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ABSTRACT: The Variational Theory of Complex Rays (VTCR) is a wave computational approach which was proposed for
the resolution of medium frequency problems. It uses a variational formulation of the problem which enables one to use any
type of shape function within the substructures provided that it verifies the governing equation. Thus, the solution can be
approximated using plane waves, which is very interesting in the medium-frequency vibration domain and also leads to an
exponential convergence of the method. In this paper, the VTCR is extended to the analysis of the steady-state dynamic 3D coupled
vibro-acoustic problems in the mid-frequency range. It uses a specific dedicated variational formulation and a representation of
the amplitude of the waves through a Fourier series (2D problems) or a Laplace series (3D problems). An illustration on a 3D
vibro-acoustic example and its comparison with a FEM analysis will show the efficiency of a such an approach.
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1 INTRODUCTION

At present, the finite element and boundary element methods
are the most commonly used techniques for solving steady-
state dynamic problems. Above a certain frequency, due to the
pollution errors [1], these methods would require a prohibitively
large amount of computational effort and memory resources to
get an acceptable level of prediction accuracy. For 3D coupled
vibro-acoustic problems, the conflict between computational
cost and accuracy is even more pronounced than for uncoupled
problems.

In recent years, a variety of techniques have been proposed to
minimise the last cited drawbacks and as a result, increase the
practical application range of the FEM to higher frequencies.
Among these techniques, we have the predefined reduced bases
[2], the Galerkin least-squares FEM [3], the quasi-stabilized
finite element method [4], the partition of unity method (PUM)
[5], the generalized finite element method [6] and residual-free
bubbles [7], [8]. They have all shown their capacity to reduce
computational costs. However, the range of frequency solved
by these methods is still lower than the mid and high-frequency
range.

Apart from the FEM and all the last cited methods, there
is another family of methods, the so called Trefftz methods
[9], which differ from the FEMs by their choice of shape
functions. Indeed, instead of using approximated functions,
exact solutions of the governing differential equations are used
for the expansion of the field variables. These approaches
include, for example, a special use of the PUM [10], [11], the
ultra-weak variational method [12], the least-squares method
[13], the discontinuous enrichment method (DEM) [14], the
element-free Galerkin method [15], the wave boundary element
method [16] and the wave-based method [17]. The Variational
Theory of Complex Rays (VTCR), developed in this paper,

belongs also to the category of the numerical techniques which
uses oscillating functions to solve the problem.

The decisive advantage of such methods (common to all
Trefftz methods) is that no refined discretization is necessary, as
they use exact solutions of the governing equation. Therefore,
the model size and the computational effort are considerably
reduced compared to element-based methods. The main
differences among all these approaches is the treatment of the
transmission conditions (between the sub-structures) and the
boundary conditions, and the type of shape functions used.

The VTCR is based on a variational formulation of the prob-
lem which was developed in order to enable the approximations
within the subdomains to be a priori independent of one another
and which takes into account both the boundary conditions and
the continuity across the interfaces, thus eliminating the need
for a specific treatment to guarantee interelement continuity
(see [18]). Moreover, in each substructure, any type of shape
function can be used, as soon as it verifies the governing
equation. This gives to the approach a great flexibility and,
consequently, efficiency. For vibration problems, the VTCR
approximates the solution through a set of plane wave functions
which satisfy the governing differential equations exactly.
Therefore, no residual error is involved with the governing
partial differential equation inside the subdomains. However,
the functions may violate the boundary conditions. Enforcing
this residual boundary errors to zero thanks to the previous
variational formulation yields a small matrix equation, whose
solution gives the angular distribution of waves in space. In [19]
and [20], the VTCR was used to predict the vibrational response
of a 3-D plate assembly. In [21], plates with heterogeneities
were taken into account. In [22], this theory was extended to
shell structures. The calculation of the vibrational response over
a range of frequencies was presented in [23]. The use of the
VTCR for transient dynamics problems was covered in [24].
The extension to acoustic problem was made in [25] and its



adaptive version was developed in [26]. More recently, a new
version of the VTCR using Fourier series has been proposed in
[27]. It was shown through many examples that this approach
was capable of finding an accurate solution by using few dofs.

