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Introduction
To multiply two n × n matrices :

O(n3) with the traditional algorithm
O(n2.xx) with the FMM algorithms
⇒ the association of FMM algorithms and the parallel matrix 
multiplication algorithms always gives remarkable results.

Within this association, the application of FMM 
algorithms at inter-processor level requires us to solve 
more difficult problems in designing but it forms the 
most effective algorithms.
In this presentation :

a general model of these algorithms 
the scalable method to implement this model on distributed 
memory computers
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Strassen’s Algorithm & Winograd’s Algorithm

We start by considering the formation of the matrix 
product Q=XY, where

We will assume that m, n, and k are all even integers. 
By partitioning

where
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Strassen’s Algorithm

It can be shown that the following computations compute Q = 
XY:

Strassen’s algorithm does above computation recursively until 
one of the dimensions of the matrices is 1.
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Winograd’s Algorithm
It can be shown that the following computations compute Q = 
XY:

Winograd’s algorithm does above computation recursively 
until one of the dimensions of the matrices is 1.
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Cannon Algorithm

Cannon algorithm is a commonly used parallel matrix multiply 
algorithm based on the traditional algorithm. It can be used on 
any rectangular processor templates and on matrices of any 
dimensions.
For simplicity of discussion, we only consider square 
processor templates and square matrices. Suppose we have p 2
processors logically organized in a p × p mesh. The processor 
in i th row and j th column has coordinates (i, j), where 0≤ i, j≤ 
p-1.
Let matrices X, Y, and Q be of size m × m. For simplicity of 
discussion we assume m is divisible by p. Let s = m/p. All 
matrices are partitioned into p × p blocks of s × s sub matrices. 
The block with coordinates (i, j) is stored in the corresponding 
processor with the same coordinates. 
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Cannon Algorithm
th
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Traditional algorithm + FMM algorithms 

There have been mainly three approaches to parallelize 
FMM algorithms

1. The first approach is to use the traditional algorithm 
(hereafter referred as T-algo) at the top level (between 
processors) and FMM algorithms at the bottom level 
(within one processor). 

The most commonly algorithms used T-method between processors 
include 1D-systolic, 2D-systolic, Fox (BMR), Cannon, PUMMA, 
BiMMeR, SUMMA, DIMMA …
Since FMM algorithms is more efficient for large matrices (thanks 
to the great difference of complexity between the operation 
multiplication and the operation addition/subtraction of matrix), it 
is well suited to use at the top level, not the bottom level. 

Problem Contribution ConclusionImplementationState of the art
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FMM algorithms + sequential MM algorithms

2. The second approach is to use FMM algorithms at the top 
level (between processors) and FMM algorithms or T-algo
at the bottom level (within one processor).

The first implementation applying this approach on Intel Paragon 
[*] reached performance better than T-algo.
However, S-algo in [*] requires that the number of processors used 
in the computation be a power of seven. This is a severe restriction 
since many MIMD computers use hypercube or mesh architecture 
and powers of seven numbers of processors are not a natural 
grouping.
Therefore, the [*]’s algorithm is not scalable. 

[*] C.-C. Chou, Y.-F. Deng, G. Li, and Y. Wang, "Parallelizing Strassen's Method for Matrix 
Multiplication on Distributed Memory MIMD architectures“, Computers & Math. with Applications, 
vol. 30, no. 2, p. 4-9, 1995
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FMM algorithms + parallel MM algorithms

3. The third approach is to use FMM algorithms at 
the top level (between processors) and T-algo
at the bottom level (also between processors).

Luo and Drake [1995] introduced an algorithm using S-algo
at the top level and Fox algorithm at the bottom level.
To continue, an improvement is presented by Grayson, Shah 
and Geijn [1995]: algorithm SUMMA is used in the place of 
Fox algorithm at the bottom level.
The third approach is more complicated than the others, but 
it gives the scalable and effective algorithms in multiplying 
large matrices.
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FMM algorithms at the inter-processor level

3. The third approach is to use FMM algorithms at 
the top level (between processors) and T-algo
at the bottom level (also between processors).

