/AP Hiigs

7,

The effects of intermittency on statistical characteristics of turbulence and
scale similarity of breakdown coefficients
E. A. Novikov

Citation: Phys. Fluids A 2, 814 (1990); doi: 10.1063/1.857629

View online: http://dx.doi.org/10.1063/1.857629

View Table of Contents: http://pof.aip.org/resource/1/PFADEB/v2/i5
Published by the American Institute of Physics.

Related Articles

Bi-stability in turbulent, rotating spherical Couette flow
Phys. Fluids 23, 065104 (2011)

Turbulent mixing and passive scalar transport in shallow flows
Phys. Fluids 23, 016603 (2011)

Numerical simulation of reciprocating turbulent flow in a plane channel
Phys. Fluids 21, 095106 (2009)

Eigenmode analysis of scalar transport in distributive mixing
Phys. Fluids 21, 093601 (2009)

Decomposition driven interface evolution for layers of binary mixtures. Il. Influence of convective transport on
linear stability
Phys. Fluids 21, 062104 (2009)

Additional information on Phys. Fluids A

Journal Homepage: http://pof.aip.org/

Journal Information: http://pof.aip.org/about/about_the_journal
Top downloads: http://pof.aip.org/features/most_downloaded
Information for Authors: http://pof.aip.org/authors

ADVERTISEMENT

Explore AIP’s new
open-access journal

AlP

Article-level metrics
now available

Join the conversation!
Submit Now Rate & comment on articles

Downloaded 10 Feb 2012 to 132.68.245.153. Redistribution subject to AIP license or copyright; see http:/pof.aip.org/about/rights_and_permissions



The effects of intermittency on statistical characteristics of turbulence
and scale similarity of breakdown coefficients

E. A. Novikov

Institute for Nonlinear Science, R-002, University of California, San Diego, La Jolla, California 92093

(Received 25 July 1989; accepted 2 January 1990)

The influence of intermittency on turbulent diffusion is expressed in terms of the statistics of
the dissipation field. The high-order moments of relative diffusion are obtained by using the
concept of scale similarity of the breakdown coefficients (bdc). The method of bdc is useful for
obtaining new models and general results, which then can be expressed in terms of
multifractals. In particular, the concavity and other properties of spectral codimension are
proved. Special attention is paid to the logarithmically periodic modulations. The
parametrization of small-scale intermittent turbulence, which can be used for large-eddy
simulation, is presented. The effect of molecular viscosity is taken into account in the spirit of
the renorm group, but without spectral series, € expansion, and fictitious random forces.

I. INTRODUCTION

The imbedding of the theory of turbulence into the theo-
ry of Markov processes has been proposed in a previous pa-
per by the author.' It was shown in Ref. 1 that the hypothesis
of independent increments of velocity, which is widely used
by many authors in the Lagrangian description of turbu-
lence, is inconsistent with the Navier-Stokes equations in a
fundamental way. This hypothesis violates the main feature
of turbulent flow—the energy transport between motions of
various scales. A more general Lagrangian description of
turbulent velocity such as the Markov process with depen-
dent increments, which recognizes the condition of incom-
pressibility and the important phenomenon of intermit-
tency, was presented in Ref. 1.

In order to obtain some insight into the behavior of
high-order moments and transition probability for the Mar-
kov process, the model of intermittent relative motion of
fluid particles was proposed.' The idea of this model is that
strong pressure gradients, which cause the jumps of velocity,
are accompanied by strong energy dissipation [most prob-
ably in the areas of vortex reconnections, which have been
described by the method of three-dimensional solenoidal
vortex singularities (vortons)>7]. The relative velocity of
fluid particles [#(#)] and the distance between them [7(¢) ]
have been connected with the rate of energy dissipation ¢,,
averaged over the sphere of the radius / = (*(¢))}’?, where
the symbol ( ), means statistical averaging over the La-
grangian ensemble of trajectories. In the inertial range with
r> ry(7, is the initial distance), from the dimensional argu-
ment we have!

u(t) ~ (0" r(t)~(gt*)'?. (1)

