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Abstract

Strassen’s algorithm to multiply two n X n matrices re-
duces the asymptotic operation count from O(n?) of the tra-
ditional algorithm to O(n?3%), thus on distributed memory
computers, the association of Strassen’s algorithm and the
parallel matrix multiplication algorithms always gives re-
markable results. Within this association, the application of
Strassen’s algorithm at inter-processor level requires us to
solve more difficult problems in designing but it forms the
most effective algorithms. In this paper, a general model of
these algorithms will be presented and we also introduce
a scalable method to implement this model on distributed
memory computers.

1. Introduction

Matrix multiplication (MM) is one of the most funda-
mental operations in linear algebra and serves as the main
building block in many different algorithms, including the
solution of systems of linear equations, matrix inversion,
evaluation of the matrix determinant and the transitive clo-
sure of a graph. In several cases the asymptotic complexi-
ties of these algorithms depend directly on the complexity
of matrix multiplication - which motivates the study of pos-
sibilities to speed up matrix multiplication. Also, the inclu-
sion of matrix multiplication in many benchmarks points at
its role as a determining factor for the performance of high
speed computations.

These are the reasons for the birth of the fast matrix mul-
tiplication algorithms. Strassen was the first to introduce a
better algorithm (hereafter referred as S-algo) [14] for MM
with O(N'°82 ")than the traditional one (hereafter referred
as T-algo) which needs O(IN3) operations. Then Winograd
variant [16] of Strassen’s algorithm (hereafter referred as
W-algo) has the same exponent but a slightly lower constant
as the number of additions/subtractions is reduced from 18
down to 15. The record of complexity owed to Coppersmith
and Winograd is O(N?2-376), resulted from arithmetic ag-
gregation [5]. However, only W-algo and S-algo offer better
performance than T-algo for matrices of practical sizes, say,
less than 102°[11]. Hence in this paper, we concentralize
only on the implementation of S-algo on distributed mem-
ory computers. In fact, our method is applicable with all
the fast matrix multiplication algorithms, which are always
with the recursive form [13].

There have been mainly three approaches to parallelize
S-algo. The first approach is to use T-algo at the top level
(between processors) and S-algo at the bottom level (within
one processor). The most commonly algorithms used T-
method between processors include 1D-systolic [7], 2D-
systolic [7], Fox (BMR) [6], Cannon [1], PUMMA [3],
BiMMeR [9], SUMMA [15], DIMMA [2]. Since S-algo is
most efficient for large matrices (thanks to the great dif-
ference of complexity between the operation multiplication
and the operation addition/subtraction of matrix), it is well
suited to use at the top level, not at the bottom level. The
second approach is to use S-algo at both the top and the bot-
tom level. The first implementation applying this approach
[4] on Intel Paragon reached better performance than T-



algo. However, S-algo in [4] requires that the number of
processors used in the computation to be a power of seven.
This is a severe restriction since many MIMD computers
use hypercube or mesh architecture and powers of seven
numbers of processors are not a natural grouping. There-
fore, the algorithm presented in [4] is not scalable. More-
over, it requires a large working space, with each matrix to
be multiplied being duplicated 3 or 4 times. For these rea-
sons, in [12] Luo and Drake explored the possibility of other
parallel algorithms with more practical potential: they intro-
duced an algorithm which uses S-algo at the top level and
Fox algorithm at the bottom level. This is the first work that
represents the third approach: use S-algo at the top level (be-
tween processors) and T-algo at the bottom level (also be-
tween processors). To continue, an improvement is intro-
duced in [8]: algorithm SUMMA is used in the place of Fox
algorithm at the bottom level. The third approach is more
complicated than the others, but it gives the scalable and ef-
fective algorithms in multiplying large matrices [12]. In this
article, we will generalize these algorithms by using Can-
non algorithm at the bottom level and show that the total
running time for the Strassen-Cannon algorithm decreases
when the recursion level r increases. This result is also cor-
rect when we replace Cannon algorithm at the bottom level
with the other parallel MM algorithms.

