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Truncature : generalization

Second case

Problems
1. ®(|z]) =
2. d(0)=0
Idea
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First case
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Existence of weak solutions, appearance of strong compactness.

Definition (weak solution)

f: renormalized solution to the Boltzmann equation with defect
measure

f e C(RY; D'(RY x RM)) N L(R; LY((1 + |v|? + |x[|?)dxdv))
VB € C?(RT,RT) non-linear such that :

5(0) = 0 A

P v = pnei
Vt 2 0, Jgnvyrn F(t, x, v)dxdv = [pu, gn F(0, X, v)dxdv

1+f B'(f) <0



Assumptions on B

AT MOST BORDERLINE
SINGULARITY.
B(z,0) = Bk 1 B (2, ) with

B

= fon-1 Bo(k.0)(1 — k.o)do < 400
= Au(l2]), 121V (I2]) € Lo (RY)




Assumptions on B

AT MOST BORDERLINE
SINGULARITY.
B(z,0) = Bf](;l(,‘v") + Bi(z,0) with
= fon-1 Bo(k.0)(1 — k.o)do < 400
= Ai(l2]), |2IAy(|2]) € Lio(RY)
BEHAVIOUR AT INFINITY.
M*(|z]) .= [sn-1 B(z,0)(1—k.0)2do

= Ja €[0;2],M(|z]) =
|ZIg@@(\ZI”‘")
M (z) = o (12



Assumptions on B

AT MOST BORDERLINE

SINGULARITY.
B(z,0) = 247 + Bi(z,0) with

= fon-1 Bo(k.0)(1 — k.o)do < 400
= M(lz]), [zIAf(I2]) € L (RY)
BEHAVIOUR AT INFINITY.
M*(|z]) .= [sn-1 B(z,0)(1—k.0)2do

= Ja €[0;2],M(|z]) =

|Zlgoo(\ZIZ“")
< JzAM(2l) = o (12P)

ANGULAR SINGULARITY
CONDITION. [on-1 b(k.o)do = +00



Assumptions on B

AT MOST BORDERLINE B" APPROXIMATES B.

SINGULARITY. .

B(z,0) = Bo(k.o) + Bi(z, o) with = 5" —~ S locally in the
|2 1% weak-measure sense

= fon-1 Bo(k.0)(1 — k.o)do < 400
= M(lz]), [zIAf(I2]) € L (RY)
BEHAVIOUR AT INFINITY.
M(|z]) := [sn-1 B(z,0)(1—k.0)2do

= Ja €[0;2], M*(|z]) =
o (|zP7*)
|z|—o0
= |zIM'(|z]) = o (|z]?)
|z|]—o0
ANGULAR SINGULARITY
CONDITION. [on-1 b(k.o)do = +00



Assumptions on B

AT MOST BORDERLINE B APPROXIMATES B.
SINGULARITY. _

B(Z 0’) — Bo(k'a) + B (Z 0_) W|th " Sn — 5 IOCa”y n the
’ |Z|N e weak-measure sense

. fS’V*I ﬁo(k.a)(l — k.O')dO' <400 . For T ¢ fSN—l B(qb/ — ¢)do,
= Ai(l2]), |2IAy(|2]) € Lio(RY) T =T

BEHAVIOUR AT INFINITY.

M(|z]) := [sn-1 B(z,0)(1—k.0)2do

= Ja €[0;2],M(|z]) =

|Zlgoo(\ZIZ“")
< JzAM(2l) = o (12P)

ANGULAR SINGULARITY
CONDITION. [en-1 b(k.o)do = +o0



Assumptions on B

AT MOST BORDERLINE B" APPROXIMATES B.
SINGULARITY. n .
(ko) _ = 5" — S locally in the
B(z,0) = |z|N + Bi(z,0) with weak-measure sense
" fstl ﬁO(k‘U)(l - k.O')dO' < +00 = For 'T: gf) — fSN—l B(qb/ — ¢)d0,
= Ai(|z]), [2IN(|2]) € L, (RM) T"—T
BEHAVIOUR AT INFINITY. = B" - Ba.e.