In this paper, the VTCR is extended to the analysis of the
steady-state dynamic analysis of 3D coupled vibro-acoustic
systems in the mid-frequency range.

2 THE REFERENCE PROBLEM

Let Ωa,E be a set of acoustic cavities, filled with a fluid,
surrounded on some of their boundaries by flat and flexible
plates Ωs,E . The unkonws of the problem are the pressure p
in Ωa, and the normal displacement w in Ωs, and are governed
by the Helmholtz equation (1) in the acoustic cavity and by the
Kirchhoff equation (4) for the plate bending motion.

By shake of simplicity, let assume that the reference problem
is defined on subcavities Ωa1 and Ωa2 and two uncoupled plates
Ωs1 and Ωs2. Let ΓEE ′ be the acoustic interface between the two
acoustic cavities. The acoustic reference problem is:

Find pE(x) for x ∈Ωa,E such as:

∆pE + k2
a pE = f (x) in Ωa,E , E ∈ {1,2} (1)

pE = pdE on ∂pΩaE (a)
Lv[pE ] = vdE on ∂vΩaE (b)
pE −ZELv[pE ] = hdE on ∂ZΩaE (c)
Lv[pE ] = iωwE ′ on ∂SE′ΩaE (d)

(2)

pE − pE ′ = 0 on ΓEE ′

Lv[pE ]+Lv[pE ′ ] = 0 on ΓEE ′
(3)

where ka is the acoustic wave vector, f (x) a loading function,
Lv[pE ] = i

ρ0ω

∂ pE
∂n the velocity operator. Boundary conditions

on the boundaries of Ωa are related to prescribed pressures (2-
a), velocities (2-b), Robin equation (2-c), coupling equations in
term of velocities (2-d), and interface continuity between the
acoustic subcavity (3).

The plate bending reference problem is: find wE(x) for x ∈
Ωs,E such as:

∆∆wE − k4
s wE =

p(x)
D

+g(x) in Ωs,E (4)

wE = wdE on ∂wΩsE (a)
Lθ [wE ] = θdE on ∂θ ΩsE (b)
LM[wE ] = MdE on ∂MΩsE (c)
LT [wE ] = TdE on ∂T ΩsE (d)

(5)

where ks is the plate wave vector, g(x) a loading function, D
the bending stiffness of the plate, Lθ [wE ], LM[wE ] and LT [wE ]
respectively the rotation, moment and shear forces operators
defined on the edge of the plate ΩsE by:

Lθ [wE ] =
∂wE

∂nE
(6)

L
χ
[wE ] =−grad

[
grad[wE ]

]
(7)

LM[wE ] = nE
h3

12
KPSL

χ
[wE ]nE (8)

LT [wE ] =
h3

12
nE div

[
KPSL

χ
[wE ]

]
+

h3

12

∂

(
tEKPSL

χ
[wE ]nE

)
∂ tE

(9)
where, nE and tE are the normal and tangent unitary vector of the
edge, h the thickness of the plate, and KPS the Hooke operator
with plane stress condition.

Boundary conditions are related to prescribed displacements
(5-a), rotations (5-b), moments (5-c) and shear forces (5-d) on
the boundaries of Ωs,E . As one can see the coupling equations
between the acoustic cavity Ωa,E and the plate Ωs,E are included
in the inhomogeneous part of the Kirchhoff equation (4).

