
Mixed Nash Equilibria in
Concurrent Games

Daniel STAN
Supervised by Nicolas Markey and Patricia Bouyer

Second Cassting meeting

1/28



Concurrent Games and Equilibria

Examples and tools

Existence of an equilibrium in terminal-reward games

2/28



Concurrent Games and Equilibria

Examples and tools

Existence of an equilibrium in terminal-reward games

3/28



Definition: concurrent game

Definition

G =
〈
States,Agt,Act,Mov,Tab, (AllowA)A∈Agt , (φA)A∈Agt

〉
with

I |States| < +∞, |Agt| < +∞ and |Act| < +∞
I Tab : States×ActAgt −→ States

I ∀A ∈ Agt AllowA : States −→ 2Act

I ∀A ∈ Agt φA : Statesω −→ R
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Strategy and outcome

Definition
Let h ∈ States+ be a history,

σA(h) ∈ Dist(AllowA(last(h)))

We denote by SA the set of (randomized) strategies of player A,
and S the set of strategy profiles
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Definition (Semantics)

If h ∈ States+ is a history, and σ ∈ S, the action chosen by each
agent A is a random variable aA ∼ σA(h).
Next state is then Tab(last(h), (aA)A∈Agt)

Definition (Probability measure)

The game generates an infinite random run for every strategy
profile σ and initial history h. For every r ∈ Statesω, we denote by
Pσ(r | h) the probability to get generate the run r from h.
For every h′ ∈ States+, we note Pσ(h′ | h) = Pσ(h′Statesω | h)
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Utility functions and expectation

We only consider terminal reward utilities.

s0

⇔ K

∀h ∈ States∗ φ(h · sω0 ) = K ∈ RAgt

Definition (Conditionnal expectation)

For φ : Statesω −→ RAct with finite support, let

Eσ(φ | h) =
∑

x∈Img(φ)

x · Pσ
(
φ−1(x)

∣∣ h
)
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Deviation and Nash equilibria

Definition
A Nash Equilibrium (NE) is a couple (σ, h) where

I σ ∈ S
I h ∈ States+ is an initial history

I No player can improve his utility by changing her own strategy
(deviation),

∀A ∈ Agt ∀σ′A ∈ SA Eσ[A/σ
′
A](φA | h) ≤ Eσ(φA | h)

When σ(h) is degenerated for all h, the equilibrium is said to be
pure. Otherwise, this is a mixted equilibrium.
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Rock-paper-scissors

s0

0, 0 1, 00, 1

aa
bb
cc

ba,cb
ac

ab,bc
ca

σ(s0) = aa⇒ Eσ(φ | s0) = (0, 0)

Agent 1 can deviate:

σ′1(s0) = b ⇒ Eσ[1/σ
′
1](φ | s0) = (1, 0)
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Rock-paper-scissors

s0

0, 0 1, 00, 1

aa
bb
cc

ba,cb
ac

ab,bc
ca

σ(s0) ∼ U({a, b, c})2 ⇒ Eσ(φ | s0) =

(
1

3
,

1

3

)
is an equilibrium:

∀i ∀σ′ Eσ[i/σ
′](φ | s0) =

(
1

3
,

1

3

)
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One stage game with two players and

two actions

s0

c0, b1 a0, a1 d0, d1 b0, c1

(a, b)

(a, a)

(b, a)

(b, b)

H
HHH

HH1
0

a b

a a0, a1 b0, c1
b c0, b1 d0, d1

∀i ∈ {0, 1} ∀σ′ ∈ S Eσ[i/σ
′](φi | h) ≤ Eσ(φi | h)
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One stage game with two players and

two actions

s0

c0, b1 a0, a1 d0, d1 b0, c1

(a, b)

(a, a)

(b, a)

(b, b)

HHH
HHH1

0
a b

a a0, a1 b0, c1
b c0, b1 d0, d1

∀i [(di − ci ) + (ai − bi )] · σ1−i (a | s0) = di − ci
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two actions

s0

c0, b1 a0, a1 d0, d1 b0, c1

(a, b)

(a, a)

(b, a)

(b, b)

H
HHH

HH1
0

a b

a a0, a1 b0, c1
b c0, b1 d0, d1

∀i

{
σi (a | s0) < 1⇒ [(di − ci ) + (ai − bi )] · σ1−i (a | s0) ≤ di − ci

σi (a | s0) > 0⇒ [(di − ci ) + (ai − bi )] · σ1−i (a | s0) ≥ di − ci
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Infinite runs and abstractions

s0

1, 0s1

0, 1

aa
bb

aa
bb

ab
ba

ab
ba

s0

1, 0(x , y)

aa
bb

ab
ba

(x , y) = Eσ(φ | s0s1)
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Problem

Problem
Given a terminal-reward concurrent game G, an initial state s0 and
ϕ : RAct → R a linear map,
does there exist a σ ∈ S such that (σ, s0) is a Nash Equilibrium
and ϕ (Eσ(φ | s0)) ≥ 0 ?