M(|z]) := [sn-1 B(z,0)(1—k.0)2do

= Ja €[0;2],M(|z]) =

|Zlgoo(\ZIZ“")
< JzAM(2l) = o (12P)

ANGULAR SINGULARITY
CONDITION. [en-1 b(k.o)do = +o0



Assumptions on B

AT MOST BORDERLINE

SINGULARITY.
B(z,0) = 247 + Bi(z,0) with

= fon-1 Bo(k.0)(1 — k.o)do < 400
= M(lz]), [zIAf(I2]) € L (RY)
BEHAVIOUR AT INFINITY.
M(|z]) := [sn-1 B(z,0)(1—k.0)2do

= Ja €[0;2], M*(|z]) =
o (2177
|z|—o0
= [zZIM(|z]) = o (Iz])
|z|]—o0
ANGULAR SINGULARITY
CONDITION. [en-1 b(k.o)do = +o0

B" APPROXIMATES B.

5" — S locally in the
weak-measure sense

For T: QZ) —> fSN_l B(qb/ — ¢)d0

TN —~T
B" — B a.e.

BEHAVIOUR AT INFINITY
uniformly in n.



Assumptions on B

AT MOST BORDERLINE B" APPROXIMATES B.

SINGULARITY. .

B(z,0) = Bo(k.o) + Bi(z, o) with = 5" —~ S locally in the
|2 1% weak-measure sense

" fstl ﬁO(k‘U)(l - k.O')dO' < +00 = For 'T: gf) — fSN—l B(qb/ — ¢)d0
= Au(|zl), z[Af([2]) € L (RY) T"—=T
BEHAVIOUR AT INFINITY. = B" 5 Ba.e.

M(|z]) := [on-1 B(z,0)(1—k. U)2d‘7 = BEHAVIOUR AT INFINITY

uniformly in n.
- 3a € [0;2], MO(Jz]) =
o (|zP7*)
|z|—o0
= |zIM'(|z]) = o (|z]?)
|z|]—o0

ANGULAR SINGULARITY
CONDITION. [en-1 b(k.o)do = +o0

OVERALL ANGULAR SINGULARITY
CONDITION.



Assumptions on B

AT MOST BORDERLINE

A k) - 5" — S locally in the

B(z,0) |z|N + Bi(z,0) with weak-measure sense
" fSN—l ﬁO(k.U)(l — k.O')dO' E 400 « For T : ¢ — fSN—l B(qb/ - gzﬁ)da
= Au(|2]), [z[A1(|2]) € L (RY) T =T

BEHAVIOUR AT INFINITY. = B" - Ba.e.

M(|z]) := [sn-1 B(z,0)(1—k.0)2do

B" APPROXIMATES B.

= BEHAVIOUR AT INFINITY

uniformly in n.

= Ja €0;2], M*(|z]) = OVERALL ANGULAR SINGULARITY

2—
|z|8>oo(‘2| ) CONDITION.
- ZIM(z)) = o (|zP) * Vn, ANGULAR SINGULARITY
|z| =00 CONDITION

ANGULAR SINGULARITY
CONDITION. [en-1 b(k.o)do = +o0



Assumptions on B

AT MOST BORDERLINE

A k) - 5" — S locally in the

B(z,0) |z|N + Bi(z,0) with weak-measure sense
" fSN—l ﬁO(k.U)(l — k.O')dO' E 400 « For T : ¢ — fSN—l B(qb/ - gzﬁ)da
= Au(|2]), [z[A1(|2]) € L (RY) T =T

BEHAVIOUR AT INFINITY. = B" - Ba.e.

M(|z]) := [sn-1 B(z,0)(1—k.0)2do

B" APPROXIMATES B.

= BEHAVIOUR AT INFINITY

uniformly in n.