3 THE VARIATIONAL FORMULATION

The VTCR formulation is obtained from the boundary value
problem (1-2-3-4-5) by rewriting it in a weak form. The
following functional spaces AE

ad,0, AE
ad , SE

ad,0, and SE
ad required:

the space of functions satisfying respectively the homogeneous
and inhomogeneous Helmholtz equation in the whole sub-cavity
ΩaE , the homogeneous and inhomogeneous Kirchhoff equation
in the whole plate ΩsE :

AE
ad,0 =

{
pE | ∆pE + k2 pE = 0,∀x ∈ΩaE

}
(10)

AE
ad =

{
pE | ∆pE + k2 pE = f (x),∀x ∈ΩaE

}
(11)

SE
ad,0 =

{
wE | ∆∆wE − k4

s wE = 0,∀x ∈ΩsE
}

(12)

SE
ad =

{
wE | ∆∆wE − k4

s wE = g(x),∀x ∈ΩsE
}

(13)

It can be shown (see [26]) that the boundary value problem
(1-2-3-4-5) is equivalent to the following variational problem:
Find (p1, p2,w1,w2) ∈ A1

ad×A2
ad×S1

ad×S2
ad , such as:

∑
ΩaE

ℜ

{∫
∂pΩE

(pE − pdE)Lv[δ pE ]ds+
∫

∂vΩE

(
Lv[pE ]− vdE

)
δ pEds

+
1
2

∫
∂ZΩE

[(
(1−ZELv) [pE ]−hdE

)
Lv[δ pE ]

+
(
(Lv−1/ZE) [pE ]+hdE/ZE

)
δ pE

]
ds

+
∫

∂SE′
ΩE

(
Lv[pE ]− iωwE ′

)
δ pEds

}

+ ∑
ΓEE′

ℜ

{
1
2

∫
ΓEE′

(
(pE − pE ′)Lv[δ pE −δ pE ′ ]

+Lv[pE + pE ′ ] (δ pE +δ pE ′)
)

ds

}

−∑
ΩsE

ℜ

{
iω
∫

∂wΩsE

(wE −wdE)LT [δwE ]dl

+iω
∫

∂T ΩsE

(LT [wE ]−TdE)δwEdl

+iω
∫

∂θ ΩsE

(
Lθ [wE ]−θdE

)
LM[δwE ]dl

+iω
∫

∂MΩsE

(LM[wE ]−MdE)Lθ [δwE ]dl

}
= 0

∀(δ p1,δ p2,δw1,δw2) ∈ A1
ad,0×A2

ad,0×S1
ad,0×S2

ad,0
(14)

This variational formulation of the reference problem is a
direct extension of the formulation presented in [18], [19] and



[25], with an additional term corresponding to the coupling
between the acoustic cavity and the structural plate. In case
of coupled plates, there is an additional term in the variational
formulation due to this coupling (see [19] and [20]).

4 EXPANSION OF THE FIELD VARIABLE

4.1 Acoustic field variable

The VTCR seeks a solution of an accoustic problem as:

p(x)≈ pp(x)+ ph(x), pp(x) ∈ AE
ad , ph(x) ∈ AE

ad,0 (15)

where pp and ph are respectively a particular solution and a
homogeneous solution of (1).

For acoustic problems, the VTCR approximates the homo-
geneous solution through a set of plane wave functions which
satisfy the governing differential equations exactly.

ph(x) =
∫

Ca

Ah(ka).eika.xdCa, x ∈Ωa (16)

where Ca corresponds to the locus of all the wave vectors ka

such that eka.x satisfies (1). Ah(ka) is the amplitude portrait. As
propagative and evanescent waves are taken in account the locus
Ca could be decomposed in two spaces:
• Ca,p the locus associated to propagative plane waves. In
spherical coordinates ((er,eθ ,eϕ),θ ∈ [−π

2 , π

2 ] ϕ ∈ [0,2π[), this
space correspond to the unit sphere, the wave vector is defined
as

kp
a = ikaer (17)

The amplitude portrait Ah,p(θ ,ϕ) is a function defined over the
unit sphere, and is discretized as a Laplace serie, i.e. using
spherical harmonics Y m

l (θ ,ϕ).

Ah,p(θ ,ϕ) =
Lp

∑
l=0

l

∑
m=−l

ap
l,m

∫
π/2

−π/2

∫ 2π

0
Y m

l (θ ,ϕ)sin(ϕ)dθdϕ

(18)
with

Y m
l (θ ,ϕ) =

√
2.(l−m)!
(l +m)!