Luo and Drake [1995] introduced an algorithm using S-algo
at the top level and Fox algorithm at the bottom level.
To continue, an improvement is presented by Grayson, Shah 
and Geijn [1995]: algorithm SUMMA is used in the place of 
Fox algorithm at the bottom level.
The third approach is more complicated than the others, but 
it gives the scalable and effective algorithms in multiplying 
large matrices.
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How did the precedent works do to parallelize the FMM algorithms at inter-processor 
level  ?
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First, decompose the matrix X into 2 x 2 blocks of sub matrices Xij where i, j = 0, 
1, then further decompose these four sub matrices into four 2 x 2 (i.e. 4 x 4) blocks 
of submatrices xij where i, j = 0, 1, 2, 3

Similarly, perform the same decomposition on matrix Y and get

FMM algorithms at the inter-processor level
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Then, use the Strassen’s formula to multiply the matrices X and 
Y, and get the following seven matrix multiplication 
expressions

FMM algorithms at the inter-processor level
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Next, apply the Strassen’s formula to these seven expressions 
to obtain 49 matrix multiplication expressions on sub matrices 
x and y.  Taking M0 as an example

FMM algorithms at the inter-processor level
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Similarly, each of the remaining six matrix multiplication 
expressions Mi for i =1, 2, …, 6 can also be expanded into six 
groups of matrix multiplications in terms of x and y

FMM algorithms at the inter-processor level
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FMM algorithms at the inter-processor level
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Therefore, they have identified 7 x 7 = 49 matrix multiplications 
and naturally they will either use 7 or 49 processors to perform 
these matrix multiplications of x and y

FMM algorithms at the inter-processor level

( )( )
( )( )
( )( )
( )( )
( )( )
( )( )
( )

50 20 00 31 11 00 02 11 13

51 30 10 31 11 00 02

52 20 00 01 03 11 13

53 31 11 10 12 00 02

54 20 00 21 01 11 13

55 30 10 20 00 00 02 01 03

56 21 01 31 11 10 12

M x x x x y y y y

M x x x x y y

M x x y y y y

M x x y y y y

M x x x x y y

M x x x x y y y y

M x x x x y y y

= − + − + + +

= − + − +

= − + − −

= − + − −

= − + − +

= − − + + + +

= − − + + +( )11 13y+

( )( )
( )( )
( )( )
( )( )
( )( )
( )( )
( )

60 02 22 13 22 20 22 31 33

61 12 32 13 33 20 22

62 02 22 21 23 31 33

63 13 33 30 32 20 22

64 02 22 03 23 31 33

65 12 32 02 22 20 22 21 23

66 03 23 13 33 30 32

M x x x x y y y y

M x x x x y y

M x x y y y y

M x x y y y y

M x x x x y y

M x x x x y y y y

M x x x x y y y

= − + − + + +

= − + − +

= − + − −

= − + − −

= − + − +

= − − + + + +

= − − + + +( )31 33y+



Problème Contribution ConclusionImplémentationÉtat de l’art

How did the precedent works do to parallelize the FMM algorithms at inter-processor 
level  ?

Problem Contribution ConclusionImplementationState of the art

D. K. NGUYEN Parallelization of Fast Matrix Multiplication Algorithms on Distributed Memory Computers 26

FMM algorithms at the inter-processor level

After finishing these 49 matrix multiplications, they need to combine the resulting 
Mij where i, j = 0, 1, …, 6 to form the final product matrix

First, define some variables
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FMM algorithms at the inter-processor level

The 4 x 4 blocks of sub matrices forming the product matrix Q can be written as :
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Traditional algorithm + FMM algorithms 

Experiment these algorithms to highlight the
advantages/disadvantages of the parallel MM algorithms
which are based on the traditional algorithm.

These experimental results enable us to pertinently use these algorithms
in the 3rd approach and to show the comparison of execution between
our methods and the others.