Statistical averaging over the probability distribution of ¢,
which is parametrically dependent on /, is denoted by ( ).
Taking into account that integration over the sphere is a
linear operation, we have

(€I ) =€, (2)
where € is the mean rate of the energy dissipation. From (1)
and (2) we immediately obtain relations,
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(B (1)) ~et, (P =12(1)~et?, (3)

corresponding to the experimentally supported Richardson
law.® The important point is that second-order Lagrangian
moments (3) are linearly dependent on € and additional
averaging over the fluctuations of € does not change them. In
this respect, the second-order Lagrangian moments play the
same role of the strong point in the construction of models as
the third-order Eulerian moment.' Let us note that the Ri-
chardson law in the Eulerian description acquires an inter-
mittency correction (see Sec. IV). For high-order Lagran-
gian moments, we have from (1)

W)~ ()~ >, (4)

where /(#) is determined by (3).

Thus the effect of intermittency on turbulent diffusion is
expressed in terms of the statistics of the dissipation field. In
Sec. II the statistics of dissipation are described by using the
concept of scale similarity of the breakdown coefficients
(bdc). It is shown that this concept gives more information
about the statistics of the system than simply a multifractal
representation. The logarithmically periodic modulations
are also considered in Sec. II and an analytical description of
the form of these modulations for a specific model is present-
ed in the Appendix. In Sec. III the influence of intermittency
on turbulent diffusion is considered in more detail in connec-
tion with the imbedding of the theory of turbulence into the
theory of Markov processes. In Sec. IV we consider the influ-
ence of intermittency on the spectral coefficient of turbulent
viscosity, which can be used for large-eddy simulations of
intermittent turbulent flows. The effect of molecular viscos-
ity, which is important for a boundary layer, is taken into
account. Conclusions and perspective are outlined in Sec. V.

Il. SCALE SIMILARITY OF BREAKDOWN
COEFFICIENTS AND MULTIFRACTALS

The concept of scale similarity of random fields was de-
veloped in Refs. 9 and 10 and we include in this section a
brief account of some previous results, which are necessary
for obtaining new results in this paper. For simplicity, we
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will consider a one-dimensional section of the dissipation
field, which is in accord with experimental reading in time
(with the aid of the “frozen-flow” hypothesis). Thus €, is
the dissipation (or similar quantity, see Ref. 10) averaged
over the segment r. For a flow which is locally isotropic in
scales less than a certain external scale L, the two- and three-
dimensional statistical characteristics of dissipation have the
same form [see exceptions in (32) and (35) ].

We shall single out three segments inserted in one an-
other with the lengths I, <r<p</<L (I, is the internal
scale, defined below) and introduce corresponding break-
down coefficients (bdc),

q..=¢€,/€,<l/r, &)

qr,I = qr,pqp,l' (6)
In (5) we utilized the fact that the dissipation rate is non-
negative. The scale similarity is determined by the following
conditions: (i) probability distribution for bdc depends only
on the ratio of the corresponding scales and (ii) ¢,, and g,,,
are statistically independent [instead of (ii) we can use a less
restrictive condition, see below]. More general conditions,
which take into account exact relative positions of segments,
are considered in Ref. 10. For the moments of bdc, from
conditions of scale similarity and (6), we have

o) )-u(Eh(). o

a,(1/r)=/n*?, u0)=0 (8)
(in view of the arbitrariness of p and normalization of proba-
bility). In Refs. 9 and 10 it was shown that

u(l)y=0, 0<u2)=u<l, &)

plp+8) —pu(p)<s (6>0), (10)

pPI<p+p—2 (p>2). (1D
Inequality (10) follows from (5), and (11) follows from
(10) and (9). From (5) or (11) it also follows'° that proba-

bility density w(q,1/r) for g, is uniquely defined by the set
of 11 (p) with integer p (p =0,1,2,...). Thus we have

o)=L [ (et a s,

_J’ exp( — lsq)[ (ts)P u(p)] s
p= O
(12)

If function u (p) has analytical continuation to the complex
domain, then (12) can be written in the form (compare with

Ref. 10)
/ 1 * . . /
wlg~)=—— exp| —islng + p(is)ln| -] ds .
r 2mqg J - » r
(13)

It can be shown that if (8) holds for arbitrary p (including
imaginary p), then conditions of scale similarity [(i) and
(ii) ] follow. For the purposes of this paper it is sufficient if
(8) holds for real p [instead of condition (ii)].