.Pm
l (cosθ).eimϕ

Pm
l (X) =

(−1)m

2l .n!
(
1−X2)m/2 ∂ m+l(X2−1)l

∂Xm+n

(19)

where, Y m
l (θ ,ϕ) is the spherical harmonics of non negatice

index l and of momentum m, (m varies from −l to l). Pm
l (X)

is the Legendre polynom.
• Ca,e the locus associated to evanescent plane waves. To
be able to represent the physic, all evanescent waves with a
wavelength larger than the structural wave length have to be
considered. Let n, τ1, and τ2 be the normal and two tangent
vectors of an edge of the acoustic cavity making an orthogonal
basis. The wave vector of the evanescent plane wave associated
to this edge could be defined as:

ke
a = ka

√
1+
(

ks

ka
cos(θ)

)2

n+ikscos(θ)
(
cos(ϕ)τ1 + sin(ϕ)τ2

)
(20)

The amplitude portrait Ah,e is a function defined over the unit
sphere, and is discretized as a Laplace serie

Ah,e(θ ,ϕ) =
Le

∑
l=0

l

∑
m=−l

ae
l,m

∫
π/2

−π/2

∫ 2π

0
Y m

l (θ ,ϕ)sin(ϕ)dθdϕ

(21)

Figure 1. Real (left) and imaginary (right) part of the pressure
field associated to the interior shape function Φ

a,p
2,−2(x) in a

cubic cavity filled with air.

The homogeneous part of the acoustic approximation is:

ph(x) =
∫

π/2

−π/2

∫ 2π

0
Ah,p(θ ,ϕ).eikp

a (θ ,ϕ).xsin(ϕ)dθdϕ

+
∫

π/2

−π/2

∫ 2π

0
Ah,e(θ ,ϕ).eike

a(θ ,ϕ).xsin(ϕ)dθdϕ

=
Lp

∑
l=0

l

∑
m=−l

ap
l,m

∫
π/2

−π/2

∫ 2π

0
Y m

l (θ ,ϕ)eikp
a (θ ,ϕ).xsin(ϕ)dθdϕ

+
Le

∑
l=0

l

∑
m=−l

ae
l,m

∫
π/2

−π/2

∫ 2π

0
Y m

l (θ ,ϕ)eike
a(θ ,ϕ).xsin(ϕ)dθdϕ

=
Lp

∑
l=0

l

∑
m=−l

ap
l,mΦ

a,p
l,m(x)+

Le

∑
l=0

l

∑
m=−l

ae
l,mΦ

a,e
l,m(x)

(22)
Some examples of theses Laplace-based functions are shown

in Figures 1 and 2. As one can see, the wavelength of the
evanescent waves is smaller than the propagative ones.

Figure 2. Real (left) and imaginary (right) part of the
pressure field associated to the evanescent shape function
Φ

a,e
3,−3(x)in a cubic cavity filled with air.

4.2 Structural field variable

The VTCR seeks a solution of a structural vibrational problem
as:

w(x)≈ wp(x)+wh(x), wp(x) ∈ SE
ad , wh(x) ∈ SE

ad,0 (23)



where wp and wh are respectively a particular solution and a
homogeneous solution of (4).

Due to the approximation of the acoustic field, the solution
wp is a combinaison of the elementary solution resulting from
one of the acoustic wave functions Φa in the cavity pressure
expansion and a contribution from the loading function g(x).
Due to the flat shape of the plate, a particular solution function
for last first contribution may be defined, which is proportional
to the pressure loading function:

wp(x) =
Φa(x)

D
(
(ka · τ1)4 +(ka · τ2)4 +2(ka · τ1)2(ka · τ2)2− k4

s
)

(24)
For vibration problems, the VTCR approximates the homo-

geneous solution through a set of plane wave functions which
satisfy the governing differential equations exactly.

wh(x) =
∫

Cs

Bh(ks).eiks.xdCs, x ∈Ωs (25)

where Cs corresponds to the locus of all the wave vectors ks such
that eks.x satisfies (4), Bh(ks) is the amplitude portrait.

