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Introduction : the Boltzmann equation without angular
cutoff

∂f
∂t +∇x f .v = Q(f , f )

Q(g , f ) =

∫
RN

∫
SN−1

B(g ′∗f ′−g∗f )dσdv∗

with

v ′ =
v + v∗

2 +
|v − v∗|

2 σ

v ′∗ =
v + v∗

2 − |v − v∗|
2 σ

B(v − v∗, σ) = B(|v − v∗|, k.σ)

= B(|v − v∗|, cos θ)

Non-cutoff assumption∫
SN−1 B(z , σ)dσ = +∞
B(z , σ) ≥ Φ(|z |)b(cos θ)
with Φ(|z |) = |z |γ and

sinN−2 θb(cos θ) ∼
θ→0+

K
θ1+ν
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Three papers

• Entropy dissipation and long-range interactions by R.
Alexandre, L. Desvillettes, C. Villani and B. Wennberg (2000)

• On the Boltzmann equation for long-range interactions by R.
Alexandre and C. Villani (2002)

• The Boltzmann equation without angular cutoff in the whole
space: I, Global existence for soft potential, part 2
Non-isotropic norm and estimates of linearized collision
operators by R. Alexandre, Y. Morimoto, S. Ukai, C.-J. Xu
and T. Yang (2011)



Figure: A GREAT shopping mall in Nanjing



Entropy Dissipation and Long-Range Interactions
Main result
‖
√
f ‖2Hν/2(|v |<R)

≤ Cg ,R
(
D(g , f ) + ‖g‖L1

2
‖f ‖L1

2

)

D(g , f ) = −
∫
RN Q(g , f ) log(f )dv

Assumptions on B

• non-cutoff (Φ continuous, positive
except in 0, 0 ≤ ν < 2)

• Λ(|z |) + |z |Λ′(|z |) ≤ C0(1 + |z |)2

where
Λ(|z |) =

∫
SN−1 B(z , σ)(1− k.σ)dσ

and
Λ′(|z |) =

∫
SN−1 B′(z , σ)(1− k.σ)dσ

with B′(z , σ) =

sup
1<λ≤

√
2

|B(λz , σ)− B(z , σ)|
(λ− 1)|z | .

Proof step by step

• cut D(g , f ) into two
parts by habile use of
two changes of variables

• bound the first part
=⇒ cancellation lemma

• first assume Φ = 1 and
use Fourier analysis to
bound the second part

• generalize
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Cancellation lemma

D(g , f ) =
∫
Bg∗(f − f ′)dvdv∗dσ +

∫
Bg∗

(
f log f

f ′ − f + f ′
)

dvdv∗dσ

Theorem (Cancellation lemma)

S(z) = |SN−2|
∫ π

2
0 sinN−2 θ

B
(
|z|

cos θ2
,cos θ

)
cosN θ

2
− B(|z |, cos θ)

 dθ

We have:
1. |S(z)| ≤ CN (Λ(|z |) + |z |Λ′(|z |))

2.
∫
B(f ′ − f )dvdσ = (f ? S) (v∗)

Corollary
There exists C depending only on N and B such that
|
∫
Bg∗(f ′ − f )dvdv∗dσ| ≤ C‖g‖L1

2
‖f ‖L1

2
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Truncature : generalization

Problems
1. Φ(|z |)→∞
2. Φ(0) = 0

Idea
f → fA, g → gB

First case
A = B = BR

Second case
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Figure: Shanghai Hongqiao train station



On the Boltzmann Equation for Long-Range Interactions

Existence of weak solutions, appearance of strong compactness.

Definition (weak solution)
f : renormalized solution to the Boltzmann equation with defect
measure
f ∈ C(R+;D′(RN

x × RN
v )) ∩ L∞(R+; L1((1 + |v |2 + |x |2)dxdv))

∀β ∈ C2(R+,R+) non-linear such that :

β(0) = 0 0 < β′(f ) ≤ C
1 + f β′′(f ) < 0

=⇒


∂β(f )

∂t + v .∇xβ(f ) ≥ β′(f )Q(f , f )

∀t ≥ 0,
∫
RN×RN f (t, x , v)dxdv =

∫
RN×RN f (0, x , v)dxdv
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Assumptions on B
At most borderline
singularity.
B(z , σ) = β0(k.σ)

|z|N + B1(z , σ) with
•
∫

SN−1 β0(k.σ)(1− k.σ)dσ < +∞
• Λ1(|z |), |z |Λ′1(|z |) ∈ L1

loc(RN)

Behaviour at infinity.
Mα(|z |) :=

∫
SN−1 B(z , σ)(1−k.σ)

α
2 dσ

• ∃α ∈ [0 ; 2],Mα(|z |) =
o

|z|→∞
(|z |2−α)

• |z |M ′(|z |) = o
|z|→∞

(|z |2)

Angular singularity
condition.

