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Three papers

= Entropy dissipation and long-range interactions by R.
Alexandre, L. Desvillettes, C. Villani and B. Wennberg (2000)

= On the Boltzmann equation for long-range interactions by R.
Alexandre and C. Villani (2002)

= The Boltzmann equation without angular cutoff in the whole
space: I, Global existence for soft potential, part 2
Non-isotropic norm and estimates of linearized collision
operators by R. Alexandre, Y. Morimoto, S. Ukai, C.-J. Xu
and T. Yang (2011)
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Figure: A GREAT shopping mall in Nanjing
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Cancellation lemma

D(g,f) = J Beg.(f — f')dvdv.do + [ Bg. (flog f; — f + f') dvdu.do

Theorem (Cancellation lemma)

. B (cosZIG ,COS 9)
S(z) = |SN-2| 2 sinN 20 | 24 - B

We have:

L |5(2)] < Cn (A(I2]) + 12IN(Iz])
2. [B(f'—f)dvdo = (f *S) (v)

Corollary

There exists C depending only on N and B such that
| Be.(F — F)dvdvdo| < Cllg 1.
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Truncature : generalization

Second case

Problems
1. ®(|z]) =
2. d(0)=0
Idea

f—)fA,g—>gB

First case
A=B=Bg
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Figure: Shanghai Honggiao train station
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Existence of weak solutions, appearance of strong compactness.

Definition (weak solution)

f: renormalized solution to the Boltzmann equation with defect
measure

f e C(RY; D'(RY x RM)) N L(R; LY((1 + |v|? + |x[|?)dxdv))
VB € C?(RT,RT) non-linear such that :

5(0) = 0 A

P v = pnei
Vt 2 0, Jgnvyrn F(t, x, v)dxdv = [pu, gn F(0, X, v)dxdv

1+f B'(f) <0
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|dea of the proof

B'(F)Q(f, f) formally cut into three parts :
= something x [ B(f/ — f.)dvido = use of the cancellation
lemma
= Q(f,B(f)) = apparition of T
= — [ Bf/T'(f, f")dv.do which convergence is a consequence of
the convergence of the first two terms

F(f, ) = B(F) = B(F) = B(FA(F = £) <0
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1.

get strong compacity results in Lfy, .y for [ B(f")¢(v)dv,

B(f") %, ¢ and Vf" %, ¢. = AVERAGING LEMMAS
strong convergence: [ f"dv — [ fdv

. apply result of previous paper (truncation) and OVERALL

ANGULAR SINGULARITY CONDITION = velocity
N Tim n|2
smoothness: All_)moonl|_>ngo Jwe Jigjza |7V ERI7dEdtdx where

V7 F and W = {(t,x) € [0; T] x BY, [ F2dv > &}

3. use mollifiers to get strong compacity of (v/£") in L?
4. get L' strong compacity of (") as in DiPernas&Lions

5. pass to the (strong) limit in the renormalized formulation,

using the previous decomposition, and 7" — 7T and Fatou'’s
lemma

Conclude: check that f is a RSDM



Figure: The old Summer Palace, Beijing
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Non-isotropic norm and estimates of linearized collision

operator
Norm used to get existence of classical solutions
3 v Lg = —Q(/n.8) — g, /1)
p(v) = (2m)"2e" 2 linear: KerL\',C N v
f=p+ug = P L[%-ortho jecti
- gonal projection

Q(f, ) = Q(u, \/ﬁg) + on N
Q(\fg M)-l- Q(VH, /1t) A Boltzmann equation —

(g, h) = = Q(/ng, \/ih) Oig +v.Vxg+ Lg =g, g)

New norm

lgll2 =  ©bpae’ — gV2dvadvdo + [ Obg2(i7 — /Y dvadvdo
=h+h

Theorem

B(z,0) = ®(|z|)b(cos 0) with &(|z|) = |z|" and similar
assumptions as before: v > —3 and v € ]0;2].

Gl = P)gll* < (L, &) izrz) < Calllgll?
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About the new norm

X
2 3)
vty v

2 2 2 2
G (ugnH; oy el (Rﬁ)) < lligll < Gilel

a v
2

Treate separately J; and J,
®(|z]) =< |z| >7= (1+|2|?)7 = get rid off the singularity in 0.
Show in particular that J3® ~ HgH%z ~ J3 and

vty

2

K +lelf ~ I +lleli
5 5



Conclusion

Figure: Me, C. Villani and a friend at PRIMA conference, Shanghai