As propagative and evanescent waves are taken in account,
the locus Cs could be decomposed in two sub spaces:
• Cs,p the locus associated to propagative plane waves. In the
polar coordinate associated to the plate ((er,eθ ),θ ∈ [0,2π[),
this space corresponds to the unit circle, and the wave vector
is:

kp
s = ikser (26)

The amplitude portrait Bh,p(θ) is a function defined over the unit
circle, and is discretized as a Fourier serie.

Bh,p(θ) =
Np

∑
n=−Np

bp
n

∫ 2π

0
einθ dθ (27)

• Cs,e the locus associated to evanescant plane waves. The wave
vector could be defined as

ke
s = ks

√
1+ cos(θ)2n+ ikscos(θ)τ,θ ∈ [0,2π] (28)

where τ and n are the tangent and normal vectors of one edge of
the plate. The amplitude portrait Bh,e is a function defined over
the unit circle, and is also discretized as a Fourier serie.

The homogeneous part of the structural approximation is:

wh(x) =
∫ 2π

0
Bh,p(θ).eikp

s (θ).xdθ +
∫ 2π

0
Bh,e(θ).eike

s (θ).xdθ

=
Np

∑
n=−Np

bp
n

∫ 2π

0
einθ ekp

s ·xdθ +
Ne

∑
n=−Ne

be
n

∫ 2π

0
einθ eke

s ·xdθ

=
Np

∑
n=−Np

bp
nΦ

s,p
n (x)+

Ne

∑
n=−Ne

be
nΦ

s,e
n (x)

(29)
Some examples of theses Fourier-based functions are shown in
Figure 3 and 4.

As one can see, the VTCR discretizes only the amplitudes
of the waves, not their spatial shapes. In that sense, the VTCR
belongs to the category of the multiscale numerical approaches
because it discretizes only the slowly oscillating quantities and

Figure 3. Real (left) and imaginary (right) part of the
displacement field associated to the interior shape function
Φ

s,p
−5(x).

Figure 4. Real (left) and imaginary (right) part of the
displacement field associated to the evanescent shape
function Φ

s,e
2 (x).

not the rapidly oscillating quantity eik(θ).x. Finally, one can note
that all the propagating waves are taken into account since the
spatial repartition of the waves are represented by an integral
over the space variable (and not by a discrete sum which would
select only a few propagation directions). This is important
because the direction of the propagation of the waves is not
known a priori.

5 COMPUTATIONAL ASPECT

Seeking an approximate solution (p×w) ∈ (AE,h
ad ×SE,h

ad ) to the
variational formulation (14) requires the resolution of the finite-
dimension matrix system:

Kaa
1,1 Kaa

1,2 . . . Kas
1,1 Kas

1,2 . . .

Kaa
2,1 Kaa

2,2 . . . Kas
2,1 Kas

2,2 . . .
...

...
. . .

...
...

. . .
Ksa

1,1 Ksa
1,2 . . . Kss

1,1 Kss
1,2 . . .

Ksa
2,1 Ksa

2,2 . . . Kss
2,1 Kss

2,2 . . .
...

...
. . .

...
...

. . .





a1
a2
...

b1
b2
...


=



fa
1

fa
2
...

fs
1

fs
2
...


(30)

where Ki,j and fi are respectively the matrices of the bilinear
forms and the vectors of the linear form of the variational
formulation (14) calculated for all the test functions. ai is the
vector of the amplitudes of the shape functions used in the
acoustic cavities; bi is the vector of the amplitudes of the shape
functions used in the plates.

Since the shape functions used are defined over the entire
subdomain ΩE , the matrices of the model are fully populated.
However, in the case of more than two subdomains, if
subdomain i is not connected to subdomain j the corresponding
off-diagonal submatrix Ki,j is zero.