In constructing a model, we can make an assumption,
say, about w(g,2). From (8) we obtain

2
up) = logz(f q"w(q,l)dq) . (14)
(1]
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Then, from (12) or (13) we have w(q,! /r). If w(g,2) con-
tains 8(g) or (g — 2) (or both), then the limits of integra-
tionin (14) are0 — and 2 4.

Let us differentiate (14) with respect to p:

#p)=(¢Ing)/(¢)In2<1, (15)

where ( ) means averaging with the probability density
w(g,2) and we assume that w(g,2) #8(g — 2). Differenti-
ation of (15) gives

(g°(In 9)*)(g*) —

{(g")’In2
We will see below that inequalities (15) and (16) are impor-
tant for the multifractal representation.

In Refs. 9 and 10 it was shown that if ¢’ (0) and ©" (0)
are finite, then the characteristic function of the In g, tends
to normal when In(1/r) - «o. However, we have this ten-
dency only in the integral sense—in terms of characteristic
functions. The probability density w(g,1/7) does not tend to
lognormal probability density. The moments (8) generally
have nothing to do with the moments of the limiting lognor-
mal distribution, which are defined by'°

(¢ng)

©'(p) = (16)

i, (p) =1p{(p — D [p, (2) — 21, (D] + 2, (D},
(17
21, (1) =207(0) + " (0) g, (2) =24/ (0) + 217 (0),
(18)
fy (2) =2, (1) = " (0) > 0. (19)

The strict inequality in (19) we obtain from (16), assuming
w(q,2) is not a  function (g,,, is random). Formula (17)
obviously violates (11) and even g, (1) and g, (2) do not
have to coincide with (1) and u(2) (see below). Let us
note that these results have been misunderstood in Ref. 11.

We get statistical characteristics of €, assuming that'®
€, =¢. In particular, for the moments we have

(e?) ~€" (L /r)*P . (20)

This formula may contain a constant depending on the large-
scale structure of turbulent flow. In this sense, the statistical
characteristics of bdc are more universal than statistical
characteristics of dissipation fields and other fields (veloc-
ity, temperature, etc.). The information contained in formu-
las (10)-(19) and some results presented below, follow nat-
urally from the concept of bdc and then, if it is necessary,
they can be expressed in terms of multifractals (see below).

Let us now consider some examples, starting with the
simple formula

p@)=@—-Dp (p>0), u(0) =0, 0<pu=u(2) <1.

(21)
This formula has been derived in Ref. 12 from a statistical
model, based on the direct experimental investigation of in-
termittency.'? After this, the parameter u has been connect-
ed with the so-called fractal dimension" £ (u=3—2)
and formula (21) has been used by many authors (see, for
example, Ref. 15 and references therein).

From (21) and (12) we obtain

ou) 1= oo (ol (] 0

E. A. Novikov 815
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Physically this model means concentration of the dissipation
in a small fraction of volume—asymptotically on a fractal
set. This model is actually equivalent to the so-called 8 mod-
el,'® as was indicated in Ref. 16 and discussed in Ref. 1. The
internal scale /, for the dissipation field can be defined by the
condition that the local Reynolds number in areas of high
dissipation is of order 1. This gives'®!’

I* — IVER —3u/4(4 — u)’ lv =1~ 1/4’ R = L 331 ,

(23)

where v is the molecular viscosity, /, is the classical Kolmo-
gorov internal scale, and R is the Reynolds number.

