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Functions of several real variables (MA102, Part—I) !

Find the limits of following, if exist.

P N T A (z+y+2)? ) xy cos(y)
_ n2 R b ~ J 7 g I/
(a) (Sm(n)’ e, sin( 2 n)) (®) (#,y,2)—(0,0,0) 2 + y2 + 22 (2,y)—(0,0) 4x2 + 32
322y . l—cos(z+y+=2 . sin(z2 + 32
(d)  lim 5 | |2 e lim ( 5 ) f) lim %
(z,y)—(0,0) T2 + y (2,9,2)=(0,0,0) (. +y+ 2) (z,9)—(0,0) X2 +y

. Check the continuity of the following functions. Let f : R? — R be defined by

(a) f(z,y) = sin(@y) for gy £ 0 and f(z,y) =1 for zy = 0.

zy
23
(b) f($7y) = ﬁv for (Z‘,y) 7é (an) and f(l',y) =0 for (Z‘,y) = (070)
Let f(z,y) =e¢ =7 , when x # y. How must f be defined for = y so that f is continuous on R? ?

Let f,g:R? — R be defined by f(z,y) = |z| + |y| and f(z,y) = |zy| for (x,y) € R Show that

(a) f5(0,0) and f,(0,0) do not exist whereas g,(0,0) and g¢,(0,0) exist.

(b) for zg # 0, gy(x0,0) does not exist and for yg # 0, g (0, yo) does not exist.

Consider the function f(z,y) = 307u—y" for (z,y) # (0,0) and f(z,y) =0 for (z,y) = (0,0).

x2 +y2 bl

(a) Verify whether f is continuous at (0,0) (b) Evaluate f,(z,0) for 2 # 0 and (c) Verify whether f, is

continuous at (0, 0).
In each of the following cases discuss the differentiability of f at (0,0) where f(z,y), for (z,y) € R? is

(@) |2 +1y| ) @yl (© fl,y)=0,for (x,y)#£0 & flx,y)= 1,for (z,y)=0 (d) /=yl
T () £0 & FO0=0 () . (ny) £0 & F0,0)=0 (g) 2+ sin(y) + y%"

Let f(z,y) = |xy| for all (z,y) € R?. Show that

(a) f is differentiable at (0,0) (b) f.(0,y0) does not exists if yg # 0.

Consider the function f : R? — R defined by f(z,y) = (z — y)? sin(ﬁ) if  # y and f(x,z) = 0. Show that

(a) f. and f, exists at all points of R? (b) f is differentiable at (0,0) (c) f, and f, are not continuous on

the line y = x.

(Sufficient conditions for the differentiability) Let f : R> — R, X, € R? be such that all its partial derivatives

exist in a neighbourhood of X and are continuous at X then show that f is differentiable at Xj.

Let f(x,y) = |z| + |y, for (x,y) € R%. Show that f is continuous at (0,0) and no directional derivative of f
at (0,0) exists.

IPlease report, any issue to Dr. Chirala Satyanarayana (satyanarayana.chirala@mechyd.edu.in)
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Let f(z,y) = /|zy| for all (z,y) € R? and (u,v) € R? be such that ||(u,v)|| = 1. Show that directional
derivative of f at (0,0) in the direction (u,v) exists if and only if (u,v) = (1,0) or (u,v) = (0, 1).

et f(z,y) = 2 for T,y 0,0) and f(z,y) =0 for (x,y) = (0,0). Show that the directional derivative
Let f

22y
of f at (0,0) exist in all directions but f is not differentiable at (0, 0).

Consider the function f(z,y) = diz%’[yé’s for (z,y) # (0,0) and f(x,y) = 0 for (x,y) = (0,0). Find the

directional derivative of f at (0,0) in the direction %(1, 1). Discuss the differentiability of f at (0,0).

(a) Let f:R?* — R and (u,v) € R? be such that ||(u,v)|| = 1. For (zo,y0) € R?, show that Dy, . f(u,v)
is the derivative of f(xg + tu,yo + tu) with respect to ¢t at ¢ = 0.

(b) If f(x,y) = xy, using (a), find Dy 1) (5, §)-
Let f(z,y) = 2%e¥ + cos(zy). Find the directional derivative of f at (1,2) in the direction (£, 3).

Let f(z,y) = 222 + 2y + y? describes the temperature at (x,y). Suppose a bug is at (1,1) and it decides to

cool off. What is the best direction for it to move 7.
For X € R?, define f(X) = || X||. Let Xo = (z0,y0, 20) € R3 and || Xo|| = 1,

(a) Show that Vf(Xy) = Xo. (b) Find the unit normal to the sphere f(x,y,z) =1 at Xy (c) Find the
equation of the tangent plane of the sphere f(z,y,2) =1 at X.

Let z = f(x,y),x = rcos(d),y = rsin(0).

9z _of o9 10z 0f O o5
(a) Show that o = Ba cos(f) + By sin(f) & 7 Rl sin(f) + By cos(6)
(b) If f(x,y) = 2 + 2wy, show that % =2(2? — 2y — y?).
_ _ of of of of
_ —_ L2u 2v _ 2u 2v _ — _
If z= f(z,y) ,x=e""+e and y = e *" 4 ¢*? then, prove that 9 Do 2<xay y8y>‘
_ 9(z,y) . _ O(u,v)
IfJ= 3w, v) and J* = ) Then

(a) Prove that J.J* = 1.

(b) If x = e* cosv and y = e¥sinv, then verify J.J* = 1.

Multiple Integrals

Let R = [a,b] x [¢,d] and f : R? — R be defined by f(z,y) = p(x)q(y) where p: [a,b] - R and ¢ : [¢,d] - R
are continuous. Show that [ [ f(x,y) dzdy = (f;p(x)dz) (fcd q(y)dy).