To use S-algo at the top level, the most significant point
is to determine the sub matrices after having recursively ex-
ecuted r time the Strassen formula (these sub matrices are
corresponding to the nodes of level r in the execution tree of
S-algo) and then to find the result matrix from these sub ma-
trices (corresponding to the process of backtracking the exe-
cution tree). It is simple to solve this problem for a sequen-
tial machine, but it’s much harder for a parallel machine.
With a definite value of r, we can manually do it like [4],
[12], and [8] made (r = 1, 2, 3) but the solution for the gen-
eral case has not been found.

In this paper, we present our method to determine all
the nodes at the unspecified level r in the execution tree
of Strassen algorithm, and to show the expression repre-
senting the relation between the result matrix and the sub
matrices at the level recursion r; this expression allows us
to calculate directly the result matrix from the sub matri-
ces calculated by parallel matrix multiplication algorithms
at the bottom level. By combining this result with a good
storage map of sub matrices to processor, and with the
parallel matrix multiplication algorithms based on T-algo
(1D-systolic, 2D-systolic, Fox (BMR), Cannon, PUMMA,
BiMMeR, SUMMA, DIMMA ...) we have a general scal-
able implementation of Strassen’s algorithm on distributed
memory computers.

2. Background
2.1. Strassen Algorithm

We start by considering the formation of the matrix prod-
uct Q = XY, where

Q€ R™ " X € R™F and Y € RO

We will assume that m, n, and k are all even integers. By
partitioning

Xoo Xoi Yoo You
X = Y =
( X0 Xn )’ ( Yio Ynu )’
0= Qoo Qo1 )
Qo Qu

moen m . k kyn
Qij€§R2X2,Xij6§R2X2,aninjE§R2X2,

where

and it can be shown [16, 7] that the following computations
compute ) = XY

Mo = (Xoo + Mi1)(Yoo + Y11);

M, = (X10 + X11)Yo0; Mz = Xoo(Yo1 — Y11);

M3 = X11 (=Yoo + Yi0); My = (Xoo + Xo1)Y11;

Ms = (X10 — Xoo) (Yoo + You1);

Mg = (Xo1 — X11)(Yi0 + Y11); (D
Qoo = Mo + Mg — My + Ms;

Qo1 = My + Ms;

Q10 = My + My;

Q11 = Mo + My — My + Ms;

S-algo does the above computation recursively until one of
the dimensions of the matrices is 1.

2.2. Cannon Algorithm

Cannon algorithm [1] is a commonly used parallel ma-
trix multiply algorithm based on the T-algo. It can be used
on any rectangular processor templates and on matrices of
any dimensions [3]. For simplicity of discussion, we only
consider square processor templates and square matrices.
Suppose we have p? processors logically organized in a
p % p mesh. The processor in i*" row and j* column has
coordinates (i, 7), where 0< 4, j < p-1. Let matrices X,
Y, and @ be of size m x m. For simplicity of discussion
we assume m is divisible by p. Let s = m/p. All matri-
ces are partitioned into p X p blocks of s X s sub matri-
ces. The block with coordinates (i, j) is stored in the corre-
sponding processor with the same coordinates. Let X;;, Y;;,
Q;; stand for the blocks of X, Y, @) respectively stored in
the processor with coordinates (4, j). The following pseudo
code describes the Cannon algorithm. The running time of



The complete i row of X is shifted leftward i times
(i.e., Xij — Xi7j+i)

The complete jth column of Y is shifted upward j times
(ie, Yij < Yiij )

Qi; = X,;Y;; for all processors (4, j)

DO (p — 1) times

Shift X leftwards and Y upwards

(ie., Xij — X; j11; Yij < Yig1)

Qi; = Q45 + X;;Y;; for all processors

ENDDO

the Cannon algorithm consists of two parts: the communi-
cation time Ty, r¢ and the computation time T¢,,,. On the
distributed memory computer, the communication time for
a single message is