A more refined mathematical model of intermittency
has been presented in Ref. 17, where the background of rela-
tively weak dissipation (with a nontrivial structure) was
taken into account. Additionally, the logarithmically peri-
odic modulations of the statistical characteristics of inter-
mittency have been discovered in Ref. 17. These modula-
tions now have preliminary experimental support'® and
recently have been rediscovered in many fields of science
(see, for example, Ref. 19 and the references therein). The
form of these modulations provides much more information
about the system than just a fractal dimension. In the Ap-
pendix we describe analytically the form of modulations for
the model presented in Ref. 17.

If the system has a physically distinguished scale factor
A, then we can expect log-periodic modulations. Loosely
speaking, if an unstable eddy in turbulent flow typically
breaks up into two or three smaller eddies, but not into 10 or
20 eddies, then we can suspect existence of a preferable scale
factor. We can also assume that g, , and g, in (6) are statis-
tically independent only if p/r = A" ,1/p = A", where n and
m are integers. In this case, from (7) we obtain

! A !
W(;)=() "% {m()]
flnx+Ind)=Ff(nx), f,(0)=1, (25)

where function f, represents the log-periodic modulations.
We will obtain the same result if we simply assume that pow-
er law (8) holds only for / /r = A", where n is an arbitrary
integer.

The model (21) and (22) can be called unifractal and
corresponds to linear dependence x4 (p) (we do not count the
jump at p = 0). Below we will consider the multifractal rep-
resentation of intermittency (in terms of singularity sets) for
general (p). A very simple multifractual model (without
log-periodic modulations) has been presented in Ref. 10:

(24)

w(g2) =1, 0<g<2. (26)
From (14) we have'®
pup)=p—1log(p+1). (27)

The probability density w(g,! /r) calculated in Ref. 10 by
using (13) is far from uniform density. This model has no
adjustable parameters and describes very well the experi-
mental data available in the early 1970s (see Ref. 10). After
this, the data have been revised, mostly because of shifting
the interval of similarity. Recent data'® do not match with
(27) or with (21).

The natural multifractal generalization of model (21)
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has the form

n

w(g,2) = 2 w,8(9—qr), w,>0, 23¢,50.

K=1
(28)
From (14) we obtain
pp) = 1032( 2 wkﬁ) . (29)
K=

Conditions x£(0) = 0 and (1) = 0 give

Suwe=1 Ywg,=1.
k=1

k=1
A recently proposed model® (which matches very well with
data obtained by the authors), corresponds to the particular
case of (29) withn =2 and w, = w, = i

u(p) =log,(¢f +45) —1 (q,=0.6,¢9,=14).
(30)

From (30), (28), and (15)-(18) we obtain
u(1) =0, u(2)=02141,
H, (1)=0.0037, pu, (2)~=0.2663.

Thus the difference between p, (p) and u(p) for p=1,2
definitely exists for this model. For the model (27) this dif-
ference is very significant.!’

Another recent model,?! which is based on the concept
of scale similarity and also agrees very well with the different
sets of data, gives

u(p) =log ¢, [T(2p 4+ 1)/2°], p=02, (31
where T is the gamma function. Let us note that we can
extrapolate the probability for g, to the probability of the
local dissipation and vorticity by taking the limit 7—_, /- L
(see Refs. 1 and 10). However, the inverse procedure (used
in Ref. 21)—the interpolation from the one-point distribu-
tion of, say, vorticity to the distribution of bdc—is not
unique and we can run into trouble by violating the condi-
tions of scale similarity. This is exactly the case with model
(31), which contradicts (11) for large p (as was indicated in
Ref. 21, but without reasoning, presented above).

The behavior of u(p) for negative p depends on the
model (14). For the unifractal model (22) we have a finite
measure for zero g and g (p) does not exist for negative p. For
the model [(26) and (27)] there is limitation p> — 1 and
£(p) - o withp— — 1. Model (30) has no limitations for p
and asymptotically z(p) ~ |p| (|p| > 1). Generally, because
of concavity (16), u(p) increases with increasing [p — p,, |,
where p,, corresponds to the negative minimum of u(p)
(also see Sec. III) and u(p) >0 for p <O.

Various characteristics of intermittency related to u(p)
have been used in the literature. One of these characteristics
is the so-called generalized dimension??