. Let R=[0,%] x [0, 5]. Evaluate [ [ sin(x)cos(y) dzdy.

Evaluate f fR cos(x®) dxdy where R is the region in R? bounded by y = 322,y = 0 and = 1.
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Let R be the region lying below the curve y = cosz,—% < z < 7 and above the x-axis. Evaluate

2
[ [ psin(z) dxdy.

Let R be the region in R? bounded by the curves y = 222 and y = 1 + 22. Evaluate Ik fR(2x2 +vy) dxdy.
Evaluate | [, cos(y — %3) drdy. Where R = {(z,y) € R? :2? + y? < 1,2 > 0,y > 0}.

Evaluate the following iterated integrals by interchanging the order of integration.

11 1o, 11 X 1o
(a) / / cos(x?) dxdy (b) / / eV dydx (c) / / z3e¥ dydx (d) / / — dxdy
0 Jy o Jyz 0 Ja2 0o Jy 142

Evaluate fol (arctan mz — arctanz) dx

Find the volume of the solid enclosed by the surfaces z = 6 — 22 —y%, z =222+’ — L,z = —l, o =1,y = —1

and y = 1.
Let D be the solid bounded by the surfaces y = 22,y = 32,2 = 0 and z = 22 + 32. Find the volume of D.

Let D be the solid bounded by the cylinder 22 +y? = 1 and the planes y+2z = 1 and z = 0. Find the volume
of D.

Find the volume of the solid which is common to the cylinders 2% 4+ y? = 1 and z2 + 22 = 1.
Consider the transformation T : [0, 27] x [0, 1] — R? given by T'(u,v) = (2v cos u, v sinu).
(a) For a fixed vy € [0, 1], describe the set {T'(u,vg) : u € [0, 27]}.
(b) Describe the set {T'(u,v) : (u,v) € [0, 27] x [0,1]}.

Let R be the region in R? bounded by the straight lines y = z,y = 3z and = +y = 4. Consider the
transformation T : R? — R? defined by T'(u,v) = (u — v,u + v). Find the set S C R? satisfying T'(S) = R.

Let R be the region in R? bounded by the curve defined in the polar co-ordinates 7 = 1 —cos6,0 < 6 < 7
and the x-axis. Consider the transformation 7T : [0, 7] x [0,1] — R? defined by T(r,0) = (r cos®,rsin@). Let
S be the subset of [0, 7] x [0, 1] satisfying T'(S) = R. Sketch the region S in R.

Using the change of variable u = = + y and v = z — y, show that
1 T 1 2—v v
/ / (z—y) dyd;v:/ / — dudv.
o Jo 0 Ju 2
Let R be the region bounded by =0,z =1,y =z and y = = 4+ 1. Show that

1

//R\/ﬁ dxdy:(/ol\/ladw (/Olﬁdv).
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Evaluate [ [ (2% +y*) dedy where R is the region bounded by z* — y* = a, 2° — y* = b, 22y = ¢ and
2ry=d. 0<a<b,0<c<d. (Hint: Use JJ* =1)

Using suitable change of variables, evaluate

[ [ pV/ (22 +y?) daxdy where R is the region bounded by =0,z =1, y = 0 and y = z.
Let D denotes the solid bounded by the surfaces y = x,y = 2,z = z and z = 0. Evaluate [ [ [, y dzdydz.

Let D denote the solid bounded below by the planes z + y = 2, above by the cylinder z + y? = 4 and on the
sides = 0 and z = 2. Evaluate [ [ [, « dedydz.

Suppose f04 f\Q/E fOQ_y dzdydx = [ [ [, dzdydz for some region D C R3.

(a) Sketch the region D. (b) Sketch the projections of D on the zy, yz and zz planes.  (c¢) Write

f04 f\% 02_y dzdydx as iterated integrals of other orders.

2

LetD:{(m,y,z)GR?’:%Jr%Jr
[ s 24 dudvdw.

2

£ < 1} and E = {(u,v,w) € R : u? + v? + w? < 1}. Show that [ [ [, dadydz =

In each of the following cases, describe the solid D in terms of the cylindrical co-ordinates.

(a) Let D be the solid that is bounded by the paraboloids z = 2% + y? and z = 36 — 322 — 3y°.

(b) Let D be the solid that lies within the cylinder 22 + (y — 1)? = 1 below the paraboloid z = 22 + y? and

above the plane z = 0.

(c) Let S denote the torus generated by revolving the circle {(z, 2) : (z — 2)? + 22 = 1} about the z— axis.
Let D be the solid that is bounded by the surface S and below by z = 0.

Let D be the solid that lies inside the cylinder 22 + 32 = 1, below the cone z = y/4(x2 + y2) and above the
plane z = 0. Evaluate [ [ [, 2? dxdydz.

Evaluate fi fﬂi% f;2+y2 x dzdydz.

Describe the following regions in terms of the spherical coordinates.

(a) The regions that lies inside the sphere 2? + y? + (z — 2)? = 4 and outside the sphere z2 4+ y* + 22 = 1.
(b) The region that lies below the sphere x2 4+ y* + 22 = 2 and above the cone z = /22 + y2.

(c¢) The region that is enclosed by the cone z = 1/3(2? + y2) and the planes z = 1 and z = 2.

Let D denote the solid bounded above by the planes z = 4 and below by the cone z = /(22 + y2). Evaluate

[y VEETyE+2%) dedyd.

Let D denote the solid enclosed by the spheres 22 + y? + (z — 1)2 = 1 and 2% + y? + 22 = 3. Using spherical

coordinates, set up iterated integrals that gives the volume of D.