Without constraints,

I It does exist an equilibrium in any finite stage game (Nash’s
theorem cf [Nas50])

I If we allow non-positive terminal-rewards, there exist
concurrent games without equilibrium

I This still holds if we add Büchi conditions for the rewards

I If we restrict to non-negative rewards. . . ?
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Undecidability of the problem in

turn-based games

Theorem ([UW11])

The constrained existence problem is undecidable for 14-player
turn-based games with terminal rewards.
Turn-based: ∀s ∈ States |{A | |AllowA(s)| > 1}| ≤ 1

I Reduction to a 2-counter machine

I ci as expected reward 1
2ci

I (Safety) constraint on one player

I Complex proof (14 agents required)

I Concurrency not exploited
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2-counter machine

Definition
(Q, q0,∆) where

I Q finite set of states

I q0 ∈ Q initial state

I ∆ ⊆ Q × Γ× Q transition table with
Γ = {inc(j), dec(j), zero(j) | j ∈ {1, 2}}

We note q∆ = {(γ, q′) | (q, γ, q′) ∈ ∆}
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Counting modules

I Goal: encode (c1, c2) as expected reward 1
2c13c2

I Zero test ?

I We build a game with a countable number of equilibria

I Agt = {0, 1, 2}, 1 and 2 are antagonistic

I Safety condition: ”Agent 0 should get an expected reward of
1”

s0

1, 2, 01, 0, 2 0, 2, 0

s1

1, 1, 1

ba− aa− ab−

bb−

b.a, ba.
abb

aa.
a.a

bbb
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Counting modules (iteration)

(
1, 1 + 1

k , 1−
1
k

)
s1

0, 2, 0 1, 1, 1

b.a, ba.
abb

aa.
a.a

bbb

H
HHHHH1

0
a b

a 0, 2 1, 1
b 1, 1 1, 1 + 1

k

Figure: Projection on players 0, 1 (assuming 2 plays b)

⇒ σ0(a) ≤
1 + 1

k − 1

1 + 1
k − 1 + 2− 1

=
1

k + 1
⇒ Eσ(φ1) ≤ 1 +

1

k + 1
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Countable set of equilibria

Theorem
If we restrict to safe equilibria, then:
the set of expected rewards of the possible Nash equilibria is

exactly the set Ir =
{(

1, 1 + 1
n+1 , 1−

1
n+1

) ∣∣∣ n ∈ N
}

.

With the same method, we build a game whose set of equilibria is:

Ir =

{(
1, 1 +

1

2n
, 1− 1

2n

) ∣∣∣∣ n ∈ N
}
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Tweaking the modules

We duplicate agents 1 and 2, so we got 5 agents: 0,A0
1,A

0
2,A

1
1,A

1
2.

Last two players have linear combinations of the previous payoffs.

For instruction dec(1), we have:

Ir =

{(
1, 1 +

1

n + 1
, 1− 1

n + 1
, 1− 1

n + 1
, 1 +

1

n + 1

) ∣∣∣∣ n ∈ N
}

.
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One step reduction

T t
γq C t

γq qt

t t t

At
1,2 : 1

γt

T t
γ′q′ C t

γ′q′ q′t

t t t

At
1,2 : 1

γ′t

...

a.
.a

bb 6=

=

δδ

a.
.a

bb 6=

=

Where

I γt is one of the tweaked module

I states annotated with t are controlled by At
1 and At

2

I δ = γ′q′ ∈ q∆ is the next transition
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One step reduction (sketch for

dec(1))

Eσ(φ11, φ
1
2) = (1, 1)

T 1
γq C 1

γq q1

1 0 1

A1
1,2 : 1

1 . . . 1 + 1/k , 1− 1/k

T 0
dec(1)q′ C 0

dec(1)q′ q′0

0 1 0

A0
1,2 : 1

1, 1 + 1/n, 1− 1/n, 1− 1/n, 1 + 1/n

...

a.
.a

0

bb

1

6=

1
2

= 1
2

δδ

1

a.
.a

bb 6=

=
0

1
1
2

1
2

We should have:

1 =
1

2

(
1 +

1

k

)
+

1

4

(
1− 1

n

)
+

1

4
⇒ n =

k

2
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Theorem
The constrained existence problem is undecidable for 5-player
concurrent games.

Still hope for 2-player games !
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Conclusion

I Study of simple cases

I Build of simple modules with non-trivial equilibria

I Reduction to 5-player games using concurrency

I Lower bound on the number of players ?
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Outlooks

I Reduction to 3 players ?

I Regularity with no-constraint ? (closure)

I Restriction to simpler strategy profiles (computable,
automaton ?)

I Restriction to weaker winning conditions

I Adapt the tools for pure Nash Equilibria (eg Suspect
Game [Bre12])
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Thank you for your attention
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