T =a+ fn,

where « is the latency, (3 is the byte-transfer rate, and n is
the number of bytes in the message. In the Cannon method,
both matrices X and Y are shifted p times. There are a total
of 2p shifts. The total latency is 2pa. In each shift a sub ma-
trix of order (m/p x m/p) is passed from one processor to
another, where m is the dimension of the matrices. There-
fore the total byte transfer time is 2p3B(m/p)?, where B is
the number of bytes used to store one entry of the matri-
ces. The total communication time is

2Bp
Tshift = 2pa + 77712- 2
The computation time is
2tcom :
Tcomp = L m37 3

2
p
where t.,m, 1s the execution time for one arithmetic opera-

tion. Here we assume that floating point addition and mul-
tiplication has the same speed. The total running time is

2Bj
p

2tcom
T (m) = Pmd +

2 m? + 2pa. 4)

In order to make the Cannon algorithm work, an additional
working space of size m? is needed to temporarily store the
products of the sub matrices of X and Y.

3. General Scalable Parallelizing of Strassen’s
Algorithm for Matrix Multiplication

3.1. Strassen-Canon algorithm and storage pat-
tern of matrices

For a distributed memory parallel algorithm the storage
map of sub matrices to processors is a primary concern. If

0 0 1 2
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Figure 1. Matrix X with 6 x 6 blocks is distrib-
uted over a 3 x 3 processor template from a
matrix point-of-view. The 9 processors are la-
beled from 0 to 8. This pattern is used in the
Strassen-Cannon algorithm when the recur-
sion level is 1.

Figure 2. Same as Figure 1, but from a
processor point-of-view.

the sub matrices used in the S-algo are stored among proces-
sors in the same pattern at each level of recursion, then they
can be added or multiplied together just as if they are stored
within one processor. Here we have a pattern to store the
matrices which is based on the result of Luo and Drake in
[12]. Figures 1 and 2 show the pattern of storing matrix X
with 6 x 6 blocks when the recursion level is 1. Figure 1
is from a matrix point-of-view. Note that the four sub ma-
trices with 3 x 3 blocks are stored among the 9 processors
in the same pattern. Figure 2 is from a processor point-of-
view. Each processor stores one block of the four sub ma-
trices. Figures 3 and 4 show the pattern when the recursion
level is 2. The four sub matrices with 6 x 6 blocks are stored
in the same pattern, as well as the 16 sub matrices with 3 x
3 blocks. This pattern can be easily replicated for higher re-
cursion levels.

These patterns of storing matrices make it possible for all
the processors to act as one processor. Each processor has a
portion of each sub matrix at each recursion level. The addi-
tion (or subtraction) of sub matrices performed in S-algo at
all recursion levels can thus be performed in parallel with-
out any inter processor communication. From the proces-
sor point-of-view, each processor does its local sub matrix
additions and subtractions. Sub matrix multiplications are



Figure 3. Matrix X with 12 x 12 blocks is dis-
tributed over a 3 x 3 processor template from
a matrix point-of-view. The 9 processors are
numbered from 0 to 8. This pattern is used in
the Strassen-Cannon algorithm when the re-
cursion level is 2.

0 3 6 9 1 4 10 5 11

Figure 4. Same as Figure 3, but from a
processor point-of-view.

calculated recursively using S-algo. At the last level of re-
cursion the sub matrix multiplications are calculated using
the Cannon algorithm. Therefore, the Strassen-Cannon al-
gorithm uses S-algo at the top level and the T-algo at the
bottom level.

