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Homework 6 Multiscale Methods in CDF

1 Exercise 6.12

(a) We use in this exercise the classical variable in 1D:

P Ui
U=|pu|=1[U:
pe Us
Let us write the Navier Stokes equations system:
p p 0 0 0 0
pul +lulpu]+p|l = +10 +p b
re) . pe U . TU —q " ub+r

Let us try to express all the unknow terms as a function of U
Lo
p=(y-1)|pe—gpu

A+2
r= Ok 2, = S

q= %f (ex —uuy) = (;TF;) (pex — puu )

Thus the N.S. equation can be write as:

U;+F,=KU,),+F

with:
P pu
U, = |pattpus |, F=| pu®+(y=1)(pe—5pu?) |,
pa€+ pes peu +u(y — 1) (pe — 5pu?)
0 0 0
(A +2p) (A +2p) 0 0
K= P v P s F = 14 b
_<(/\+2u)+ K >u2_ K, <(A+2u)+ n)u K ub +r
p Cup Cup p Cup Cup

Therefore now we have to transform F , into AU ,:

pU
Fo=| pu®+(v—1)(pe — 1pu?)
peu+u(y —1) (pe — 3pu%) ) |
patl + PU
= Pt + 2puu g + (v — 1) (pae + pes — 2pu® — puu )
P €U+ pe U + pen o + U@(’Y - 1) (pe - %pu2) + U(’}/ - 1) (p,me +pez — %p,xUQ - ﬂUU,z)

2

Thus:
0 1 0
A=| u(y-3) u(y - 3) v-1
Wy —1)—euy 3u(1—7)+ey uy
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(b) With Mathematica we end up with the eigenvalues:

N e e e
L, o1 ,

and the nasty eigenvector:

S

2
(;S:{UQ’ 71}7

2
{uQ(—l +7) = 2ey + v2u/(2e —u2) (1 + )y’

de(—147)7 + V2u(=3+7)/ (e — 02) (—1 + )7 — 2u2 (=1 +2) 1}
2eu(—147)y + 2vV2u? (=1 +7)y/(2e — u?) (-1 +7)7 — 2v2e7/(2e = 0?) (-1 +7)y —ud (-1 +2)" [’

2
{267+“<“—“7+\/§\/(26—u2) (—1+7)7)

Y

—de(=1+ )7+ v2u(=3 +7)y/e —w?) (FT )7 +2u® (-1 +77) 1}
—2eu(—1+7)7 + 2v2u2(—1 +7)/(2e — u2?) (=1 +7)7y — 2v2e7/(2e —u2) (—1 + 7)y + w3 (—1 +42)’

2 Exercise 6.13

1. We use now a different variable in 1D:

Let us find the expression of U(Y):

p= # pu = L pe = p 1+ u2
(v = 1)C0’ (v —=1)Cu8’ (v—=1) 20,0

With that we can already define:

up
-1)C,0
. (7u2p )© R P 0
-1C6 " PTGl ,
P 1+ L u? | +u o
(v —1) 20,0 P
Furthermore wa can compute:
_ 1 0 I
~—1)C,0 v —1)C,62
A _ 0UY) o oy e
T oy (v =1)Cub (v =1)Cu0 (v —1)Cu0?
1 p p 2

2 J—
(=1 (1 206" ) (—DCE" 2 - DG
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Therefore:
A =A(Y)A,
[ 0 1 0
= 7u2+%u2(—1+;y) \ 2u—u(71+7)1 -1+
_u3(71 +9) = (Cob + uP)uy  Su?(1—7) + (Cof + 3u?)y wy
- 1 . »
~1)C,0 (v = 1)C,02
(=1 ) ) (v p&
X (v— l)Cvf (y—1)Cu0 (y—1)Cu0?
p p 2
1 2 —
- \' Tace" ) F—DG8" 2y -DC.62"
r 0 0 0
u®(=2+7) _ pu(=3+7) __pu
= 2C, (—1+7)0 Cy(—1+7)0 2C, 02
(u2+2Cv9) u3(72+7)72cvu~/9) pu(u2(72+3'y)+2cv'y€) pus’y
L 4C, (—14+7)6 4C, (—147)0 8C,62—-8C,~62
K =K(Y)A,
i 0 0 0
_ _ (7—1)07,0()\+2;1.)u (y=1)Cu0(A+2p) 0
- p p
—1)C,0(A\+2 r(y—1)60 —1)0kx —-1)C,0(\+2 r(vy—1)60 —1)0k
_7((7 ) p( W oy (Wp ) >u2— (v p) (Cu0 — Lu?) ((v ) p( w4 (vp ) )u (v p)
[ 1 0 N
- 1)C,0 - 1)C,02?
(v=1) ) ) (v p&
x (v~ 1)@? (v—1)C,0 (v —1)C,0?
p p 2
e 2 —
Jv—l)<_%ﬂ%9u G -DGo" 25 -nC.e"
[0 0 0
=10 A+2u 0
0 u(A+2u) kK
2. As:

