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Homework 7 Multiscale Methods in CDF

1 Exercise 6.1
Let us compute the Ai, ∀i :

Fi =


Ui+1

(Ui+1

U1
U′ + (γ − 1)(U4 + 1

2U1
(U2

2 + U2
3 ))δi

Ui+1U4

U1
+ Ui+1

U1
(γ − 1)(U4 + 1

2U1
(U2

2 + U
)
3)


Thus for instance:

A1 =



0 1 0 0
U2

2 (−3 + γ) + U2
3 (−1 + γ)

2U2
1

−U2(−3 + γ)
U1

U3 − U3γ

U1
−1 + γ

−U2U3

U2
1

U3

U1

U2

U1
0

U2
(
U2

2 (−1 + γ) + U2
3 (−1 + γ)− U1U4γ

)
U3

1
−3U2

2 (−1 + γ) + U2
3 (−1 + γ)− 2U1U4γ

2U2
1

−U2U3(−1 + γ)
U2

1

U2γ

U1


Which is not symetric. As the other one is just a matter of interverting U3 and U2 and the lines 2 and 3

it is neither symmetric.
To prove that K is not symmetric nor positive definit it is enough to show that K11 is not.

Fvisc
1 + Fheat

1 =



0
λ+ 2µ
U1

(U2,1 − U1,1u1) + λ

U1
(U3,2 − U1,2u2)

µ

U1
(U2,2 + U3,1 − U1,1u2 − U1,2u1)

(λ+ 2µ)U2

U2
1

(U2,1 − U1,1u1) + (λ)U2

U2
1

(U3,2 − U1,2u2) + µU3

U2
1

(U2,2 + U3,1 − U1,1u2 − U1,2u1)


+


0
0
0

−κ
CvU1

(U4,1 − U1,1e− U2,1u1 − U3,1u2 + U1,1(u2
2 + u2

1))


Thus:

K11 =



0 0 0 0

−λ+ 2µ
U1

u1
λ+ 2µ
U1

0 0

− µ

U1
u2

µ

U1
0 0

κ

CvU1
(e− (u2

2 + u2
1))− (λ+ 2µ)U2

U2
1

(u1)− µU3

U2
1

(u2) κ

CvU1
u1 + (λ+ 2µ)U2

U2
1

κ

CvU1
u2 + µU3

U2
1
U3,1

−κ
CvU1


Which is obviously not symetric and neither definite positive because of the first line

2 Exercise 6.2

Ã0 = ∂U
V (V) = U? ∂(ρι)

V

T

+ ρι
∂U?

V with U? = U
ρι

Recall:

ρι = ρ0ι0

(
−1
ι0V5

) α
α−1

exp

−γ − V1 + V 2
2 +V 2

3 +V 2
4

2V5

γ − 1
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Thus

∂(ρι)
V =



−e
V 2

2 +V 2
3 +V 2

4 −2V1V5+2V5γ
2V5−2V5γ ι0(ι0V5)−

γ
−1+γ ρ0

−1 + γ

e
V 2

2 +V 2
3 +V 2

4 −2V1V5+2V5γ
2V5−2V5γ ι0V2(ι0V5)−

γ
−1+γ ρ0

V5(−1 + γ)

e
V 2

2 +V 2
3 +V 2

4 −2V1V5+2V5γ
2V5−2V5γ ι0V3(ι0V5)−

γ
−1+γ ρ0

V5(−1 + γ)

e
V 2

2 +V 2
3 +V 2

4 −2V1V5+2V5γ
2V5−2V5γ ι0V4(ι0V5)−

γ
−1+γ ρ0

V5(−1 + γ)

−
e
V 2

2 +V 2
3 +V 2

4 −2V1V5+2V5γ
2V5−2V5γ ι0(ι0V5)−

γ
−1+γ

(
V 2

2 + V 2
3 + V 2

4 − 2V5γ
)
ρ0

2V 2
5 (−1 + γ)



=



E
EV2

V5
EV3

V5
EV4

V5

−
E
(
V 2

2 + V 2
3 + V 2

4 − 2V5γ
)

2V 2
5



With

E = e
V 2

2 +V 2
3 +V 2

4 −2V1V5+2V5γ
2V5−2V5γ ι0(ι0V5)−

γ
−1+γ ρ0

−1 + γ

And

∂U?