Suppose the recursion level in S-algo is 7. Let
n = m/p,mg = m/2, and ng = mg/p. Assume
n, mg, no € N. Since there are 18 sub matrix additions and
subtractions and 7 sub matrix multiplications in each re-
cursion, the total running time for the Strassen-Cannon

algorithm is:
T(m) = 18Tadd% + 7T% )

where T}, 44" is the running time to add or subtract sub ma-
trices of order m /2. Note that there are p? processors run-
ning in parallel. Therefore:
2
T m (%) tcomp
add 5 = p—2

Substitute the above formula into equation (5) we have

(6)

18t
T(m) =18 <4—’”P) m? + 7T(%) — sm? + 7T(%)

p?
18¢ ™
where s = —Ge Use the above formula recursively to
obtain
T(m)= sm?+7T%

= sm? 47T (s(3)" 477 (%))

= sm? (1+ 1) +7°T%

= w2 (1+ D)+ 7 (s ()" +7T%)

= sm? (14 1+ ())°) + T3 ®)

21— ( i )T T
= sm’—— +7"T(mo)
r 4
~ %s (AZL) + 77T (myo)
At the bottom level, the Strassen-Cannon algorithm uses
the Cannon algorithm for sub matrix multiplications. There-

fore we can use equation (4) to find T'(my). Substituting the
value of T'(my) and s we have

7\"
T,, ~ —5(4>p§wmp m2 4+ 7" (”;%m% —Qﬁﬁmg 21’)0‘)
5(2) teom
= (%)T Qt;’z’"”m3 + (4)1,2 L+ (ZZ)TQPG

€))
There are four terms in the above equation. The first term
is a cubic term with respect to m. It is the computational
dominant part and it decreases as the recursion level r in-
creases. The second term is quadratic and it results from
the additional sub matrix additions and subtractions in S-
algo. It increases as r increases. The last two terms repre-
sent the communication time. They increase as r increases.
Since the first term is the dominant cubic term, the Strassen-
Cannon algorithm should be faster than the Cannon algo-
rithm when m is large enough.

3.2. Recursion Removal in Fast Matrix Multipli-
cation

In formula (9), we showed that the total running time for
the Strassen-Cannon algorithm decreases when the recur-
sion level r increases. This result is also correct when we



change Cannon algorithm at the bottom level by the other
parallel MM algorithms. The following part presents our
method to determine all the nodes at the unspecified level
r in the execution tree of Strassen algorithm and to deter-
mine the direct relation between the result matrix and the
sub matrices at the level recursion 7.

Our idea is to create an algorithm that executes the same
atomic computations as the recursive one but directly at the
leaf of the tree, without the intermediate computing. It is
possible because the number of the scalar multiplications
is determinable (7%), so we know exactly how many multi-
plications we must do. We only have to determine exactly
which to do and with which parameters in each step. In
each step, the algorithm must execute a multiplication be-
tween 2 factors, which are linear combinations of elements
of X and Y, respectively. We can consider that each fac-
tor is the sum of all elements from each matrix, with coef-
ficient 0, -1, or 1. The execution of the recursive algorithm
can be described by an execution tree. In such a represen-
tation each scalar multiplication is associated with a leaf of
the execution tree. The path from the root to the leaf indi-
cates the recursive calls leading to the corresponding mul-
tiplication. Thus, by the fact that all computations in each
call are linear, we can composite them at only one compu-
tation at a leaf. At the leaf, the coefficient of each element is
obtained by the combination of all computation in the path
from the root. In each recursive call, the coefficient obtained
for each element depends on:

e The index of the call.

e The fact that in which quarter one finds the element in
the division of the matrix by 4 sub matrices.

In another way, the recursive algorithm’s execution takes
a path which covers twice the tree. Our idea is to replace
the whole tree’s covering path with the leaf’s covering path.
Because the tree is balanced with determined depth and de-
gree, the leaf covering path can be determined. All compu-
tations are linear, so they can be combined in the leaf. Each
of the 7% multiplications is a product of 2 linear combina-
tions of X’s and Y’s elements. () is a linear combination of
these 7F multiplications.