Performance tests for all the algorithms discussed here are 
carried out on a Fujitsu Siemens Computers/hpcLine at 
JAIST (Japan Advanced Institute of 
Science and Technology):

16 nodes (32 CPUs) switched Ethernet 1Gbit
Intel Xeon 2,4GHz
2GB RAM
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FMM algorithms at the inter-processor level
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The method to determine all the nodes at the 
unspecified level r in the execution tree of FMM 
algorithms
The expression representing the relation between the 
result matrix and the sub matrices at the recursion level 
r
A good storage map of sub matrices to processor
Theses results + the parallel matrix multiplication algorithms 
based on T-algo (1D-systolic, 2D-systolic, Fox (BMR), Cannon, 
PUMMA, BiMMeR, SUMMA, DIMMA …) -> a general scalable 
parallelization of FMM algorithms on distributed memory 
computers.
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Recursion Removal in Fast Matrix Multiplication

For the Winograd’s formula :
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Each of 7r products can be represented in the following 
way: 

In fact,  
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We have to determine values of matrices SXk, SYk, SQk from 
SX1, SY1, SQ1.
We extend the definition of tensor product in [*] for arrays of 
arbitrary dimensions:
Let A and B are arrays of same dimension l and of size m1 × m2 × . . . ×
ml, n1 × n2 × . . . × nl respectively. Then the tensor product (TP) is an 
array of same dimension and of size m1n1 × m2n2 × . . . × mlnl defined by 
replacing each element of A with the product of the element and B.

[ ] [ ] [ ]1 2 1 2 1 2

  
, ,..., , ,..., , ,..., ,

  1 ;
l l l

j j j j

P A B where
P i i i A k k k B h h h
i k n h with j l

= ⊗

=

= + ∀ ≤ ≤

[*] B. Kumar, C.-H. Huang, R. W. Johnson, and P. Sadayappan. “A tensor product formulation of 
Strassen’s matrix multiplication algorithm”. Applied Mathematics Letters, 3(3):67–71, 1990 
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Theorem 1
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In particular, if all Ai have the same size m1 × m2 
× . . . × ml, we have

Theorem 2
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Thanks to theorem 1 and theorem 2 we have
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Stop at the recursion level r and thanks to (1) & (2), we have 
the entire corresponding sub matrices:

0,2 1 0,2 1

0,2 1 0,2 1

1 10,2 1 0,2 1

0,2 1 0,2 1

( , , ) ( , , )

, , , ,

0...7 -1

l ij r ij r
r ri i

r rj j

r r

ij ijt t t t t t
t tr ri i

r rj j

r

M X SX l i j Y SY l i j

X SX l i j Y SY l i j

l

= − = −

= − = −

⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟⎛ ⎞ ⎛ ⎞⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠⎜ ⎟ ⎜ ⎟
= =⎝ ⎠ ⎝ ⎠= − = −

= − = −

= ×∑ ∑

= ×∑ ∑∏ ∏

=



Problème Contribution ConclusionImplémentationÉtat de l’artProblem Contribution ConclusionImplementationState of the art

FMM Algorithms + Sequential MM Algorithms

D. K. NGUYEN Parallelization of Fast Matrix Multiplication Algorithms on Distributed Memory Computers 42

with:

Products Ml of these sub matrices are locally calculated by the 
processors
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Finally, the result matrix  
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FMM Algorithms + Sequential MM Algorithms 
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Total running time when the Strassen’s algorithm is 
used at the inter-processor level et the traditional matrix 
multiplication algorithm is used at the node level 
( )

3 2 2

where 
 is the execution time for one arithmetic operation,

 is the latency,
B is the number of bytes used to store one entry of the

61 72 7 1 7 2
8 4

 

4

m

r r
comp r r

comp r

comp

t
t n

T n

t

n b nβ

α

α
⎛ ⎞⎛ ⎞ ⎛ ⎞+ + + − +⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝

≈

⎠

atrices,
 is the byte transfer rate.β
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Total running time when the Winograd’s algorithm is 
used at the inter-processor level et the traditional matrix 
multiplication algorithm is used at the node level 

Running time of the Cannon’s algorithm
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| Complexity
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Performance tests are carried out on a Fujitsu Siemens 
Computers/hpcLine, 16 nodes (32 CPUs), switched 
Ethernet 1Gbit. Each processor is an Intel Xeon 2.4 
GHz with 2GB memory
Entries of all the matrices tested here are random 
double precision numbers uniformly distributed 
between -1 and 1