Due to the expression of the approximation in the plates,
the terms of the variational formulation (14) associated to the



boundaries conditions of the plates SE have contribution in Kss
EE

if the plate is not coupled with a cavity, but otherwise also in
Ksa

EE′ , Kas
E′E, and Kaa

E′E′ if coupled with the cavity ΩE ′ .
The calculation of the matrix coefficients involves the

integration of highly oscillatory functions. Special care must be
taken in carrying out these integrations in order to ensure good
convergence. The integration is done in two steps:
• evaluation of the shape functions Φ(x) over the edges,
• computation of the matrix coefficients through a classic
Simpson scheme.

In the case of propagative waves with no internal damping,
the Angers Jacobi expansion [28] gives an analytical result of
the first step.

Graphics Processing Units (GPU) or parallel computing with
multiple servers can also be used to accelerate many of the
computations without resorting to low-level programming

6 APPLICATION CASE

Finally, we present an application of the Fourier VTCR to
a three-dimensional vibro-acoustic problem. The computed
example is used to determine the transmission coefficient of a
plate between two acoustic cavities filled with air.

Let us consider two cubic (1 m×1 m×1 m) cavities filled
with air (ρ = 1.25 kg.m−3 and c = 330 m.s−1) separated with
an undamped 3 mm thick iron plate (ρ = 7870 kg.m−3, E = 200
MPa and ν = 0.29). The two cavities are bounded by rigid walls,
except for the left-hand-side one, on which a constant unitary
pressure is apply. This problem is solved at three frequencies
f = 500, 750 and 1000 Hz.

(a)

(b)

(c)

log10 (p2 )

Figure 5. Sound pressure level (dB) in the two cavities for the
three frequencies 500 Hz (a), 750 Hz (b) and 1000 Hz (c).

Let p1 and p2 be respectively the average quadratic pressure
in the first and second cavity, the transmission coefficient τ of

the plate is defined as:

τ = log10

(
p2

p1

)
(31)

For each frequency, the performances of the VTCR software
CoFouRays are compared to the commercial software Comsol,
in terms of CPU time and needed memory.

These computations have been done on a Carri system
computer with 2 Xeon 6 core 2.66 GHz processors, 72 Gb of
RAM, and 8 Tesla C1060 GPU. Figure 5 shows the map of
sound pressure level obtained with the VTCR, the 3D corse
mesh is only used to represent the solution.

The comparaisons are presented in table 1. As one can see,
for the first two frequencies, the results between the commercial
software and the VTCR one are very closed. For the highest
frequency, Comsol was unable to find a solution due to an ”out
of memory” error.

Table 1. Transmission coefficient computed by Comsol and
CoFouRays.

Frequency τ τ relative
Hz COMSOL CoFouRays error
500 -4.6520 -4.6709 0.41 %
750 -1.2904 -1.2810 0.73 %

1000 Out of memory -4.6750 —

Tables 2 shows the memory needed by the two softwares to
solve the problem.

Table 2. Memory needed by Comsol and CoFouRays.

Frequency Memory needed Memory needed
Hz by COMSOL by CoFouRays
500 41 Gb 7 Gb
750 65 Gb 9 Gb

1000 Out of memory 12 Gb

As one can see, for similar precision, the CoFouRays software
uses seven times fewer memory than Comsol. This first present
study shows thepotential of the VTCR on such problems, so
programming impprovements can be done with CoFouRays.

7 CONCLUSION

This paper describes the extension of the VTCR to the steady-
state dynamic analysis of 3D vibro-acoustic problems, using
shape functions based on the Fourier series and Laplace series
expansion of the amplitudes of the plane waves traveling inside
a plate or an acoustic cavity. The example solved shows the
capacity of the VTCR to solve this kind of problems. Moreover,
the VTCR seems to be more efficient than the classic finite
element method in terms of CPU times and memory needed.
Some foregoing future problems are these one: optimization
of the degree of discretization, and extension to more complex
problems such as coupled plates or infinite acoustic media.
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[23] P. Ladevèze, P. Rouch, H. Riou and X. Bohineust, Analysis of medium-
frequency vibrations in a frequency range, Journal of Computational
Acoustics, 11(2):255-284, 2003.
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