We represent the Strassen’s formula:

mp= Y, x;SX(l,4,7) %
i,5=0,1

[=0-.-6
6

and g;; = > mSQ(l,1,5)
=0

> 4iSY (L, ])

i,j=0,1

(10)
with

B 00011011 nij[ooJo1]10]11
o[ 1[ofo0ofo ol1]ofolo
1l o[1]ofo 1/o0fo]1]o
- 2l oo 1 [ - 21100
S¥= S]-1[o 11 ST= 3|1 [-1]o]1
411 o110 dlo 101
Sloflo1[1 (510101
6] 0o o1 6 11|14

k-1
s
o
o
o
=
-
o
=
[N

S0=

S| ||| |—
olo|lo|=|o|lo|~
— o= |lo|—

Each of 7" product can be represented as in the following:

m; = Z LE'”SXk;(l,'L,]) X Z yljSYk(laZ7j>

i,j=0n—1 ij=0m—1
1=0...7" -1
k1
and q;; = ZZ miSQr(l,1,7)
=0

an
In fact, SX = SX{,5Y = SY1,5Q = SQ:.. Now we
have to determine values of matrices S X, SYx,and SQp
from SX7,SY7,and SQ;. In order to obtain this, we ex-
tend the definition of tensor product in [10] for arrays of ar-
bitrary dimensions. Here we show directly our result. The
mathematical demonstration of this result, which is a little
long and complicated, will be soon presented to you in de-
tail in another paper.

k
SXk (1717]) = SX (1777’7'7]7)
=1

T

k
SYy (lvi’j) = SY (lrvirajr) (12)
=1

r=

k
SQk (lala]) = I:IISQ (lTﬂiT’jT)

Apply (12) in (11) we have nodes leafs m; and all the ele-
ments of result matrix.

To implement Strassen’s algorithm on distributed mem-
ory computers, we stop at the recursion level 7 and thanks
to (12) and (11), we have the entire corresponding sub ma-
trices:

M, = Z Xij <H SX (lt»itvjt)>
i,j=0,2"-1 =t

X
Sy, (H sy <zt,z~t,jt>)
i,j=02r—1  \=L
[=0...7T"—-1
(13)
with



Xpuokor jaok=r Xjsok =7 aok =1 k=1

xi*zk—r+2k—r715j*2k—r‘ xi*zk—7'+2/\'—r7151*21"—7421(—1‘71

Visgkr juok-r Yisgkr puokor i of-r

<<
Il

},71*2/\’—1'+2k—7'71\]*2/\‘—7' _yl*zlc—i'+2k—7'71)./*2/»‘—1'+2k—7'71

Gisk 7 juokr Qis2k =1 juakr k=1
0, =

Qisak =7 k=T g puokr I L L R B LN L

i=02"-1j=0,2" -1

Thanks to the storage map of sub matrices to proces-
sors that we have just presented, the sub matrices

S Xy, (tﬁl SX (Iy, ir, jt)>

and >
1=0,2" -1
71=0,2"-1
cally determined within each processor. Their prod-
uct M; will be calculated by parallel algorithms based on
T-algo like Fox algorithm, Cannon algorithm, SUMMA,
PUMMA, DIMMA. ..

Finally, thanks to (12) & (11) we have directly sub ma-
trix elements of result matrix by applying matrix additions
instead of backtracking manually the recursive tree to cal-
culate the root in [12] and [8]:

Y <H SY(ltaitvjt)> are lo-
=1

7" —1
QL] = lz MISQT(ZaZm])
=0
"
B l

Zl M, <tlf[1 5Q (e, iy, jt))

=0

(14)

4. Conclusion

We have just presented a general scalable implemen-
tation for all the matrix multiplication algorithms on dis-
tributed memory computers that use Strassen’s algorithms
at inter-processor level. The running time for these algo-
rithms decreases when the recursion level increases hence
this general solution enables us to find the optimal algo-
rithms (which correspond with a definite value of the recur-
sive level and a definite parallel matrix multiplication algo-
rithm at the bottom level) for all the particular cases.

From a different view, we generalized the formulas of
Strassen for the case where the matrices are divided into 2%
parts (the case k = 2 gives us original formulas) thus we

have a whole new direction to parallelize the Strassen’s al-
gorithm.

In addition, we are applying the ideas presented in this
paper to generalize the algorithm in [4].
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