FMM Algorithms + Sequential MM Algorithms 
| Experimental Results
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FMM Algorithms + Sequential MM Algorithms 
| Experimental Results
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FMM-Cannon(Fox) Algorithm and Pattern to Store the Matrices

If the sub matrices used in the FMM algorithms are stored among processors 
in the same pattern at each level of recursion, then they can be added or 
multiplied together just as if they are stored within one processor.
Here we introduce a pattern to store the matrices 

Matrix X with 6 × 6 blocks is distributed 
over a 3 × 3 processor template from a 
matrix point-of-view. The 9 processors are 
labeled from 0 to 8. This pattern is used in 
the Strassen-Cannon algorithm when the 
recursion level is 1.

Same as Figure 1, but from a processor 
point-of-view.
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FMM-Cannon(Fox) Algorithm and Pattern to Store the Matrices

Matrix X with 12 × 12 blocks is distributed 
over a 3 × 3 processor template from a 
matrix point-of-view. The 9 processors are 
numbered from 0 to 8. This pattern is used 
in the Strassen-Cannon algorithm when the 
recursion level is 2.

Same as Figure 3, but from a processor 
point-of-view.



Problème Contribution ConclusionImplémentationÉtat de l’artProblem Contribution ConclusionImplementationState of the art

D. K. NGUYEN Parallelization of Fast Matrix Multiplication Algorithms on Distributed Memory Computers 50

General Scalable Parallelization of FMM Algorithms

To implement FMM algorithms on distributed 
memory computers, we stop at recursion level r and 
thanks to (1) & (2), we have the entire corresponding 
sub matrices:  
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General Scalable Parallelization of FMM Algorithms
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General Scalable Parallelization of FMM Algorithms
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General Scalable Parallelization of FMM Algorithms
| Complexity

The total running time for the Strassen-Cannon 
algorithm
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General Scalable Parallelization of FMM Algorithms
| Complexity

The total running time for the Winograd-Cannon 
algorithm

Running time of the Cannon’s algorithm
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General Scalable Parallelization of FMM Algorithms
| Experimental Results
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General Scalable Parallelization of FMM Algorithms
| Experimental Results
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General Scalable Parallelization of FMM Algorithms
| Experimental Results

Our implementation of the Strassen-Cannon(Fox) method is 
better than the Cannon(Fox)’s algorithm when the matrix size 
is large

For example : to calculate the product of 8196x8196 matrices on 4x4 
processors, the difference in running time between these two methods is 
50 times

Why ?
Better in complexity
Pattern to store the matrices
Low-speed network of the test system
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We have just presented a general scalable parallelization for all the 
matrix multiplication algorithms on distributed memory computers 
that use fast matrix multiplication algorithms at inter-processor level. 
Complexity analysis shows that our algorithms should be better than 
the parallel algorithms based on traditional method when the matrix 
size is large and our work is relevant to exploit better algorithms when 
the recursion level is large enough. Experimental results on Fujitsu 
Siemens Computers/hpcLine show that our algorithms perform better 
than Cannon algorithm from 2 to 50 times for 8196x8196 matrices.
From a different view, we generalized the formulas of Strassen
and Winograd for the case where the matrices are divided into 2k parts 
(the case k=2 gives us original formulas) thus we have a new direction 
to parallelize the FMM algorithms.
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Analyze performance of the other parallel matric multiplication 
algorithms based on traditional method like 1D-systolic, 2D-systolic, 
PUMA, BiMMeR, SUMMA, DIMMA… at the bottom level to find a 
better combination of algorithms.
Find the value optimal of the recursion level r according to the matrix 
size and to the specificities of the machines on which the algorithm is 
implemented.
Apply the technique “trains” of matrices in matrix multiplication to 
approach the minimal bound given by V. Y. Pan for the complexity of 
O(n2.32).
Reconsider this algorithm to handle the large matrices with huge 
numbers. For the moment, the value of the elements of matrices X and 
Y is limited.
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