Dp=d—p(p)/(p—1) [Z,=d-p' (D], (32)

where d is the geometric dimension (d = 1 for the one-di-
mensional section of the field).
Another interesting representation of u(p) is*
up) = —rnhin[ph+c(h)]. (33)

Here c(h) is the fractal codimension of the set of points S(4)
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for which the field has a singularity of order 4. In terms of
bdc it means

gy~ (r/D" . (34)

Let us note that in Ref. 23 the set S(4) was defined different-
ly with the additional condition ¢’ (%) <0. We do not require
this condition. Formula (33) corresponds to the Legendre
transform?* of ¢ (k). Codimension c(k) represents the space
factor, which was first introduced in the simple model'>"?
and in terms of bdc [see (22) ] equal to (»//)*, where y is the
codimension of the unifractal. For multifractal, instead of 4,
we have a spectral codimension ¢(#). By averaging expres-
sion (7/1)?"* <™ over h and using the saddle-point method,
we obtain (33). Related characteristics of singularity sets—
the fractal dimension

fla)y=d—c(a—1), (35)
have been introduced in Ref. 25.

From (33) we have

c(h,)=—p, c"(h)>0, (36)

p(p) = —ph, —c(h,), (3N

where i (p) is the solution of (36). The concavity of codi-
mension (36) (or equivalent conditions) has been postulat-
ed in Refs. 23 and 25. By using bdc, we are able to prove this
condition. From (37) and (36) we have

HP)=—h,(p), p"=—h,(p), "(h)h, (p)= —1.

(38)
Inequalities (15) and (16) give
h>—1, ¢"(h)>0 (39)

[the zero on the rhs of (16) is obtained only for a unifractal
model (21)]. From (36)—(38) we see that (33) can be in-
verted:

c¢(h) = —min[ph+u(p)], (40)
P

cthy= —hp,(h) —u(p,), (41)

Hp)=—h, (42)

where p, (h) is the solution of (42). From (41), (42), (15),
and (8) we obtain

Pa (hm) =0, hm = —,u'(O)
= —(lng)/In2, c(h,)=0, (43)

where 4,, corresponds to the minimum of ¢(4). Therefore
we proved another necessary condition: c(4) >0.

11l. THE INFLUENCE OF INTERMITTENCY ON
TURBULENT DIFFUSION

From (1), (3), and (20) we obtain, for the mixed mo-
ments of relative velocity and distance between fluid parti-
cles,

(um(t)rn(t)>L ~€(m+ n)/2t (m+3n)/2(T/t)(3/2)#[(m+ n)/2}
(T=L2/3€_1/3), (44)

where T'is the external time scale. In particular, for the uni-
fractal model (21) we have
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@™ (rHi

~6(m + ")/Zt (m+ 3n)/2(T/t)(3/2)[(m +n)/2—1]u . (45)

We hope that these formulas will stimulate detailed experi-
mental and numerical studies of relative diffusion in turbu-
lent flows. In the meantime, we can use these results for
advancing the theory.

In Ref. 1, the imbedding of the theory of turbulence into
the theory of Markov processes with dependent increments
of velocity is presented. One of the major goals of this theory
is to be consistent with the Navier—Stokes equations and
with the phenomena of intermittency. There are still some
open questions. One of these questions is the following. For
the inertial range we have [Eq. (11) in Ref. 1]

‘(%(uz(t))l_ =2(u;()a; (1)), + Cie (C,>0). (46)

Here u, (¢) is the vector of relative velocity of fluid particles,
the last term on the rhs of (46) represents random forcing
(in the simplest model), C, is constant, and a, represents the
local relaxation. The relaxation, consistent with incompress-
ibility and with a correct expression for the third-order
structural tensor of the Eulerian velocity field (see Ref. 1),
has the form

a,(t) = — Cr'[r()u; (1), 7(r) = (W (r))pe",
47)

2AC—2)=C,. (48)

