/2],q>2,

Thecorrelationintegralisdefinedby T(x)=qx, 0~x<~, (10)

C(1;/L)= $ 6(l—IIx—yII) d~u(x)~~(y) (5) _—q(l—x), ~
ExE and denoteby T

1-
1(x), Tj’(x) the two inverses

andC( 1; ~u)isapositiveStieltjesmeasurewithsupprt definedon [0, q/2]
on [0,o] whereôisthediameteroftheset.TheMel- T~’(x)=i~, T~’(x)=l—i~c,A=l/q. (11)
lin transformof C(1;p) givestheenergyintegral

On the CantorsetE=lim,,~,,T_,,(I),whereI is any
interval in [0, 1], we can define aninvariant bal-

dC(1;u). (6) ancedmeasureaccordingtoZygmund[9]. Itcanthen
° be shown, exploiting the balancepropertiesof the

The correlationdimensiondefinedby Procacciais measure,that
thelimit (ifit exists) ~3(ct)= (1— IA_a) ~R(a) , (12)

lim log C(4jz) (7) whereR(a) is anentire function of a. As a conse-
i-.o log 1 quence~‘(a) is meromorphicwith polesat

Whenthelimit (7) existsit is, undersuitablecondi- 1og2~.2,t n—0 + 1 (13)
tions, equalto v(u) definedby (3) whichturns out a— log q ‘log q — —

tobethecorrelationdimension.
For acertainnumberof models~(a; ~i) hasbeen Thecorrelationintegralturnsout tobe

computedexactly.We haveconsideredtheJuliasets C(1) = ~ 2/los ‘1

for the quadraticmapz’ = —p with p=0 (circle)
andp=2 (segment)with ~i equal to the balanced / log I \
measure[6] “. Forp=0~uis uniform and x~B,,cos~2xnj~-~+fln) (14)

1(1—a) . . .~(a)= f2 1 (8) andexhibitsoscillationssincetheB,,, whicharepro-
( — ~a) portionaltotheresidueof thepoles,canbeshownto

while forp= 2wehave benon-zeroatleastforn ~~qlog q. Theseresultscan
alsobeextendedtothe Cantorwithsscales.

djt(x) _..! d~ Whenno analyticresultsareavailableonecanuse
it ~,/4— X2 a numericalprocedureto compute ~(a) and to

and approximateits singularitiesif jt is the “physical
measure” (Sinai—Bowen—Ruellemeasure)Jt’,,h [1]

(9) suchthat 1 N

$f(x) d~h(x)=lim— ~

In bothcases~(a) appearsto bemeromorphic,the E n i

lowestpoleis ata=1 andthecorrelationintegralcan
beexactlycomputed:in the first caseit vanishesas1, ~. ~ (15)
in the secondas —1 log 1 (which makesthe extrapo- ~e ~ /

lation very hard).The differenceis that thepole is wherex
0 is any point in thebasinof attractionof E

simplein theformercase,doublein the second. (up to a set of zeroLebesguemeasure).In sucha
The secondtype of model we consider, still a caseboth ø(a; ~i,,h) and C(1; P’,,h can be approxi-

repeller,is theone-scaleCantorset;let Tbethe map matedbyafinite sumandarestill relatedby theMel-

~‘ In generaltheequilibrium measureandthebalancedmeasure lin transform.A rationalinterpolationof Padétype
arenot thesame, canthenbeusedto extractthesingularitiesof
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Table I
Smallestrealpole,with non-vanishingresidue,ofthe [rn/n] Pad~interpolationsto ~(a) fortheHénonmap.Niterationsareconsidered
with-initial pointx0=(0.1,0.1).

N [3/2] [3/3] [4/3] [4/4] [5/4] [5/5)

2048 1.203 1.211 1.228 1.215 1.227 1.222
8192 1.196 1.200 1.200 1.200 1.200 1.201

32768 1.196 1.200 1.199 1.200 1.201 1.200

2 N-I N-i whereS(a) is anentirefunctionof asothattheres-E E IlT’~x—TjxIL”. idueata=v=log2/logqis
N(N—l)k0 j~k+l

(16) 1 22(d—l)
ra=2r( l_2

2 ) e_dlog2 , (20)

For the Hénon map, for which the existenceof a
physicalmeasureis only conjectured,the valuesof r beingtheresidueat the polea= v of ~(a).These
v(p,~)obtainedwith theinterpolationof sD(lIn,p~ resultsdo extendto theCantorwith two scales.For
N) for 1~n~l3,N~215withthe[rn/rn], [rn—i/rn] some hyperbolic totally disconnectedJulia sets
Padéapproximantsfor m~5, seetable 1, arestable (Fatou’s dust) a result similar to (20) can be
andingoodagreementwith thevaluesquotedin the obtained.
literature(weremarkthatthesingularitiesof ~(a)aa Notedadded.For theCantorsetwith sscalesA

1,
are the sameas ~(a); theindependenceon a was A~ the Hausdorif dimension D, given by
numericallycheckedandsuggeststhattheresultsare Af+ ... +4~=1, is obtainedfor a balancedmesure
reliable), with weightsp~=).f andthesecondRenyientropycan

Finally- we observe that the “order d energy be explicitly computed and reads
integral” K2=—log(~W’+...+A~).

•a(a;,s)= J ~Ix_yNzadu(x) d~i(y), (17) We wish to thank J.-D. Fournier for useful
ExE

discussions.
where

‘d I ~l/2
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