V =


0 0 0 0 −1
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0

0 −V2

V5

−V3

V5

−V4

V5

V 2
2 + V 2

3 + V 2
4

2V 2
5


The matrix is too big to be writen fully but we know that to be symetric we need to verify the conditions:

∂ρι

∂V1
V2 = − ∂ρι

∂V2
V5

∂ρι

∂V1
V3 = − ∂ρι

∂V3
V5

∂ρι

∂V1
V4 = − ∂ρι

∂V4
V5

∂ρι

∂V1

(
1− V 2

2 + V 2
3 + V 2

4
2V5

)
= − ∂ρι

∂V5
V5 − ρι

∂ρι

∂V2
V3 = ∂ρι

∂V3
V2

∂ρι

∂V2
V4 = − ∂ρι

∂V4
V2

∂ρι

∂V3
V4 = − ∂ρι

∂V4
V3

∂ρι

∂V2

(
1− V 2

2 + V 2
3 + V 2

4
2V5

)
− V2

V5
ρι = ∂ρι

∂V5
V2

∂ρι

∂V3

(
1− V 2

2 + V 2
3 + V 2

4
2V5

)
− V3

V5
ρι = ∂ρι

∂V5
V3

∂ρι

∂V4

(
1− V 2

2 + V 2
3 + V 2

4
2V5

)
− V4

V5
ρι = ∂ρι

∂V5
V4

Ã0 =


EV5 −EV2 −EV3 −EV4 A

−EV2
EV 2

2
V5

+ ρι EV2V3
V5

EV2V4
V5

B

−EV3
EV2V3
V5

EV 2
3

V5
+ ρι EV3V4

V5
C

−EV4
EV2V4
V5

EV3V4
V5

EV 2
4

V5
+ ρι D

A B C D F
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A =
E
(
V 2

2 + V 2
3 + V 2

4 − 2V5
)

2V5

B = EV2γ −
EV2

(
V 2

2 + V 2
3 + V 2

4
)

2V 2
5

c = EV3γ −
EV3

(
V 2

2 + V 2
3 + V 2

4
)

2V 2
5

D = EV4γ −
EV4

(
V 2

2 + V 2
3 + V 2

4
)

2V 2
5

F =
E
(
V 2

2 + V 2
3 + V 2

4 − 2V5
) (
V 2

2 + V 2
3 + V 2

4 − 2V 2
5 γ
)

4V 3
5

−
e
V 2

2 +V 2
3 +V 2

4 −2V1V5+2V5γ
2V5−2V5γ ι0

(
V 2

2 + V 2
3 + V 2

4
)

(ι0V5)−
γ
γ−1 ρ0

2V5

3 Exercise 6.3

4 Exercise 6.5

Fi =



Ui+1

(Ui+1

U1
U2 + (γ − 1)(U5 + 1

2U1
(U2

2 + U2
3 + U2

4 ))δi

(Ui+1

U1
U3 + (γ − 1)(U5 + 1

2U1
(U2

2 + U2
3 + U2

4 ))δi

(Ui+1

U1
U4 + (γ − 1)(U5 + 1

2U1
(U2

2 + U2
3 + U2

4 ))δi
Ui+1U5

U1
+ Ui+1

U1
(γ − 1)(U5 + 1

2U1
(U2

2 + U2
3 + U2

4 ))



F̃i =



(ριVi+1)

(− (ριVi+1)
ριV5

(ριV2) + (γ − 1)(ρι(1− V 2
2 + V 2

3 + V 2
4

2V5
)− 1

2ριV5
((ριV2)2 + (ριV3)2 + (ριV4)2))δi

(− (ριVi+1)
ριV5

(ριV3) + (γ − 1)(ρι(1− V 2
2 + V 2

3 + V 2
4

2V5
)− 1

2ριV5
((ριV2)2 + (ριV3)2 + (ριV4)2))δi

(− (ριVi+1)
ριV5

(ριV4) + (γ − 1)(ρι(1− V 2
2 + V 2

3 + V 2
4

2V5
)− 1

2ριV5
((ριV2)2 + (ριV3)2 + (ριV4)2))δi

−
(ριVi+1)ρι(1− V 2

2 +V 2
3 +V 2

4
2V5

)
ριV5

− (ριVi+1)
ριV5

(γ − 1)(ρι(1− V 2
2 + V 2

3 + V 2
4

2V5
)− 1

2ριV5
((ριV2)2 + (ριV3)2 + (ριV4)2))



F̃i =



Vi+1ιρ

−Vi+1V2ιρ
V5

+ ιρ(γ − 1)δi
−Vi+1V3ιρ

V5
+ ιρ(γ − 1)δi

−Vi+1V4ιρ
V5

+ ιρ(γ − 1)δi
Vi+1ιρ(V 2

2 +V 2
3 +V 2

4 −2V5γ)
2V 2

5
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