Here 7 is the characteristic time for the motion with the scale
r, r() is the distance between fluid particles, #(r) is the
Eulerian velocity difference between two points separated by
distance 7, and ( )¢ means the averaging over the Eulerian
ensemble of velocity fields. The question is whether or not
this relaxation prevents the Richardson law (3). In other
words, we have to check whether or not the first term on the
rhs of (46) is smaller than the second term. We can verify
this by numerical simulations of trajectories (Ref. 1). How-
ever, it is interesting to check this analytically by using the
result (44), obtained from a different approach. Let us do
this.
From the Kolmogorov formula

u(r)~e"r'” (49)
and (20), we have
™ (r)y ~e3r3(L /r)/™ (50)

From (50), (47), (1), and (20), after simple calculations,
we arrive at the expression

(ui(t)ai(t))[_ ~ —€(t/T) ” ,

r-3@)-3-12)

The unifractal model (21) gives % = u?/4 > 0. Thus, in the
inertial range (¢<7), the local relaxation will not prevent
the increase of relative velocity. The models (27), (30), and
(31) give the same result: 7% > 0. For the lognormal model

p(p) =p(p— 1) (u/2), (53)

(51)

(52)

O<pu<l

[which contradicts (11), but can be used as an approxima-
tion for small p], we also obtain 57> 0. Generally, because
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of the conditions £ (0) = u(1) =0and u”" (p) >0, we have
1#(3) <0. From all models and from experimental data, we
know that the intermittency correction to the “two-thirds
law” is small. Thus (52) can be written in the form

H=— 'R . (54)

From the conditions indicated above, it follows that function

1(p) has a negative minimum at some point p,, between 0
and 1. If p,, <3, as it is for all considered models, then ' (3)
>0and 77> 0.

In recent papers*®*’ there are conjectures (based on the
unifractal model) that the intermittency correction to the
“two-thirds law” has a different sign; the energy spectra in
the inertial range is flattened by intermittency and depends
on molecular viscosity. Experimental data on dissipation
fields®® agree very well with the concept of scale similarity of
bdc; in particular, they indicate that u(3) < 0. Experimental
data on the velocity moments'® correspond to (50) with the
same g (p) as in (20), at least for high-order moments,*
when intermittency corrections are signifcant. This means
that the Kolmogorov formula (49) is correct for these mo-
ments. The above indicated conjectures imply that the Kol-
mogorov formula (49) is incorrect for the moment of second
order.

Having in mind that there is no intermittency correction
for the moment of third order, it is very desirable to have
detailed experimental verification of small intermittency
corrections in (50) for n < 3.

26,27

IV. PARAMETRIZATION OF SMALL-SCALE
INTERMITTENT TURBULENCE

For the large-eddy numerical simulations of turbulent
flows it is necessary to have a parametrization of small-scale
turbulence. We propose in this section a simple parametriza-
tion, which takes into account the effect of intermittency.

First of all, we need an expression for the so-called spec-
tral coefficient of turbulent viscosity v(k), depending on the
wavenumber k. We will obtain this expression in the spirit of
the renorm group,?®~** but without the € expansion around
the dimension d =4 and without the fictitious random
forces (Gaussian and & correlated in time).

In the range of wavenumbers larger than L ~', we can
express v(p) in terms of v(k), p,k, and €, keeping in mind
that k>p and v(k) depends on the molecular viscosity v:

vip) =v(K)Y[p/k, e/k*V(K)], ¢(lx)=1. (55)

Let us differentiate (55) with respect top and put p = k. We
obtain

v =208 (i)

I(yx)
$(k) = T2
k k* (k) (k)

ay  ly=n '

(56)
In order to specify ¢(x), we assume that it is calculated in
the lowest nontrivial approximation, which involves the
source of energy, characterized by €. In this approximation,
the rhs of (56) should be proportional to €, which implies
that

d(x) = —4cex/3, (57)
where ¢ is constant. From (56) and (57), with the condition
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v( ) = v, we have

v(k) = (ce/k* 4+ )\, (58)

It is difficult to calculate the constant ¢ without additional
assumptions. In the renorm-group approach to the turbu-
lence, the Gaussian and 8 correlated in time random forces
have been used with the isotropic spectrum

