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Homework 5 Multiscale Methods in CDF

1 Exercise 3.10

1. Let us recall the weak form stated in (3.100):

tnt1 .
/ (w0, + ure — Fadt + (W(ED), 6(E5) — St N =0 V€ @
t

n

If we replace the ¢ and w by:
¢ = ZNB (z,1)dp = ZNB )os (")

waNA:ctwAfZNA wa(t"H)

We have these expressions because the time discretization is constant. That also leads us to ¢ = 0.
Therefore we have the equation:

/ " ZNAU/A tn+1 +UZNBam ¢B(tn+1) f)th + (Z NAwA(t"H),ZNB(d)B(t"H) — ¢B(tn))Q =0
¢ A B

n

;\Atz Z NAwAm+1 a+UNBam ¢B7TL+1 7f)Q + (NAwA7n+l 7NB(¢B7R+1 *QSB;n ))Q) =0 vaa n

As that equality has to hold for all w we end up with the relation:

A+1

At Y ((Na,uNp,z ¢Bmi1 —Fa+ (Nam, No(6Bini1 —65m))a) =0 VAn
B=A-1

Now let us compute all the coefficients:
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A
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Thus we have the relation:

—Atu L A Az 8 n 2Ax¢ n Atu L A Az &
9 6 A—1,n+1 3 A,n+1 9 6 A+1,n+1
Ax 2Ax Az
¢A In+ —0an+ 5 ——dat1in +AzALf VYA n (1)

2. Let us recall again the weak formulation we will be working with (cf. 3.10)

(whv (bhat )Q + B(wh7 ¢h) = L(wh)

¢ =Y Np(x)ps(t)
B

Thus using:
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w = Z Na(z)wa
A
And with the precedent calculus:
Az . 2Ax . Az . uAz? uAz?
?¢A71(t) + T¢A(t) + ?¢A+1(t) - da—1(t) + 5 patp1(t) = Axf VA (2)
. ; 1
Replacing ¢y 1 = Kt(¢n+1 — ¢n)
—Atu_i_g " +2A3:¢ n Atuﬁ_ﬁ p
B 6 A-Lnt1 T 3= QAnt1 5 6 A+1,n+1
Ax 2Ax Az
:?¢A—17n + T(bA,n + ?¢A+17n + AzAtf VA n (3)

We have exactly the same equation as in the first question. So that’s mean that for a constant inter-
polation in time the method we pick doesn’t matter.

3. We know that on the slanted the interpolation is constant which means that:

[ dherudtads= [ ghids—o
slanted slanted

Thus with a such mesh as in Figure 3.36 we are integrating over such lines. Therefore the equation
becomes:

L
/ NA(/ fds+ Na_1(uacins1 —va—1n) + Na(vant1 —van) + Nay1(Uat1,nt1 — Uat1,.0))dz =0
0 s

Furthermore the expression insinde the integrale doesn’t depend on s, thus we just have to multiply
the term in the integrale by the lenght of the domain which is Atv/1 + u?:

L
/ Na(AtV 14+ uw?f+Na1(ua—1n+1—Ua—1,0)FNa(UA nt1—UAn) FNat1 (Wa+1,nt1—UAt1,n)) = 0dz
0

2

1
3UA7n + “UA+1,n + At vV1+ U2f

2
6“A4,n+1 + -UAnt1 + 6“A+1,n+1 = guAfl,n + 6

3

Thus noting;:

1 2
B=6=—, 'y:§and e=At\V1+u?

We know that one solution is given by (3.238). Thus that’s mean that we can propagate the solution
in the slanted direction without any distortion but just by adding the loading term.

4. Again replacing in (3.100) the shape functions given in 3.75 we have the 2 equations:

tn+1 L
/ / Nant1(Nacintit +uUNA—1 nt1,0)PA—1,n41
tn 0

+(NA,n+1,t + UNA,n+1,w)¢A,n+1 + (NA—i-l,n-‘rl,t + UNA+1,n+1,I)¢A+1,n+1
+(NA71,n,t + ’U/NAfl,n,:c)(ﬁj,Ln + (NAm,t + UNA,n,z)¢j,n + (NA+1,n,t + uNA+1,n,:1:)¢X+1,n - f)dmdt
=0 VA,n
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n+1
/ / Nan((Nacint1,t +uUNA—1 nt1.2)PA—1n41
0

+(Nant1,t FuNAnt1,2)04n+1 + (Natint1t + UNAL1nt1,0)P At 041

+(NA—1,n,t + UNA—l,n,x)Qsz—l,n + (NA,n,t + UJNA,n,ac)d)zm + (NA+1,n,t + UNA+1,n,w)¢j4_+1,n - f)dxdt
L
+ / (Nas N 1065104 10) + Nan (@7 06a0) + Nasin(65e1ndis1n))de
0

=0 VA,n

Let us just compute one integral by hand:

AtAx

tni1 (9 Oe
/ / Nan(Nact it + uN A 1mg1.0)dadt = / / N atNA Lnion 0o Na e

AtAas 2
/ / NA 1n+1n+uA NA 1n+1€)dnd5

:2<—6‘“3>

Therefore after a computation of the integrals with Mathematica the equations become:

A At 2A At Az At
(—?x - U?)QSA 141+ (Tz - U*)¢A,n+1 +(— 6 TUg )¢A+1 n+1
Ax At 2Ax At Az At
(—?fu?) X—l,n+(777u7)¢fln (—?qLu )¢A+1n fAzAt =0 VAn
Az At 2Ax At Az At
(—? - U*)¢A71,n+1 + (—73 - UFWA,TLH +(= o tug )¢A+1 ntl
Ax At 2Ax At Ax At
+(—?—U )&A- 1n+(T_u7)¢An (?"‘“ )¢A+1n fAtAz
Az, _ 20z, _ _
+?(¢A—1,n¢~4_17") + T(¢A,n¢A,n) + ?(¢A+1,n¢A+1,n) =0 VA,n
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