= Ja €0;2], M*(|z]) = OVERALL ANGULAR SINGULARITY

2—
|z|8>oo(‘2| ) CONDITION.
- ZIM(z)) = o (|zP) * Vn, ANGULAR SINGULARITY
|z| =00 CONDITION

ANGULAR SINGULARITY = Jono1 lim b"(k.o)do = o0
CONDITION. [en-1 b(k.o)do = +o0 n—00



|dea of the proof

B'(F)Q(f, f) formally cut into three parts :
= something x [ B(f/ — f.)dvido = use of the cancellation
lemma
= Q(f,B(f)) = apparition of T
= — [ Bf/T'(f, f")dv.do which convergence is a consequence of
the convergence of the first two terms

F(f, ) = B(F) = B(F) = B(FA(F = £) <0
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5(Iz[) = Ado + S1(]21)

Proof.
B. = fﬁlwza gives S. which goes to Sg when ¢ — 0

1 us
S.(12]) |Z|N/ 26 (1,12, cops — Ljzjs: ) Bo(cosf)do

1 1 2 . N—2
X TR s I Pl

€

Notice that [ S.(|z])dz = Ei,\, [J (‘z‘) does not depend on «.

SuPp(Se) C B(0>5)
We get Sy o dg
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Idea of the proof of strong compacity appearance

1.

get strong compacity results in Lfy, .y for [ B(f")¢(v)dv,

B(f") %, ¢ and Vf" %, ¢. = AVERAGING LEMMAS
strong convergence: [ f"dv — [ fdv

. apply result of previous paper (truncation) and OVERALL

ANGULAR SINGULARITY CONDITION = velocity
N Tim n|2
smoothness: All_)moonl|_>ngo Jwe Jigjza |7V ERI7dEdtdx where

V7 F and W = {(t,x) € [0; T] x BY, [ F2dv > &}

3. use mollifiers to get strong compacity of (v/£") in L?
4. get L' strong compacity of (") as in DiPernas&Lions

5. pass to the (strong) limit in the renormalized formulation,

using the previous decomposition, and 7" — 7T and Fatou'’s
lemma

Conclude: check that f is a RSDM
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Non-isotropic norm and estimates of linearized collision

operator
Norm used to get existence of classical solutions
3 v Lg:=-Q(/n,g)— g, V)
p(v) = (2m)"2e" 2 linear: Kerl\',r: N v
f=p+\ng — P [?-ortho jecti
- gonal projection

Q(f, ) = Qu, \/ug) + on N
g(fga/i) + Q(V/H, v/1t) A Boltzmann equation =—

(g, h) = = Q(/ng, \/ih) Oig +v.Vig+Lg =g, g)

Non-isotropic norm

lgll? = [ ©bpa(e’ — gV2dvadvdo + [ Obg2(i7 — /Y dvadvdo
=h+h

Theorem

B(z,0) = ®(|z|)b(cos 0) with &(|z|) = |z|” and similar
assumptions as before: v > —3 and v € ]0; 2].
GlI(1-P)gll]” < (L. &) 12(rz) < Colllglll?



About the non-isotropic norm

(R?)

(Ilgll2 ) +llellz, e ) <Illell* < C4HgH2g

2 3
H (R u+'y



About the non-isotropic norm

(Hgll2 ) +llellz, e ) < Illglll® < Gallgll? 5

HZ (R3 HZ.., (R})
2

Treate separately J; and J» )
Show in particular that J$ ~ HgHi2 ~ J3 and
v+y
2

K+ llglfz  ~ I+l
vty vty

2 2



About the non-isotropic norm

(Hgll2 ) +llellz, e ) < Illglll® < Gallgll? 5

HZ (R3 HZ.., (R})
2

Treate separately J; and J» )
Show in particular that J$ ~ HgHi2 ~ J3 and
v+y
2

K +llellf  ~ I+ el
# viy

2
®(|z]) =< |z| >7= (1+|2|2)2 = get rid off the singularity in 0.



Conclusion

Thank you !

Any questions 7