F (k) = (8; — k,k;k ~*)Bk 3, (59)

where constant B has the same dimensions as €. We may

think that these forces are the most suitable for the descrip-

tion of self-similar turbulence and for calculation of the con-

stant ¢. However, for Gaussian, & correlated in time forces,

we have the exact relation®:
6=27Tf Fa(kyk*dk, (60)

(V]
and this integral diverges for the spectrum (59). In order to

obtain finite dissipation, we have to cut spectrum (59) on
both ends:

€=47B ln(kmax/kmin) ’ (61)

which breaks the similarity. We will not try to deal with the
representation of the Navier~Stokes equation in terms of di-
vergent spectral series nor calculate constant ¢ analytically,
keeping in mind that the effect of intermittency leads to an
additional constant, accumulating with c.

We can rewrite (58) in the space representation:

v(r) = (cer* +v)'?  (rk~1). (62)
In the inertial range from (62) we obtain the Richardson law

in the Eulerian representation®:

v(r) = VeV, : (63)

It is natural to describe the effect of intermittency by substi-
tution €, instead of €in (62) and (63). In the inertial range,
by using (20), we have

(v(r)Y ~Pr3(L /ry* >, (64)
Generally,
L/r L
(v(n) = f (cer'q + v3)”3w(q,7)dq, (65)
0

where w(g,L /r) is the probability density for the bdc, ¢,
~¢€,/€. For the unifractal model (21) and (22), we obtain

o= 1= (T o+ (2 ol ]

For the model (30), formula (13) with L /r=2" (nis an
integer) gives

w(g2")=2"" z(i) 5(g—q7 *q5) . (67)
k=0 k
From (65) and (67) we have
(v(n)y=2"" Z (%) (cerq; ~*gk + )3 . (68)
k=0

For nonhomogeneous, statistically stationary turbulent
flow, the mean dissipation rate € and external scale L gener-
ally depend on the space coordinates. For the unstratified
flow over the flat boundary, L ~z, where z is the distance
from the boundary. If €(z) is unknown for large-eddy simu-
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lation, it can be connected with the strain rate of the resolved
velocity field 7;:

€ = 2{(v(r))s*(r),

s;(r) = 1(35,.+aa,)
T ox; )

For the inertial range, from (64) and (69), we obtain
(v(#)) ~Ps(r) (L /r)¥ 0> (70)

This is the generalization of the Smagorinski scheme®’ with
the correction for intermittency. Because u(}) <0 (see Sec.
III), this correction reduces the turbulent viscosity. It may
partly explain why the numerical coefficient in the formula,
analogous to (70) but without an intermittency correction,
is usually chosen small (of order 0.07).3® Close to the bound-
ary, the molecular viscosity becomes important and the
more general formulas, presented above, can be useful.

SZ =S?

v (69)

V. CONCLUSION AND PERSPECTIVE

The concept of scale similarity of breakdown coeffi-
cients (bdc) is shown to be more informative than simply a
multifractal representation of intermittency in terms of sin-
gularity sets. In the present paper we applied this concept to
the intermittent turbulent diffusion and to the parametriza-
tion of small-scale intermittent turbulence for large-eddy
simulation. Additionally, log-periodic modulations in the
presence of a physically distinguished scale factor, have been
considered. The concept of scale similarity of bdc can be
applied not only for turbulence, but also for a variety of
physical systems that display the phenomena of intermit-
tency.

The important unsolved problem is whether the singu-
larities are real or just a way of representation of intermit-
tency. In the recent paper by the author, the hierarchy of
closed systems of ordinary differential equations, which de-
scribe the formation of singularities for the Euler and for the
Navier-Stokes equations, is derived. The analytical solu-
tions presented in Ref. 39 suggest that singularities are real,
at least for the Euler equations. We plan to unify this dynam-
ical approach with the statistical description in terms of bdc
and Markov processes in order to achieve a deeper under-
standing of the nature of turbulent flows.
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APPENDIX: LOGARITHMICALLY PERIODIC
MODULATIONS