(A —CA)d = (A~ (D)dA,
the eigenvalues are the same and the eigenvectors verifies:

¢ = Ay
3 Exercise 6.14

In this exercise we will assume the Laplace’s relation for perfect gas:

p=Cp”
1. We have to satisfy the 3 equations:

OH lul?
Oyl 2L
o, ~ ”

o _

ou, ~ "

on _,

Uy °

Thus: o )
H=—p" —p%—i—cst

satisfies the relations.
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2. Obviously we have:

CUl(’Y—l) _ U22 + U32
2
Us
V= =
i
“3
U,
We will use the notation: )
1 Vo2 4 132 71
= (5 (r+ ) = aw)
And thus:
f(V)
U=|f(V)\h
F(V)Vs
3. V)
. ou(v
A_ = =
07 T av
(7T Va(p? )T Va(pr )T
- COh-) - Cch-1n - COh-D,
B )T v A i
6T " mrreEsveon T ooy
1 __4 1
Va(p? ') 7T VoV (p? )71 Vi 1
— - EEeICEY P\ vi+i(vz+v@) -
As
) Vaf(V)
Fi=|Vaf(V)Va+Cf(V)
Vaf(V)V3
)
A=

r 1 __
Va(p? 7T

2

2
P <<v1+;<v;+v32>>w—n + 1)
1

1 __
VaVa(p'~H 71"

C(v-1)

2V (V5 (p+Cyp"))
(V2+V2+2v1)(v—1)
v}

VQ(” (Vi+3(V2+V2))(v-1)

1))

'S

P ((v1+;(v22+v32))(71)

+1) |

2

V3
Vap ((v1+;(v22+v32))(7—1) + 1)
1__

L1
2755 v, (L) T (v 442 )y -2(VE4214))

C(v-1)
1 v24v24ovy \ 7=1 !
_ 2(V2(p+Cro™)) 2T 1 (%1) (38(V2+Vvi+2v1))y—2(Vi+2W)
(VZ+V2+2V1)(v—1) Clv-1)
1
V2V3(/f*_1)ﬁ_1 vy
| Chy-1) Vap ((v1+;(v22+v32))(v1) +1
and so on for the other A,
- JF
A=
_ Vspﬁﬂ VngpﬁM
C(v-1) C(v-1)
1
VaVap7177 175
= C(v—1) Vap ((V1+§(V22+V32))(’y—1) +1
2(V5 p+Crp”) 2V, (V3 p+Cyp)
L (V2+V2+2V1)(v—1) (V2+Vz+2vi)(v—1)

C(y-1)

Then the expression of K came directly from the expression of the viscous term which is directly

expressed in terms of V ,
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0 0 0 0 0 0
0 (A+2x) 0 0 O A
~ |0 0 [ V) 0
K= 0 0 0 0 0 0
0 o 0 0 u 0
0 0 A0 0 (A+2p)
It is also easy to find the expression of F:
0
F=f(V)|bn
ba

4. K and Ag are symmetric but not definite in every case (we would have to assume conditions on A and
the derivative of p) and the A;’s are not even symmetric.

In my point of view as we can express p/p in terms of V we shouldn’t have any trouble fixing p to
constant. Furthermore (the calculus are not developed because I'm out of Advil for this Homework and
it will be a pain for you to to have to go through it. But we should end up with the classical equation
for NS incompressible.
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