∫
SN−1 b(k.σ)dσ = +∞

Bn approximates B.

• Sn ⇀ S locally in the
weak-measure sense

• For T : φ 7→
∫

SN−1 B(φ′ − φ)dσ,
T n ⇀ T

• Bn → B a.e.
• Behaviour at infinity

uniformly in n.
Overall angular singularity
condition.

• ∀n, Angular singularity
condition

•
∫

SN−1 lim
n→∞

bn(k.σ)dσ =∞
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Idea of the proof

β′(f )Q(f , f ) formally cut into three parts :
• something×

∫
B(f ′∗ − f∗)dv∗dσ =⇒ use of the cancellation

lemma
• Q(f , β(f )) =⇒ apparition of T
• −

∫
Bf ′∗Γ(f , f ′)dv∗dσ which convergence is a consequence of

the convergence of the first two terms
Γ(f , f ′) := β(f ′)− β(f )− β′(f )(f ′ − f ) ≤ 0



Idea of the proof of strong compacity appearance

1. get strong compacity results in L1
(loc) for

∫
β(f n)φ(v)dv ,

β(f n) ?v φ and
√
f n ?v φ. =⇒ Averaging lemmas

strong convergence:
∫
f ndv →

∫
f dv

2. apply result of previous paper (truncation) and Overall
angular singularity condition =⇒ velocity
smoothness: lim

A→∞
lim

n→∞

∫
W ε

∫
|ξ|≥A |F

√
f n
R |2dξdtdx where

√
f n → F and Wε =

{
(t, x) ∈ [0 ;T ]× BN

R ,
∫
F 2dv > ε

}
3. use mollifiers to get strong compacity of (

√
f n) in L2

4. get L1 strong compacity of (f n) as in DiPernas&Lions
5. pass to the (strong) limit in the renormalized formulation,

using the previous decomposition, and T n → T and Fatou’s
lemma

6. Conclude: check that f is a RSDM
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Figure: The old Summer Palace, Beijing



Non-isotropic norm and estimates of linearized collision
operator

Norm used to get existence of classical solutions

µ(v) = (2π)−
3
2 e−

|v|2
2

f = µ+
√
µg

Q(f , f ) = Q(µ,
√
µg) +

Q(
√
µg , µ) + Q(

√
µ,
√
µ)

Ω(g , h) := 1√
µQ(
√
µg ,√µh)

Lg := −Ω(
√
µ, g)− Ω(g ,√µ)

linear: KerL = N
=⇒ P L2-orthogonal projection
on N
Boltzmann equation =⇒
∂tg + v .∇xg + Lg = Ω(g , g)

New norm
|||g |||2 =

∫
Φbµ∗(g ′− g)2dv∗dvdσ+

∫
Φbg2

∗ (
√
µ′−√µ)2dv∗dvdσ

= J1 + J2

Theorem
B(z , σ) = Φ(|z |)b(cos θ) with Φ(|z |) = |z |γ and similar
assumptions as before: γ > −3 and ν ∈ ]0 ; 2[.
C1|||(I− P)g |||2 ≤ (Lg , g)L2(R3

v ) ≤ C2|||g |||2
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About the new norm

C3

‖g‖2
H
ν
2
γ
2

(R3
v )

+ ‖g‖2L2
ν+γ

2
(R3

v )

 ≤ |||g |||2 ≤ C4‖g‖2
H
γ
2
ν+γ

2
(R3

v )

Treate separately J1 and J2
Φ̃(|z |) =< |z | >γ= (1+ |z |2)

γ
2 =⇒ get rid off the singularity in 0.

Show in particular that JΦ
2 ∼ ‖g‖2L2

ν+γ
2

∼ J Φ̃
2 and

JΦ
1 + ‖g‖2L2

ν+γ
2

∼ J Φ̃
1 + ‖g‖2L2

ν+γ
2
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Conclusion

Figure: Me, C. Villani and a friend at PRIMA conference, Shanghai