According to the mathematical model of intermit-
tency,'” let us consider the system of random points x; ,
distributed by the Poisson law with a mean density 0. We
connect with each of the points x, a system of points
Xy, = Xy, + 1,6,; (i = 1,...,m) where 6, ; are mutually inde-
pendent stochastic variables with the same probability den-
sity p(8). In the transition from the stage s to the stage s + 1,
we let

819 Phys. Fluids A, Vol. 2, No. 5, May 1990

X, =X+ 10, (i=l.,m), I =LA,
(A1)
O<A<cmi<l. (A2)

The similarity is expressed in having the same number, and
distribution law of the variables &, ; for the same scale reduc-
tion factor A.

Let us define a stationary stochastic function y, (x) con-
sisting of a sequence of pulses with centers at points x, :

v, (x) = (Ma,” ‘fls(x 7 X )zs (x")dx', (A3)

a,=a,&", a,=0, a=ml«l, (A4)

z,(x) = Y8(x —x,), (z) =om*™!, (AS)
k.Y

[rede=1, vy=w, (A6)

where z, (x) is a stochastic density function. We interpret
the statistical characteristics of a cascade-intermittent sto-
chastic function (in the given construction) as the limit to
which the corresponding statistical characteristics of the
function y, (x) tend as s— .

From (A3)-(A6) we obtain the following expression
for the spectrum of the random function y, (x):

F,(p) = 0™, ()T, (pl,) , (A7)
2

T (q) = lfl,(e)exp{iqe}de , (A8)

JT,0)=1, T (9Kl (A9)

¥, (p)=1 ¥, (0)=1, (A10)

where ¥, (p) is the normalized spectrum of z, (x). From
(Al) and (AS), after some simple calculations (see Ref.
17), we obtain the recursion formula:

Vo1 (@) =Y. (pgpl) + V[l —gpl)] (y=m™"),
(Al1)
2
g(q)='fp(0) exp{ig6}d6 |, g(0)=1, g(g)<1.
(A12)

With successive application of (All), taking (Al) and
(A10) into account, we have

Y, (p) =[] gl *~"

k=1

+ 3 Y ll—g@hi N1 [ e@hA" "
n=k+1

K=

(A13)
Introducing the notation
7(pl) =lim ¥, (p), G(g) =[] ggA*“~ "),  (Ald)
s~ k=1
we obtain the following series from (A13):
NP ==y ¥ ¥G(gh"). (A15)
k=0
This series is equivalent to the functional equation
7(q) = yn(gd) + (1 - 1)G(g). (A16)
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By substituting
7(q) =¢~ ' "#$(Ing/In 1)
(O<pu=In(mid)/In 1 <1) (A17)
into (A16), we obtain
$(z) =d(z+ 1) + x(2), (A18)
x(2) = (1 =yrYGAYH. (A19)

Function (A19) decreases exponentially when z— o0,
because ¥ < 1, 4 <1, and G(0) = 1. The solution of (A18)
has the form

$(z) = E x(z+ k). (A20)
k=0

We assume that g(q) -0 when g— . It can be shown in this

case that G(g) falls off more rapidly at infinity than any

power of g. Therefore, when z— «o, from (A20) we have

é6(z2)-¢,(2) = Ew xz+k), ¢6,(z+1)=6,(2).
k= —
(A21)

If we assume that the shapes of the pulses do not vary
too much with increasing s, formulas (A1) and (A9) imply
that the last factor on the rhs of (A7) is equal to unity in the
limit. We finally obtain

F(p) = lim F,(p)

5§—

= (»)20~ ' (pl,) ~ ' *#$, (Inpl,/In A)
(pl;>1). (A22)

According to the previous formulas, the form of the log-
periodic modulations ¢*(z) depends on the probability den-
sity p(0). For the three-dimensional isotropic random field
y(x) the analogous construction gives the same result
(A22) for the spectra, integrated over the sphere in wave
space. It will be interesting in the future to calculate (ana-
lytically or numerically) the forms of log-periodic modula-
tions for the high-order moments of y(x) with particular

p(0).
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